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PREFACE 


This book is a compilation of notes and lectures given over a period 
of years to members of the Central Station Engineering Department 
of the General Electric Company in Schenectady, New York. Begin- 
ning in 1928, the notes were revised and extended for new groups of 
men entering the department, practical problems in power system 
performance with numerical solutions being added from time to time 
as they were presented by operating engineers. As the notes were 
helpful to members of the department and others receiving them, it 
was suggested that they be put in book form. In 1932, with Pro- 
fessor H. W. Bibber as co-author, a book on symmetrical components 
was undertaken. Parts of that unfinished book are included in 
Chapters I-IV of this one. 

In answer to the repeated request that the methods of symmetrical 
and related components be presented very simply, the methods of 
solving unbalanced power system problems by means of components 
are analyzed and discussed in detail. The book has been divided 
into two volumes. Volume I deals largely with the determination 
of currents ajid voltages of fundamental frequency in power systems 
during unbalanced, conditions by means of symmetrical and related 
components. Included in this volume are the electrical character- 
istics of overhead transmission circuits and information and data on 
transformers add sjmchronous machines which permit them to be 
represented by equivalent circuits in the solution of practical prob- 
lems. Volume II wilFgfve additional characteristic of 85 mchronous 
machines, equivalent circuits for types of transformers not included 
in Volume I, characteristics of insulated cables, induction machines, 
and other electrical equipment encountered in a-c power systems. 
Overvoltages from various causes and the effects of saturation in 
transformers and of amortisseur windings in synchronous machkies 
will also be included in Volume II. In both volumes special attention 
is given to equivalent circuits and the solution of practical problems. 

The author wishes to express appreciation to her associates who 
have assisted in the preparation of this book bx helpful suggestions or 
critical reviews of completed chapters; espedally to Mr. Charles 
ConcOTdia for his willingness to act as consultant in f^;ard to ar- 
rai^ment mid presentation of material and to Miss Amelia De lU^ 
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for her patience and good nature in typing and retyping the various 
editions and re^nsions of the notes, drawing preliminary figures, and 
proofreading. 

Edith Clarke 

Schenectady, New York 
June, 1043 
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INTRODUCTION 


The problems of the power transmission engineer at any given time 
may be divided roughly into three classes : 

1. Problems which can be solved analytically by well-known meth- 
ods in general use. The methods are satisfactory, because it is 
thought that all the factors influencing the problem are under- 
stood and can be evaluated, and the time required is not con- 
sidered unduly long. 

2. Problems which can be solved analytically and the various fac- 
tors evaluated, but the time and labor required are excessive. 

3. Problems for which there is no known analytic method of evaluat- 
ing all the factors involved. This is not intended to imply that, 
for a given problem w^ith all conditions specified, the engineer 
given sufficient time cannot provide a workable solution; but 
rather that, the effect of the various influences not being thor- 
oughly understood, a different and independent problem is 
encountered with each change in given conditions. 

The extensive use of mechanical and electrical calculating devices, 
factory tests on equipment, laboratory tests on miniature electrical 
systems, and field tests on actual systems have made it unnecessary to 
include a fourth class of problems — those for which there is no known 
solution. 

The types of problems appearing under the three classifications 
change with time. Before the period of interconnection of power 
systems, many of the problems connected w^ith the normal operation 
of a substantially balanced system were thought to be in class 1. 
Some, however, were placed in class 2, one example being the determi- 
nation by calculation of load currents in balanced networks with multi- 
ple paths. The use of the a-c network analyzer^ to determine current 
and voltage distribution in a balanced system moved this problem from 
class 2 into class 1. But when it was discovered that, under certain 
conditions of balanced system operation, a generating station at the 
distant end of a long transmission line could not be operated at its 
rated output and remain in synchronism with the rest of the system, 

^ For numbered references see the list at end of the introduction and at end of each 
chapter. 
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i.e., the system as designed was not stable under steady state, prob- 
lems previously thought to be in class 1 dropped back into class 3. 
For a time the problems of system stability under both steady-state 
and transient conditions were in class 3: but after a few years they 
could be moved up into class 2. At the present time they probably 
still remain in class 2. Although the various factors involved are 
understood and the use of the a-c network analyzer materially reduces 
the time required for a given solution, the methods used are essentially 
step-by-step ones. They are the best available at present, but 
improvements are to be expected. 

The application of the method of symmetrical components^ to the 
solution of power system problems during unbalanced conditions, 
within a few years moved a long list of problems from classes 2 and 3 
into class 1, the d-c calculating table^ or the a-c network analyzer 
reducing the time required for solution. 

There are'Certain problems which, although solvable by symmetrical 
components, can l)e solved more readily by a different set of com- 
ponents.**’^ These components are simply related to symmetrical 
components and can be derived from them. By providing a different 
approach to the problem, they frequently allow a simpler solution. 

Outstanding examples of problems in class 3 at the present time are 
those which involve non -linear relations. The effect upon system 
voltages and currents of unequal saturation in the phases of a trans- 
former bank because of unsymmetrical system conditions is an example 
of a class 3 problem. Although solutions have been obtained for cer- 
tain problems involving non-linear relations by making use of a differ- 
ential® analyzer or a transient^ analyzer, it will probably be some time 
before all problems of this type are removed from class 3. 

The purpose of this book is to help the power transmission engineer 
solve some of his problems. Since it is expected that many of these 
problems will deal with systems during unbalanced conditions, where 
the use of symmetrical components and their related components will 
materially aid him, the greater part of the book is devoted to these 
components and their applications. But as he will also be expected to 
determine system conditions during normal operation, tables and 
charts are given to assist him in the solution of such problems. 

Except for an occasional integral or differential equation, introduced 
for a better understanding of the fundamental principles involved, a 
knowledge of the elementary principles of alternating currents, algebra, 
plane geometry, trigonometry, and familiarity with electrical equip- 
ment are the only prerequisites for an understanding of this book. 

In an endeavor to simplify the application of the method of sym- 
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metrical components to unbalance power system problems, those con- 
cepts necessary for its application, but not an integral part of the 
method itself, are discussed in Chapter I. Among these are vectors, 
complex quantities, operators, vector representation of sinusoidal 
currents and voltages, per unit quantities, one-line impedance dia- 
grams, equivalent circuits, and the principle of superposition. 
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CHAPTER I 


DEFINITIONS AND FUNDAMENTAL CONCEPTS 

A vector has magnitude and direction. A vector is represented by a 
stiaight line, of length proportional to the magnitude of the vector, 
extending in the direction of the vector and terminated by an arrow- 
head. The starting point of a vector is called the origin and the termi- 
nal point the terminus. In Fig. l(o), O is the origin of the vector V 
and T is the terminus. Vectors having the same magnitude and direc- 
tion are equal wherever their origins may be. In this book, unless 
specifically stated to the contrary, a vector, V, will be written with no 
distinguishing mark. VV'hen the magnitude alone of the vector V is 
specified, V will be enclosed in bars, thus, IFj. 


Y 



(o) (b) (c) 

Fig. 1. (a) Vector. (6) In polar coordinates, (c) In rectanKulaY coordinates. 

A plane vector can be defined by two coordinates. If polar coordi- 
nates are used, the two coordinates are the magnitude of the vector and 
the angle it makes with the axis of reference, the angle being positive 
when measured in the counterclockwise direction. In Fig. 1 (6^ if OX 
is the reference axis, the vector V is specified if written r^, where r, a 
scalar quantity called the modulus, represents the magnitude of the 
vector, and 9, called the argument, is the angle measured in the coun- 
terclockwise direction from the reference axis to the po»tive direction 
of the vector. A positive angle 9 is written a n^ative angle 9 is 
written / 9 or / —9 . In Cartesian coordinates the vector is defined by 

4 



ICh. II 


VECTORS AND COMPLEX QUANTITIES 


5 


its projections upon two reference axes intersecting at a known angle. 
The simplest Cartesian coordinates are rectangular, with one axis 
horizontal and the other vertical. In Fig. 1(c) the horizontal and 
vertical axes are OX and 0 K, respectively. There will be a positive or 
negative projection on the horizontal axis and similarly on the vertical 
axis, projections to the right of the origin on the horizontal axis and 
above the origin on the vertical axis being positive. The axes are 
commonly referred to as the axes of reals and imaginaries, respectively. 
The letter j is used in electrical engineering to designate the projection 
on the vertical or imaginary axis. The vector expressed in this man- 
ner is written a + jb, where the signs of a and b may be either positive 
or negative. In Fig. 1(c) the real part of V is negative. A vector in 
the form a + jb is said to be expressed in complex form. The magni- 
tude of a vector in polar form is independent of the reference axis, but 
its argument is not. When expressed in complex form, both coordi- 
nates depend upon the choice of reference axes. 

A complex quantity, as here used, is a complex number whose real 
and imaginary parts correspond to physical quantities. Complex 
quantities differ from vectors in that they have no direction of their 
own and consequently are independent of the reference a-xes. A 
complex quantity of magnitude different from unity attached to a 
vector rotates the vector through an angle and also changes its magni- 
tude, producing a new vector of a different kind. The impedance of an 
electric circuit is a complex quantity. W’^hen this complex quantity 
is multiplied by a current vector the result is a voltage vector which, 
in the general case, differs in magnitude and phase from the current 
vector. 

To change a vector or complex number expressed in the polar form 
rl$ to the complex form a + j6, or vice versa, the reference axis for $ 
being the axis of reals, the following relations are employed (see Fig. 1 ) : 

a = f cos d 

6 — f sin 

a + jb ^ r(cos + i sin B) 

f » 



a 


mz y/ tan ^ ~ 
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where the signs of a and b and of the trigonometric functions should be 
observed. 

Addition and subtraction of vectors or complex numbers can be per- 
formed either graphically or algebraically. 

To find the sum of two or more vectors graphically, the origin of the 
second vector is placed at the terminus of the first vector, and so on 
with the others successively, the proper direction being given to each. 
The sum is the vect''" drawn from the origin of the first vector to the 
terminus of the Iasi jtor. (See Fig. 2(a).) The algebraic addition 




Fig. 2. (a) Sum of vectors A , B, and C. (b) Sum and difference of two vectors, A and B. 

of vectors is readily performed if they are expressed in the complex 
form a + jb. The sum of all the real components gives the real part 
of the resultant, whereas the sum of all the j components gives the 
imaginary part of the resultant. 

The difference of two vectors is defined as the result of adding to 
the first vector the second vector drawn 180® from its given direction. 
Figure 2(6) shows the graphical operations of adding the vectors A 
and B and subtracting B from A, The algebraic difference of two 
vectors expressed in complex form a + jb is obtained by reversing the 
signs of both components of the second vector, then adding the real 
components and the imaginary components, just as in the addition of 
two given vectors. 
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When addition or subtraction of vectors is required, manipulations 
are more easily carried out with the vectors in complex form. W^hen a 
vector is multiplied or divided by a complex number it may be prefer- 
able to express both in polar form. 

Multiplication and Division of Vectors and Complex Numbers. By 
the use of Maclaurin’s theorem it can be shown that 

e^^ = cos 6 + j sin 6 
e^^^ = cos 6 — j sin 6 

where e is the base of Napierian logarithms 

(e= 1 +f! + ^,+Ji+ - = 2-718 +) 

The vector V can therefore be written 

V = r/j_= r(cos 8 +j sin 6) = re^^ [1] 

In [1], 6 is an angle expressed in either degrees or radians. If the 
vector is written r j 8, 8 will, in general, be expressed in degrees; if 
written re^^ , 8 will be in radians; if written r(cos 8 + j sin 8), 8 may be 
in either degrees or radians but is usually in degrees, (tt radians = 
180°, where tt = 3.14159 +.) 

With vectors and complex numbers expressed in the form re^^^ 
multiplication and division may be performed by applying the rules for 
exponentials developed in algebra. Given a vector Vi and a complex 
number Z 2 , where 

Vi = = ri/di 

Z 2 = = r2/d2 

Then, adding exponents of e when multiplying and subtracting when 
dividing, 

Vi X Z 2 = = rir2 M _+ (2] 

= = -/Oi - fl2(r2 0) (31 

Toe’ ' To r2 

From [2] it follows that: To obtain the direct product of a vector and a 
complex number expressed in polar form, multiply their magnitudes 
{moduli) and add their angles {arguments), obtaining as a result a new 
vector. And, from [3] : To obtain the quotient of a vector and a complex 
number expressed in polar form, divide the modulus of the dividend by the 
modulus of the divisor and subtract the argument of the divisor from the 
argument of the dividend, obtaining a new vector. 
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Take, for example, 

Vi = 2 . 000 /^ = 1.000 +71.732 
Zj = 1 . 000 / 120 ° = -0.500 + 7 O .866 
Then, applying the rules for multiplying and dividing, 

Fi X Z 2 = 2.000 /180° = -2.000 + 7 O 

F, -5- Z2 = 2.000/^= 1.000 -71.732 

A complex number may be raised to any power by multiplying it by 
itself a sufficient number of times. Thus, 

(Z)» = {r/jr [n^ [4] 

Any desired root of a complex number may be obtained by extracting the 
given root of its modulus and dividing its argument by the given root. 
Thus, 

Z = r = y/r — * where ife = 0, 1, • • • (n — 1) [5] 


An operator is a complex number of unit magnitude. An operator is 
used to rotate a vector through an angle without changing its magni- 
tude. A familiar operator is —1 = 1 / 180° . Attached to a vector, 
— 1 rotates it through 180°. Another common operator is / = 1 /90° 
which rotates the vector to which it is attached through 90° in the 
positive direction, while —7 = 1 / 90° will rotate it 90° in the negative 
(clockwise) direction. 

If the vector Vi — 300 / 1 20° is multiplied by the operator 7 , the 
resultant vector, V 2 , is 

Fa = 300/120° X \ [^ = 300 /210° = -259.8 - 7 I 50 

If Vi is multiplied by —j, the resultant vector. Fa is 

Fa = 300/120° X 1 = 300/^° = 259.8 +7150 

The Operator j. Powers of the operator 7 ' may be written in several 
ways, as indicated below: 

j = 1/90^ = 1 /iw = 0 + 7=7 

7 * = 1 /180° = l/Ts^ = -1 + 7 O = -1 

/ = 1 /270° = 1 fw = 0 - 7 = -7 

7* = 1 /360° = 1/0^ = 1 + 7 O = 1 

,» = 1 / 450 ° = 1/90° = O+j ./ 
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The Operator a. In dealing with balanced three-phase vectors, an 
operator which rotates vectors through 120“ is very useful. It is 
commonly accepted practice to use a to represent this operator. Thus, 

o = 1 /120“ 

In the complex form, using the transformation relations given previ- 
ously, 

a = l(costf -fj sin fl) = cos 120“ -|-j sin 120“ = — O.SOO -1-/0.866 
The square of a is obtained by multiplying a by itself : 

o® = (-0.500 -I- jO.866)® = -0.500 -/0.866 

or 

^ a Xa = 1 /120“ + 120“ = 1/240° = 1 /l20“ 


O* j I 732 

VJ-ASIL 

ivr 



O-J 1.732 

VT" /To* 

VT ~/t70* 

-j tri- 


ple. 3. Graphical representation of functions of the operator a, (F. A. Hamilton) 

Functions of the operator a occur frequently in work with symmetri- 
cal components. Table I and Fig. 3 give some of these in convenient 
form. Where functions more complicated than those given in the 
table are encountered, they may always be reduced to a single complex 
number by replacing the powers of a by their equivalents in complex 
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form from Table I or Fig. 3. If a function of a is a fraction with a 
in the denominator, either an algebraic operation such as factoring 
followed by division may be performed, or else the numerator and 
denominator may be multiplied by a quantity which will make the de- 
nominator a real number. The quantity which will accomplish this 
elimination of all but real numbers in the denominator is an operator 
capable of rotating the denominator to the axis of reals. 

Bzamples. 

(o) 2o* + Jo 4 5 = 2(-0.5 - jO.866) -f- 3{-0.5 + jO.866) + 5 = 2.5 + jO.866 

- 2.648 /19.1° 

1 - ^ (1 -o)(l +a) ^ 1 + g _ -a^ 

a - a(l - a) a a 


or 


(<■) 


1 — a* (1 — a*) (o* — o) — a* — a + + I — 2a 

(a — 0 *) (a — a*) ^ (a® — a) a* — a^ — a* -f a* 2 — (a* -|- a) 
— .Ja 

-a 

I - a ^ (1 - a) _ 1 - a» _ , _ j 

I + (-a) ( -a®) 1 * 


TABLE I 

Functions of the Operator a 
a - 1 /120° = -0.5 -l-jO.866 
a* = 1 /240^ = -0.5 - jO.866 
a* - 1 /360° = 1.0 +j0 
a< = 1 /120° = -0.5 + ;0.866 = a 
-a - 1 /eo* = 0.5 - jO.866 
-a* = 1 /60^ = 0.5 + jO.866 
1 -F a -F a* — 0 
a -F a* = —1 

a - a’ = 0 -F jl.732 = VJ /90^ 
a* - o - 0 -71.732 - ^3 /io* 

1 - a - 1.5 -iO.866 -VJ /io* 

1 - a* - 1.5 +70.866 - VT /30* 
a - 1 - -1.5 + 70.866 - Vi /150° 
a’ - 1 - -1.5 -70.866 - VJ /I^ 
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Sinusoidal Quantities. Sinusoidal currents and voltages have 
magnitudes which vary sinusoidally with time. The ordinate in 
Fig- 4 gives, at any time / measured from an initial time to, the instan- 
taneous value of the current t, of oscillation frequency /. The equa- 
tion for the current i may be written 

i = sin {lirft + d) = /m sin (w/ + 6) [6] 



t*o */2f ‘/f 

biG. 4. Graph of instantaneous current, i - /m sin (2irft i-6). Ordinates are the 
magnitude of i, and abscissas are time t in seconds. 

In [6], Im is the maximum or crest value of the current / the fre- 
quency in cycles per second, t the time in seconds, and 0 the electrical 
angle between the point at which the current wave is zero and increas- 
ing in a positive direction and the point from which time is measured. 
0 is the phase angle and may be either positive or negative. At 
time / = 0 the magnitude of i is sin 0. 

The period, or the time required for the current to complete one cycle, 
is 1// second and is indicated by T. A 60-cycle current, for example, 
requires Ho second to complete one cycle. One cycle is shown in 
Fig. 4 between A and B. In [6], {2irft -f- 0) is in radians. If 0 is 
expressed in degrees and 2ir is replaced by 360“, [6] becomes 

i = /„ sin ^360“ -^ + 
where t/T is number of periods in time t. 


171 
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Vector Representation of Sinusoidal Currents and Voltages. The 
instantaneous values of the current i in Fig. 4 may be obtained by 
the projection on a fixed reference line of a plane vector of magnitude 
In revolving in the positive or counterclockwise direction at a constant 
angular velocity of w = 2irf radians (360/ degrees) per second. In 
Fig. 5, the vector OA makes one revolution in time T = 1// second. 
Angle is measured from OX and represents the instantaneous phase; 

projection is on OY and represents the instanta- 
neous magnitude. At time / = 0, the vector OA = 
/m makes the angle 6 with OX, and at any time / 
the angle is {(j>i -f B). The position of OA shown 
in Fig. 5 corresponds to / = 0. 

Sinusoidal currents and voltages of the same 
frequency may be represented in the same vector 
diagram, each current and voltage being repre- 
sented by a revolving vector whose length is propor- 
tional to the maximum magnitude of the quantity 
and whose displacement from the OX axis at time 
/ - 0 is its phase angle. In Fig. 5 the projection 
on OK of the revolving vector OB of magnitude angular velocity 
2wf radians per second, and phase angle <t> (<A is negative in this case) 
represents the magnitude of the voltage v at any time t. The angle 
which OB makes with OX represents the phase of v at time t. The 
position of OB shown in Fig. 5 corresponds to / = 0. 

At / = 0, i leads v by an angle, 6 — <t>* equal to the algebraic differ- 
ence of the phase angles^ and 0; and, since OA and OB revolve at 
the same rate, i and v retain this relative phase displacement. 

In those problems dealing with sinusoidal currents and voltages in 
which effective rather than crest values are considered, it is found more 
convenient to represent the voltages and currents by vectors whose 
magnitudes are proportional to effective values and to select a value of t 
such that one of the vectors lies along OX, The vector chosen to coin- 
cide with OX is called the reference vector, and the phase displacements 
of the other currents and voltages are then their relative phase dis- 
placements from the current or voltage selected as reference vector. 

The root mean square value of an alternating current, written rms 
current, is the effective value of the current. The power loss, PR, in a 
resistance circuit with an alternating current of rms value I, is the same 
as the loss in the same circuit with a direct current I. The rms value 
of an alternating current during any given time is the square root of the 
average value of the square of the current during that time. This 
definition applies to non-sinusoidal as well as to sinusoidal currents. 


Y 



Fig. 5. Vector dia- 
gram at time / 0 

of flinusoidai quan- 
tities I and V, 
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If the current is sinusoidal, the rms current in terms of crest current is 
given by the following equation: 

(/*sin x)^dx\'^ 




2t 




18) 


19] 


Integration of [8], with the use of a table of integrals,* gives 

r/* 1 ^ I 

/™ = 1^^ [\x - } sin 2ac]g'J = ^ 

With a sinusoidal voltage, the rms voltage is likewise the crest value 
of the voltage divided by V^: 


V 


110 ] 


A-c ammeters and voltmeters read rms amperes and volts, respec- 
tively, whereas an oscillograph records instantaneous values versus 
time. Since the ratio of the rms to the crest value of sinusoidal cur- 
rents and voltages is constant, one can readily be obtained from the 
other. 

In the design of generators for polyphase systems, care is taken to 
secure sinusoidal (or approximately sinusoidal) generated voltages of 
equal rms values in all phases and of equal crest values, which occur 
successively in the phases in equal time intervals. For an n-phase 
generator, the time interval or time phase displacement in degrees is 
360V»- For a three-phase generator it is 120®. 

The phase order of the phase voltages in a polyphase circuit is the 
order in which they reach their crest values. The positive-sequence 
phase order for a polyphase system is the phase order of the generated 
voltages. Since the naming of the phases is arbitrary, it wHl be 
assumed that the phases are named so that the phase order of the 
generated voltages is a, 6, c, d, • • • . It should be pointed out, however, 
that in some three-phase power systems the phases are indicated by 
z(a, b, c, or 1, 2, 3) and the generated voltages have the phase 
order x, s, y(a, c, b or 1, 3, 2). In calculations of such systems, the 
phases can be renamed to conform to the chosen standard. 

The phase voltages and line currents of a polyphase circuit are 
balanced, or symmHrical, if they are sinusoidal, equal in magnitude, and 
displaced from each other by equal phase angles. Balanced voltages 
and currents of positive-sequence phase order are called positive- 
sequence voltages and currents, respectively. 

* Equation 261, A Short Table of Integrals, B. O. Peirce, Second Revised Edition, 
Ginn and Co. 
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A polyphase power system is balanced if the phase voltages and line 
currents at every point in the system are balanced and of the same 
frequency and phase order as the generated voltages, that is, if the 
voltages and currents are positive-sequence voltages and currents, 
respectively. For a polyphase system to be balanced, it is necessary 
that the generated voltages be balanced and the impedance to positive- 
sequence currents be the same in all phases. Figure 6(a) shows the 

vector diagram of the rms currents 
and voltages at a point of a balanced 
three-phase power system, with Va 
as reference vector. In deter- 
mining rms voltages and currents, 
and average power in a balanced 
polyphase system, only one phase 
of the system need be considered, 
because impedances to neutral 
(positive-sequence impedances) and 
rms currents and voltages are the 
same in all phases. Instantaneous 
currents and voltages in the phases 
will dilTer in time phase, but the 
difference in time phase l)etwcen ihe current and voltage of any one 
phase will be the same as that in all other phases. A balanced poly- 
phase power system can therefore be represented for purposes of calcu- 
lation by a one-line diagram in which the applied voltages are voltages 
to neutral and the impedances are impedances to neutral. The one- 
line diagram of a balanced polyphase power system is a positive-sequence 
diagram, so called because all applied voltages are of positive-sequence 
phase order (i.e., of the phase order of the generated voltages), and the 
impedances are those met by balanced currents of f)ositive-sequence 
phase order. 

An unbalanced polyphase power system is one in which the voltages 
and currents are unbalanced. A system will be unbalanced if the 
generated voltages are unbalanced, or if the circuits which compose 
the system are unsymmetrical. When an unsymmetrical fault 
occurs on a system which was previously balanced, the currents and 
voltages become unbalanced because the phases have become unsym- 
metrical. The fundamental-frequency currents and voltages of an 
unbalanced system, being sinusoidal, can be represented by vectors. 
Fundamental frequency is impressed frequency. Figure 6(b) illus- 
trates the vector representation of the fundamental-frequency cur- 


ve 



Ic \ 

'Ic 


(0) (b) 

Fig. 6. Vector «liaKram of funda- 
mcnlal-frequeiicy rins currents and 
voltages at a |)oint in a three-phase 
system, with Va as reference vector, 
(a) Balanced system, (b) Unbalanced 
system. 
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rents and voltages at a point of an unbalanced three-phase power 
system with Va, the voltage of phase a, as reference vector. 

Voltage Rise, Voltage Drop, Direction of Current Flow, Average 
Power, In calculations in which sinusoidal voltages and currents are 
represented by vectors, it is important to distinguish between voltage 
rise and voltage drop and to adopt a convention for indicating positive 
direction of current flow. Since many of the conventions used in d-c 
calculations are also used in a-c calculations, these conventions and 
the laws governing d-c circuits will be discussed before those for a-c 
systems. 

D-C Systems. According to established convention, the voltage 
generated in an open-circuited d-c dynamo is a rise or increase in volt- 
age from negative to positive terminal ; it may also be considered a drop 
or decrease in voltage from positive to negative terminal. If the d-c 
dynamo supplies an external resistance load connected across its 
terminals, positive direction of current flow is taken from the negative 
to the positive terminal through the machine and from the positive to 
the negative terminal through the load. By Ohm*s law, a current 
flowing through a resistance causes a voltage drop (or a negative volt- 
age rise) in the direction of current flow equal to the product of the 
current and the resistance. It also causes a voltage rise through the 
resistance in the opposite direction. Voltage rise and voltage drops 
have opposite signs when taken in the same direction through an ele- 
ment of the circuit, but the same signs when taken in opposite 
directions. 

The voltage at a point in the system is the difference in potential 
between that point and some other point used as reference. Unless 
otherwise stated, the voltage to ground, or to some other reference 
point, is understood to mean the rise in voltage in going from the 
reference point to the given point. 

In d-c circuits, where the direction of current flow is not known, an 
arrow is used to indicate the direction assumed as positive and the 
current is indicated by a symbol. (See Fig. 7(a).) Calculations are 
then based on the assumption of positive current flowing in the direc- 
tion indicated by the arrow. If calculations give a negative current 
flowing in the indicated direction, it can be concluded that positive 
current flows in the opposite direction or the current flowing in the 
indicated direction is a negative current. Negative current flowing 
in a given direction is equal in magnitude to positive current flowing 
in the opp)osite direction. 

When the voltage rise through a d-c machine from the negative to 
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the positive terminal is positive and the current in the same direction 
is also positive, power out of the machine is positive and it is a genera- 
tor; but, if the current in the same direction as the positive voltage rise 
is negative, power out of the machine is negative and it is a motor. 
Power into the motor, however, is positive. A generator sends out 
positive power or receives negative power; a motor sends out negative 
power or receives positive power. 
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fMG. 7. (a) D-c system, {h) A-c system — single-phase or onc-phase of balanced 

polyphase system. 


A-C Systems. The conventions used in d-c systems will be applied to 
a-c systems in which fundamental-frequency currents and voltages are 
represented by vectors. The main difference is that in d-c systems 
currents and voltages can be only positive or negative, that is, can differ 
in phase only by exactly 0® or 180®, whereas in a-c systems, with a 
particular voltage or current selected as reference vector, the other 
currents and voltages may have any phase relation with the reference 
vector between 0® and 360®. If this distinction is borne in mind, and 
resistance in Ohm’s law replaced by impedance, the conventions and 
principles used in d-c systems can be applied also to a-c systems. 

In a-c systems, as in d-c systems, the voltage at a given point is the 
difference in potential between that point and some other point used as 
reference. Unless otherwise stated, it is the voltage rise in going from 
the reference point to the given point. This is a convention in general 
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use. When the voltages at all points in a system are referred to the 
same point, and this point is of zero potential relative to the system, a 
single subscript will be used to indicate the voltage at a given point. 
Thus, the voltage at point a will be written V®, where the magnitude 
of Va is the rms voltage at a referred to a point of zero potential, and 
the phase angle of Va depends upon the voltage or current vector 
selected as reference vector. If Va is selected, its phase angle is zero 
and Va - \Va\l^ 

The voltage at any point a, referred to a second point 6, will be 
written 

V,a = Fa - n 

where the magnitudes of Va and Vf, are the rms voltages at points a 
and ft, respectively, referred to the zero-potential reference point for 
the system, and their phase angles are determined by the vector 
selected as reference vector. V^a indicates the voltage rise in going 
from point ft (indicated by the first subscript) to point a (indicated by 
the second subscript). This notation, which is arbitrary, is used in 
many books, but not in all. Vba is an rms vector voltage of magnitude 
independent of the reference vector; its phase angle is the angle it 
makes with the reference vector. 

Figure 7 (ft) shows two single-phase synchronous machines, or one 
phase of each of two polyphase machines. Let machines I and 2 have 
constant impedances Z and Z' and rms generated voltages E and E\ 
respectively, as indicated. Terminal P of machine 1 is connected 
through an external impedance Z, to terminal Q of machine 2 ; their 
other terminals are connected directly to iV, a point of zero potential. 

Following the convention that the positive direction of voltage rise 
through a machine is from the reference point to the terminal, E repre- 
sents the rms voltage rise from N to P on open circuit in machine 1, 
and E^ the rms voltage rise from iV to Q in machine 2 on open circuit. 
If £' is equal in magnitude to E and also in phase, the generated volt- 
ages of the two machines, as connected in Fig. 7 (ft), oppose each 
other and no current will flow in the circuit. If, however, £' is differ- 
ent in magnitude or in phase from E there will be a current flowing in 
the loop circuit. To calculate this current / when the magnitudes and 
relative phases of E and £' and the impedances Z, Z', and Z, are 
known, a positive direction for current flow will be assumed. The 
choice of the direction assumed as positive is arbitrary, but, having 
been assumed, the calculated current will be the current flowing in the 
assumed direction. Let the positive direction of current flow be from 
N to P through machine 1, as indicated by arrow in Fig. 7(ft). As 
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there is only one loop, the current I will flow from P to Q through the 
impedance Z,, and from Q to N through the second machine. When 
there is more than one loop, it may be necessary to assign symbols to 
several currents and to indicate all assumed directions by arrows. 
The voltage drop around the loop in Fig. 7 (b) in the assumed direction 
of current flow is given by the following equation, obtained by apply- 
ing Ohm’s law, which states that the voltage drop in the direction of 
current flow is the product of the current and the impedance through which 
it flows, and Kirchhoff’s law, which states that the sum of the voltage 
drops {or voltage rises) taken in the same direction around a closed loop 
is zero: 

-E + iz + rz, + E' + rz' = 0 [ii] 

This is also the equation for voltage rise in the opposite direction 

around the loop. 

The voltage rise around the closed loop in the direction of current 
flow is 

E- IZ- IZ. - - /Z' = 0 [12] 

This is also the equation for voltage drop in the opposite direction 

around the loop. Either equation may be written 

E- IZ ^ E' + IZ,f»IZ' [13] 

In [13] the voltage rise through machine 1 to its terminal F is equated 
to the voltage rise through machine 2 and the impedance Z, to the 
point P. The rise in voltage from the reference point to point P is 
the same no matter which path is taken. 


IZ = E' + IZ. -I- IZ' 


w^re Vp is the voltage rise from the reference point N to point P. 
rtom [14], 


Z -b Z' -f- Z, 


The magnitude and phase, relative to the reference vector, of the 
current I in the direction assumed can be obtained from [15] when E 
and E' are referred to the same reference vector. 

If the current had been assumed to flow in the opposite direction to 
that indicated in Fig. 7 (6), its magnitude would be unchanged but its 
sijgn would be reversed, giving a current 180“ out of phase with that 
^ven by [IS]. Therefore, a known current flowing in a given direc- 
tion can be replaced by a current of equal nu^nitude flowing in the 
opposite direction and 180“ out of phase with it. 
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The average power P at any point in a single-phase system or in each 
phase of a balanced polyphase system is 

p ^\V\X \I\cose fl6] 

where 1F| and |/i are the scalar values of the effective voltage and 
current at the point and 6 is the phase angle between V and /. 

If the point is at the terminals of a machine, V represents the volt- 
age rise through the machine. If I is the current flowing from the 
machine, P in [16] is the power out of the machine. If this power is 
positive, the machine is generating power; if negative, it is absorbing 
power. If I is the current flowing into the machine, P in [16] is the 
power into the machine. If this power is positive, the machine is 
receiving power; if negative, it is generating power. 

PER CENT AND PER UNIT QUANTITIES 

The numerical per unit value of any quantity is its ratio to the 
chosen base quantity of the same dimensions, expressed as a decimal. 
For example, if base voltage is taken as 110 kv, voltages of 99 kv, 
110 kv, and 115 kv will be 0.90, 1.00, and 1.045, respectively, when 
expressed in per unit on the given base voltage. The chosen base 
voltage, 110 kv, is referred to as base voltage, 100% voltage, or unit 
voltage. The numerical value of a quantity in per unit is equal to its 
value in per cent divided by 100, when the base quantities are the 
same for the per unit as for the per cent system. Per unit values are 
more convenient to use in calculations than per cent values. When 
quantities expressed in per cent are multiplied, it is necessary to divide 
the product by some power of 100 to obtain the correct result in per 
cent. The confusion caused by the introduction of powers of 100 is 
avoided in per unit calculations. 

If base impedance in ohms is defined as that impedance which will 
have a voltage drop across it of 100% of base voltage when 100% 
current flows through it, base impedance will be determined when 
base voltage and current have been specified. Defined in per unit 
terms, base or unit impedance in ohms is that value of impedance which 
will have unit voltage drop across it when unit current flows through it. 
Because of the definition of base impedance and the fundamental rela- 
tion between current, voltage, and kva in electrical circuits, any two 
of the four quantities, current, voltage, kva, and impedance, may be 
selected as the independent base quantities and the other two will 
then be determined. In most calculations, it is found convenient to 
select voltage and kva as the independent base quantities and to define 
base power in kilowatts as numerically equal to base kva. 
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Smgle*I%ase Systems. With voltage and kva as the two independ- 
ent base quantities and base power numerically equal to base kva, the 
following relations exist in a single-phase circuit: 


Base current in amperes = 
Base impedance in ohms = 


base kva base kva 

■ — - SB 

base voltage in kv base kv 

base voltage in volts 
base current in amperes 
(base kv)^ X 10^ 


[171 


[181 


base kva 

Base power in kw = numerical value of base kva [191 


An impedance Z, given in ohms, can be expressed in per cent or per 
unit of base impedance, without first calculating base impedance, 
when voltage and kva are the two independent base quantities: 


2; (in %) - 


Z (in ohms) 
base ohms 


1201 


Z (in per unit) 


Z (in ohms) 
base ohms 


[211 


Replacing base ohms in [20] and [21] by 
Z (in %) = 

Z (in per unit) = 


(base kv)^ X 10^ 
base kva 

Z (in ohms) X base kva 
(base kv)^ X 10 

Z (in ohms) X base kva 


(base kvy X 1000 


from [18], 
[221 
[231 


Solving [22] and [23] for Z in ohms, 


^ (in ohms) 
Z (in ohms) 


Z (in %) X (base kv)^ X 10 
base kva 


Z (in per unit) X (base kv)^ X 1000 
base kva 


where 

Base kva » the single-phase base kva 
Base kv » the single-phase base voltage in kv 


[241 

[ 25 ] 
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Bxaxnple. If base kva and voltage are given as 5000 kva and 10,000 volts, re- 
spectively, from 

Base current * 500 amp 


Base impedance =» 


10,000 

500 


« 20 ohms 


Base power = 5000 kw 


A given impedance ^ of 2 ohms is 10%, or 0.1 per unit of the base impedance 20 ohms; 
or, directly from [23] without first calculating base impedance, 


Z (in per unit) =* 


2 X 5000 
(10)* X 1000 


« 0.1 


Polyphase Systems. Since a polyphase system under balanced 
conditions can be represented by a one-line diagram with impedances 
and voltages to neutral, [17]-[2S], developed for a single-phase system, 
apply also to the one-line diagrams of balanced polyphase systems, 
base voltage and kva being line-to-neutral voltage and kva per phase, 
respectively. 

Three-Phase Systems. For three-phase equipment, rated kva is 
customarily given for the three phases and rated voltage is the line-to- 
line voltage. In calculations of balanced three-phase circuits made 
on a line-to-neutral basis, base voltage will be a line-to-neutral voltage, 
and base kva the kva per phase. Base kva per phase is one- third the 
three-phase base kva and the base line-to-neutral voltage is the base 
line-to-line voltage divided hy>/3. With these values of base kva and 
voltage, [17]~[25], developed for a single-phase circuit, apply as well 
for a line-to-neutral circuit. 

Equations (17]-[25] apply also to a three-phase delta-connected 
circuit, if base voltage is a line-to-line voltage and base kva one-third 
the three-phase base kva. In balanced three-phase power systems, 
line-to-line voltages at any point in the system are V 3 times the line- 
to-neutral voltages at that point, and currents in delta-connected wind- 
ings are l/\/3 times the line currents flowing from the delta. Expressed 
in per unit of their respective base values, line-to-line and line-to- 
neutral voltages at any point in the system are the same in magnitude; 
likewise per unit line currents flowing from a delta and the per unit 
delta currents, when referred to their respective base currents, are the 
same in magnitude. 

In a line-to-neutral circuit, an impedance to neutral Z, given in 
ohms, may be expressed in p>er cent or per unit of base impedance to 
neutral by equations involving three-phase base kva and line-to-line 
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base voltage. It can be seen that the use of 

Three-phase base leva , line-to-line base voltage 

^ and 

3 V3 

in [22]-[25] will give a factor 3 in both numerator and denominator; so 
that, for three-phase circuits, [22]-(25] can be rewritten 

/• / 7 / > ^ ohms) X base leva 

^ - (basakv,^ X IO 

/ rtn pcT u„it) - X b a ^kva 

(base kv)'^ X 1000 


Z (in ohms) - 


Z (in %) X (base kv)^ X 10 
base kva 


where 


, / (in per unit) X (base kv)"* X 1000 , , 

Z (m ohms) = ^ ^ 29 

base kva 

Z = imjxidance to neutral 
Base kva = the three-phase base kva 
Base kv = the line-to-line base voltage in kv 


Equations [26j-[29] are given for convenience in terms of three- 
phase base kva and line-to-line base voltage. In stating the base 
quantities selected for the solution of a three-phase system problem, 
three-phase kva and line-to line voltage are usually given as the base 
quantities. It should be remembered, however, that in a line-to- 
neutral diagram, base or unit voltage is line-to-neutral voltage and base 
or unit kva is kva per phase. Thus, if it is stated that base kva is 
100,000 kva and base voltage 110 kv, it is understood that these base 
quantities are three-phase kva and line-to-line voltage; therefore, in 
the line-to-neutral impedance diagram base kva is one-third of 100,000 

kva = 33,333 kva, base kv is = 63.5 kv. 

V3 

Change in Base Quantities. In electric systems, some impedances 
are ordinarily given in ohms; transmission line impedances, for exam- 
ple. Some are given in per cent or per unit based on their kva and 
voltage ratings; machine reactances, for example. It is often neces- 
sary therefore to convert ohms to per unit, or vice versa, and to trans- 
form per unit impedances from their own kva and volume bases to the 
kva and voltage bases selected as base values for the system. 
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From [22], [23], [26], and [27], it is apparent that impedances in per 
cent and per unit vary directly as their kva bases and inversely as the 
squares of their voltage bases. Impedances in per unit on any given 
kva base may be expressed on a new kva base by the equation, 

Per unit impedance _ per unit impedance ^ new kva base" 
on new kva base on given kva base given kva base ^ ^ 

Impedances in per unit on a given voltage base may be expressed on a 
new voltage base by the equation, 

Per unit impedance _ per unit impedance ^ / given bas e vol tage 
on new voltage base on given voltage base \new base voltage 

[31] 

Advantages of Per Unit or Per Cent Impedances. It is customary 
to express the reactances of electrical equipment in per cent or per 
unit based on their ratings. Ordinarily the rated kva and voltage 
constitute the given base quantities. The characteristics of electrical 
apparatus of various types and ratings can be readily compared when 
their reactances are expressed in this manner. Such comparisons show 
that the reactances of synchronous machines of different ratings, but 
of the same general type, fall within definite limits and that the react- 
ances of transformers of the same rated voltages do not differ by a 
wide margin. It is frequently possible, therefore, when certain react- 
ances are unknown, to assume values for them which will be satis- 
factory for use in calculations. This is especially true when the quan- 
tities to be determined are but slightly affected by variations in the 
unknown reactances. 

Per unit quantities can be used to great advantage in determining 
currents, voltages, etc., throughout a three-phase system in which 
there are many circuits connected by transformers, oi>erating at differ- 
ent voltages. If impedances in ohms are used, one circuit is selected 
as reference and all impedances are referred to that circuit. To refer 
an impedance in ohms on one side of a transformer to the other side, it 
is necessary to multiply this impedance by the square of the trans- 
former turn ratio. This is a relatively simple procedure when there 
are but few circuits. As the number of circuits is increased, the advan- 
tages of per unit impedances are more pronounced. Irnpedances 
£xpresse ^in per u nit oo^i^chosen kva 4>ase^ with the ratio o£ base vcdt* 
a ges on the two sides o f^a transformer equal to the 
ratio, are the same referred to either side of the transform For 
exampTe, consider a single-^ transformer rated 5000 kva, 13,800 
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volts -138,000 volts, connecting circuits 1 and 2. The turn ratio, 
determined from the rating, is = 138,000/13,800 = 10. From 

[23], 4 ohms in the low voltage circuit in per unit on 5000 kva and 13,800 
volts is 

4 X 5000 

^ ~ 0.105 per unit, referred to circuit 1 

(13.8)-* X 10^ . 


Referred to the high voltage circuit, 4 ohms in the low voltage circuit is 
4 X (10)2 ^ 400 ohms 

From [23], 400 ohms referred to the high voltage circuit in per unit on 
5000 kva and 138 kv is 


400 X 5000 
(138)2 xT^^ ' 


0.105 per unit, referred to circuit 2 


The impedance in per unit is 0.105 referred to either circuit. 

In the illustration above, base impedances in the two circuits were 
not calculated, since per unit imi>edances were determined directly 
from the given base quantities, kva and voltage. An alternate method 
is first to determine base imt>edances in the two circuits by [18] and 
then to express the imi>edances referred to circuits 1 and 2 in per unit 
of their respective base impedances. From [18], 


Base impedance in ohms in circuit I 


(13.8)2 X 1 0^ 
5000 


= 38 ohms 


Base impedance in ohms in circuit 2 


(138)2 X 10^ 
5000 


= 3800 ohms 


4 ohms is ^ = 0.105 per unit of (38 ohms) base ohms in circuit 1 

400 ohms is ~ 0.105 per unit of (3800 ohms) base ohms in 

circuit 2 


Transformer impedances are usually given in per cent based on the 
transformer rating. In a two-winding transformer, the kva ratings 
of the windings are the same and the ratio of rated voltages is usually 
the same as the turn ratio. In a two-winding transformer, the imped- 
ance of the transformer with exciting current neglected, expressed in 
per cent or per unit on the kva rating, is the same referred to either 
winding of the transformer, if base voltages in the two windings are 
in proportion to the turns. This follows directly from the illustm- 
tion above. 

In the one-line per unit impedance-to-neutral diagram (positive- 
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sequence impedance diagram) of a balanced three-phase power sys- 
tem, all impedances are expressed in per unit of the base impedance of 
the circuit in which they are located; or, with kva and voltage as the 
independent base quantities, all per unit impedances are based on the 
same kva and on the base voltages of their respective circuits. In a 
system consisting of several circuits connected by transformers, if base 
voltage is arbitrarily chosen for some particular circuit, base voltages 
in the other circuits are not independent but are determined by the 
transformer turn ratios. With transformer exciting currents 
neglected, they are the voltages in these circuits at no load when the 
arbitrarily chosen base voltage is the voltage of the selected circuit. 
This is illustrated in the following problem. 


Problem 1. Given a three-phase, 60-cycle transmission system, consisting of: 
a three-phase transmission line; a three-phase generator rated 15,000 kva, 4 kv, 
with a reactance of 25%; a transformer bank of three single-phase transformers 
connected A-Y, each transformer rated 10,000 kva, 4200-66,500/115,000 Y volts 
with low voltage taps. The operating tap is 3900-66,500 volts, with a leakage 
reactance of 10% based on rated kva and tap voltages. Base three-phase kva ana 
base line-to-line voltage have been arbitrarily chosen as 100,000 kva and 110 kv, 
respectively, in the transmission line. What is base line-to-line voltage in the genera- 
tor circuit? What are the per unit positive-sequence reactances of generator and 
transformer on the chosen base quantities? 

Solution. Base line-to-line voltage in the generator circuit is determined by the 
^arbitrarily chosen base line-to-line voltage in the transmission circuit and the trans- 
former turn ratio of the operating tap. With 1 10-kv line-to-line voltage in the trans- 
mission circuit, base line-to-line voltage in the generator circuit is 3.9 X *■ 3.72 
kv. On a 30,000-three-phase-kva base and a base line-to-line voltage of 115 kv 
(10,000 kva per phase, 115/VT « 66.5-kv line-to-neutral voltage), the transformer 
bank has a reactance of 10%. On a three-phase-kva base of 100,000 kva and a line- 
to-line voltage base of 110 kv (33,330 kva per phase, 110/V3 « 63.5-kv line-to- 
neutral voltage), the transformer leakage reactance in per unit from [30] and [31] is 


0.10 X 


100,000 

30,000 



0.364 


The per unit generator reactance on 100,000 kva and 3.72 kv, the base voltage of the 
generator circuit, is 


0.25 X 


100,000 

15,000 



1.93 


COMPONENTS OF CURRENT AND VOLTAGE AND SUPERPOSITION 

The division of currents and voltages into components is not unfamil- 
iar. Balanced currents and voltages are often divided into two com- 
ponents, one component in phase with a particular voltage or current 
used as a reference vector and the other component 90^ out of phase 
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with it. The voltage drop caused by a current divided into com- 
ponents is obtained by adding vectorially the drops due to its com- 
ponents. 

Validity of the Use of Components. The calculation of currents and 
voltages in electric circuits by adding currents due to components 
of voltage, and voltages due to components of current, is justified by 
the principle of superposition. This principle states that the response 
to a force can be determined by adding the responses to the compo- 
nents of the force, provided the responses vary directly with the forces 
applied, i.e., if the equations involved are linear. Superposition can 
be rigorously applied to electric circuits only when the values of the cir- 
cuit constants or parameters (resistance, leakance, inductance, capaci- 
tance) are indc{x?ndent of the current, voltage, or frequency which 
may be associated with them. Although the usual resistances, leak- 
ances, and capacitances in power circuits are not strictly constant, 
the> may be appro.ximately so wathin certain limts. This is also true 
of inductances where the flux paths are in non-magnetic mediums. 
Inductances associated with iron, where the flux density is not high 
over the current range of the circuit, may in many cases be considered 
to have essentially linear characteristics. W hen saturation must be 
taken into consideration, constant values of reactance adjusted to 
allow for saturation can frequently be used to advantage. Cases in 
which the effect of saturation upon reactance must be taken into 
account are pointed out in later chapters. 

IMPEDANCE NETWORKS 

The principle of superposition will be applied to impedance netwwks 
in which the self-impedances of the circuits and the mutual impedances 
between circuits at constant frequency are assumed constant. 

Self- and Mutual Impedances. The self-impedance of a circuit is the 
ratio of the voltage drop in the circuit in the direction of current flow 
to the current when all other circuits are open. The mutual impedance 
between tw^o circuits is the ratio of the voltage drop induced in one of 
the circuits to the current in the other circuit w^hich induces it. Self- 
impedance will be indicated by Z wnth two subscripts, both referring 
to the circuit. The self-impedance of circuit A is Zaa* The mutual 
impedance between two circuits will be indicated by Z with two sub- 
scripts which refer to the two circuits. Let /«, h, Ic* * ^ In and Fa, 
Fb, Fc, ‘ • Fn represent currents and voltage t^rops in circuits il, jB, C, 
• • • iV, respectively, in the positive direction. With la flowing in cir- 
cuit A and all other circuits open, Z}^ =« F6//a. Zna ^ VJIa, etc. 
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W ith Ih flowing in circuit B and all other circuits open, Zah == VJh* 
Itnb = Vnlhf etc. With all circuits closed, the voltage drops are 

Va = laZaa + h^ab + IcZae + * * * + InZan 

Fb = laZba + IbZbb + IcZbe + * * ’ + InZbn 

Vc = laZca + IbZeb + IcZec + * * * + InZcn [32] 


Vn = laZna + hZnb + IcZnc + • • • + InZnn 

In [32] the first subscript of Z refers to the voltage and the second 
to the current associated with it. If the mutual impedances are the 
same viewed from either circuit, Zab = Z^a^ Zen = etc. As the 
voltage drop in any circuit is equal to the voltage applied to the circuit, 
Fo, Fb, Fc, • * Vn in [32] can be equated to the applied voltages. If no 
voltage is applied to a closed circuit, the total voltage drop in it is 
zero. If any circuit is opened, its current becomes zero. 

Driving-Point and Transfer Impedances. Let £1, £2. * • * £n repre- 
sent the voltages at terminal points 1, 2, • • • n of a network, where 
voltages are applied between the terminals and the zero-potential 
bus, and let /i, /2, • • In be the corresponding currents. Positive 
direction of current flow is assumed to be into the network from the 
point at which voltage is applied. The resultant current which 
flows into the network from point 1 will be the difference between 
the component current sent into the network by £1 acting alone and 
the sum of the component currents which the voltages £2, £3, * * • £n» 
each acting alone, send out the network at point 1. When a voltage 
is assumed to act alone, the other voltages of the network are reduced 
to zero and their points of application connected to the zero-potential 
bus through zero impedance. W^hen the voltage £i is applied be- 
tween point 1 and the zero-potential bus, with the other voltages 
of the system reduced to zero, there will be a current entering the 
network at point 1 and currents leaving the network at points 2, 3, 
• • • n. The current entering the network at point 1 will depend upon 
the applied voltage and the impedance offered to it. This impedance 
is the driving-point impedance of point 1 and is defined as the ratio of 
the voltage at point 1 to current entering the network at 1, with no 
other voltages applied to the network. The current leaving the net- 
work at point 2 will likewise depend upon the voltage applied at point 1 
and an impedance which takes into account the impedances of the other 
paths to the zero-potential bus as well as those in the direct path 
between points 1 and 2. TTiis impedance is called the transfer imped- 
ance between points 1 and 2, and is defined as the ratio of the voltage at 
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point 1 to the current at point 2 with the other voltages of the system 
reduced to zero. It can be shown^ that in a static network composed 
of linear, bilateral elements without internal sources of energy, the 
transfer impedance between points 1 and 2 is the same as that between 
points 2 and I , provided the applied voltages are of the same frequency. 
Such a network is called a reciprocal network. A bilateral element is a 
two-terminal circuit which has the same impedance viewed from 
either terminal. Any two-terminal rectifying device is a unilateral 
element. 

The currents flowing into the network at the various points may be 
obtained by adding the currents produced by the various applied 
voltages, each acting alone, provided the netwwk is a reciprocal one 
and superposition can be applied. Adding the currents due to each 
voltage acting alone, 


T. ~ 

£1 

£2 

£n 


^ 1 “ 

^11 

-^21 

Anl 


h = 

_ 3l 

A 12 

4 22 

_ £n 
^1)2 

[33] 

In = 

£. 

£2 - 
^ ^ . 
A2n 

nn 



where 

-^ 11 . A 22 , • • *, Ann = driving-point impedance at points 1, 2, 
and n, respectively 

i 2 » * * In ~ transfer impedance between points 1 
and 2, • • •, between points 1 and n 

Driving-point and transfer impedances are designated by double 
subscripts, the first subscript referring to the point at which the volt- 
age is applied and the second to the point where current is measured. 
The letter A is used here rather than the usual Z to avoid confusing 
driving-point and transfer impedance with self- and mutual impedance, 
which are likewise designated by double subscripts. Equation [33] 
can also be written in terms of transfer and driving-point admittances, 
where admittances are reciprocals of the corresponding impedances. 

ONB-LINE IMPEDANCE DIAGRAMS AND EQUIVALENT CIRCUrrS 

Two-Conductor Single-Phase Power System. When the problem 
is to determine the rms voltage between conductors at any point in the 
system or the line currents during normal operation or with faults 
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between conductors, the two-conductor, single-phase system can be 
represented by a one-line impedance diagram in which the impedances 
are lumped impedances, equal to the sum of the equivalent imped- 
ances met by the outgoing and return current. The return path for 
current in the one-line diagram is a conductor, or bus, of zero imped- 
ance at zero potential. The current at any point in the one-line dia- 
gram represents the single-phase current at that point, and the volt- 
age to the neutral bus represents the voltage between conductors at 
that point. 

Balanced Three-Phase Power System. When the problem is to 
determine rms line currents and voltages to neutral, during normal 
operations or during three-phase balanced faults, the three-phase 
system can be represented by a one-line impedance diagram in which 
the impedances are impedances to neutral. The one-line diagram 
may be considered the diagram of one phase of the balanced system 
with a return path for the currents in a neutral conductor or bus of 
zero impedance at zero potential. The currents in the diagram are 
line currents and the voltage between any point and the neutral bus is 
the voltage to neutral at that point. The diagram of a balanced three- 
phase power system is called a positive-sequence diagram because the 
phase order of the balanced voltages at any point in the system is the 
same as the phase order of the generated voltage, and therefore positive. 

In the one-line impedance diagram of a single-phase or a balanced 
three-phase power system, each piece of apparatus and each transmis- 
sion circuit has its own equivalent circuit. These equivalent circuits 
will depend upon the purpose for which the one-line impedance dia- 
gram is to be used and the degree of precision required in the calcula- 
tions to be made from it; therefore, under different conditions, the 
same piece of apparatus may have different equivalent circuits. 

An oscillogram of the currents or voltages at a given point in a system 
during a disturbance may be shown, in addition to fundamental- 
frequency components, components of other frequencies. These com- 
ponents may include d-c components, one or more natural-frequency 
components determined by the system inductances and capacitances, 
even and odd harmonics, and sometimes subharmonics. Subharmonic 
frequencies are frequencies less than fundamental. For example, a 
third subharmonic in a 60-cycle system has a frequency of 20 cycles per 
second. The magnitude of a fundamental frequency component, in 
general, does not remain constant throughout the disturbance but 
decreases from its initial or subtransient value to its transient value 
and eventually reaches its steady-state or sustained value. With d-c 
components, natural-frequency components, harmonics, and subhar- 
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monies neglected, equivalent circuits for determining fundamental-fre- 
quency currents and voltages will depend upon whether subtransient, 
transient, or sustained currents and voltages are required. In trans- 
mission lines, transformers, and other static equipment the transition 
from subtransient to sustained impedance usually takes place within a 
fraction of a cycle of fundamental frequency. It is only in rotating 
equipment, that a distinction is made between subtransient, transient, 
and synchronous reactances when sinusoidal currents and voltages of 
fundamental frequency are to be determined. 

An equivalent circuit for use in analytic calculations is a static net- 
work composed of self-impedance branches without mutual impedances 
between them which under the same Of^erating conditions will produce, 
to the required degree of precision, the same conditions electrically at 
its terminals as the actual circuit (with or without mutual impedances) 
which it replaces. It should be noted that it is only at the terminals 
of the actual and equivalent circuits that the currents and voltages 
must be the same. 

The number of branch impedances in an equivalent circuit, in its 
simplest form, will depend upon the number of terminals in the circuit 
it is to replace. A two-terminal equivalent circuit will have but one 
impedance. A three-terminal equivalent circuit will have three branch 
impedances, which may be connected either in Y or in A. A four- 
terminal equivalent circuit, in the general case, will have six branch 
impedances. The number of branch impedances is determined by the 
number of connections which can l>e made between terminals. The 
problem of determining the equivalent circuit for a given actual circuit 
(or combination of actual circuits) is that of determining the branch 
impedances of the equivalent circuit. One method of procedure is: 

1. Draw the desired equivalent circuit with the required number of 
terminals, indicating the unknown branch impedances by 
symbols. 

2. Test the given circuit and the assumed equivalent circuit by 
applying a voltage between the terminals taken two at a time, 
with the other terminals free, and determining the currents. 

3. Equate the ratios of the applied voltages to the resultant currents 
in the given and equivalent circuits. 

A second method of determining equivalent circuits is: 

(1) Draw an equivalent circuit with the same number of terminals 
as the actual circuit, with each terminal connected to every 
other terminal through an impedance. (A three-terminal 
equivalent circuit will be a A.) 
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(2) With all terminals in the actual circuit connected to a common 
point by leads, insert a voltage in each lead in turn and measure 
the currents in the other leads. 

(3) The voltage inserted in the lead to any terminal A divided by the 
current flowing in the lead from a second terminal B giws the 
impedance between terminals A and to be used in the equiva- 
lent circuit. This is the transfer impedance between terminals 
A and B. 

As the transfer impedance between any two terminals is the same 
measured from either terminal in a reciprocal static network, it is 
unnecessary to make all the measurements described in (2) above. 

For networks which can be set up on a d-c calculating table or on an 
a-c network analyzer the second method for determining equivalent 
circuit is the more direct. Some of the branch impedances of an 
equivalent circuit determined on the a-c network analyzer may contain 
negative resistances; this makes the equivalent circuit unsuitable for 
subsequent use on the a-c network analyzer unless special negative 
resistance devices are used. Negative resistance offers no diflficulty in 
an analytic solution. 

In determining an equivalent circuit of a specified number of termi- 
nals, either of the methods may be used, or a combination of the two 
methods. Driving-point impedance is not required in the second 
method, but it may often be used to advantage in connection with the 
first method. 

The following discussion of equivalent circuits assumes constant 
frequency and constant circuit parameters (the effect of saturation 
is not included). 



(0) (b) 

Fig. 8. (a) Two-terminal circuit. (6) Equivalent circuit to replace (a). 

Two-Terminal Equivalent Circuit. A two-terminal circuit is shown 
in Fig. 8(a) and its assumed equivalent circuit in Fig. 8 (ft). The given 
circuit in Fig. 8(a) is represented as a box with two terminals, F and Q. 
The box may represent any impedance network between P and Q, 
with or without mutual impedances between the branches. Since 
there are only two terminals, the equivalent circuit will have but a 
single impedance branch, Z. For the circuit (ft) to be the equivalent 
of (a) with the same voltage V applied between its terminals, the 
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current I entering and leaving the equivalent circuit must be the same 
as that entering and leaving the given circuit. The impedance Z of the 
equivalent circuit may be determined by applying a voltage V between 
terminals P and Q in the given circuit and measuring the current /; 
then Z - V/L 

Two Circuits with Self-Impedances Zaa O'^d Z^b Connected at Both 
Ends with Mutual Impedance Zah between Them. The given circuit for 
this case is shown in Fig. 9 fa) and the desired equivalent circuit in 


p »■ ^ q p ^ q 

2 • ^00 ^ *4“^ ^oo't’^ob) 



(o) (b) (c) 

Fig. 9. (a) 'I'wo circuits connected at their terminals, with self-impedances Zaa 

and Zbb, and mutual impedance Zcjb between them, (b) Equivalent circuit for (a), 
Zaa 5^ Zbb. (c) Equivalent circuit for (a), Zaa ~ Zu,. 


Fig. 9(A), with impedance Z to be determined. The impedance Z of 
the equivalent circuit can be obtained as follows: 

Applying a voltage V between terminals P and Q of the given circuit, 

V — I '.Zaa + IbZab 


where 


V = laZab + IbZbb 


la and Ib = the currents in circuits a and A, respectively 

and 

I — la Ib = total current entering the circuit at termi- 
nal P and leaving at terminal Q 


Solving for Ib in terms of la, 


h = la 


Zab 


Zbb ~ Zab 

Substituting [34] in the original equations, 

Y T ■^ 00^66 Zgb 

" ^ Zbb -Zab 


[34] 


135 ] 


la 

Ib 


= V 


Zbb Zgb 

ZaaZbb Zab 

' Zgb 

ZaaZbb Zj^ 


From [34] and [35], 
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Adding la and It, 


I ^ la + h=- V 


Zaa + ^66 2Za6 


ZaaZbb Zab 
The impedance of the equivalent circuit is 

/ Zaa + Zbb 2Za6 


[361 


For identical circuits, Zaa = Zbb and [36] becomes 

Zla - Zlb Zaa + i:a6 


z = 


2 (Zaa — Zab) 


[371 


The equivalent circuit for two identical circuits with equal self-imped- 
ances Zaa» connected at both ends, w'ith mutual impedance Zab between 
them is shown in Fig. 9{c), 

Three-Terminal Circuits. A three-terminal circuit can be repre- 
sented by either a Y or a A. Figure 10(a) shows three terminals a, 6, 
and c, connected by a A with self-impedance branches Za6, Zoci Zbc- 




(0) it) 

F'ig. 10. (a) ^-connected circuit between terminals a, 6, and c. (6) Y-connected 

circuit between terminals a, b, and c. 


Figure 10(6) shows the same terminals connected by a Y with self- 
impedance branches Za, Z^, and Z^. The A and Y must be exact 
equivalents of each other for conditions at their terminals. The rela- 
tions^ between the branch impedances of the Y and A circuits, deter- 
mined by applying a voltage between the terminals taken two at a 
time with the third terminal open in both the A and the Y. and equat- 
ing V/I for the two circuits, are 


Za Zb — 


ZjibjZge + Zbc) 
Zab + Zac + Zbc 


Za + Zc 


ZgciZab + Zbe) 
Zab + Zac + Zbc 


^ I ^ ZbciZab + Zac) 
Zab + Zac^Zbc 


[381 
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Subtracting each of the equations of [38] in turn from the sum of the 
other two, and dividing the resulting equation by 2, 


^6 




ac 

Zah + ^ac + 

Zah + ^ac + Zic 
^ac^bc 

Zab + ^ ac + ^6c 


[39] 


The branch impedances of the Y in terms of the A impedances are given 
by [39]. 

Equating the transfer impedances between terminals in the A to 
those in the Y, 


Z^ab — Za Zi •\- 


Z^ 


ZaZh “}“ ZqZc + ZhZc 


,, V 1 V I + ZnZc + Zl,Zr^ 

^ac ~~ I I ' — • - l^Uj 

/^b 

_ r, , , Z.hZ>c ZaZh + ZqZc + ZhZc 

^6c ^6 1 * y ^ — y 


The branch impedances of the A in terms of the V impedances are given 
by [40], 

Equal Impedances in the Three Branches of the A or V. If Zab — 
Zac = Zbc, from [39], 

Za = Zb = Zc = ^ [41] 

If Zo = Zfe = Zc, from [40], 

Zab = Zac = Zbc = 3Zo [42] 

From [41] and [42] it follows that the branch impedances of an 
equivalent Y are one-third those of a given symmetrical A; and the 
branch impedances of the equivalent A are three times those of a given 
symmetrical Y. These relations hold when impedances are expressed 
in ohms or in per unit on the same kva and voltage bases. 

If the in.;x?dances in [41] and [42], given in ohms, are expressed in 
per unit on the same base kva per phase, with A impedances based on 
line-to-line voltage and those of the Y on line-to-neutral voltage, from 
[23] they will be the same. The A impedances in ohms are three times 
the Y impedances, but the square of base line-to-line voltage is three 
times the square of base line-to-neutral voltage; therefore the imped- 
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ances of the Y and A are equal when expressed in per unit on the same 
leva base and the base voltages of their respective circuits. This makes 
it possible to replace a symmetrical three-phase self-impedance circuit 
connected in A by an equivalent Y of the same per unit impedance 
per phase when conditions outside the circuit are considered, and per 
unit quantities are used. 

A Circuit Consisting of Two Self-Impedances Zaa and Zi,i, Connected 
at One End, with Mutual Impedance Zah between Them. Figure 11(a) 
shows the given circuit and Fig. 1 1 (5) the equivalent Y. The branches 



Fig. 11 . ya) Two circuits connected at one set of terminals, with self -impedances 
Zaa and Zbb and mutual impedance Zab between them. (/>) Equivalent circuit for (a). 


Zat Zb, and Zc of the equivalent Y are determined by applying a voltage 
between terminals A and C with B isolated, between B and C with A 
isolated, and between A and B with C isolated, then equating V/I in 
each case. 

The first two equations can be determined by inspection. The 
impedance between terminals A and C in the given circuit with termi- 
nal B isolated is Zaa. and in the equivalent circuit Za + Zc. Similarly, 
the impedance betw^een terminals B and C with A isolated is Zbb in the 
given circuit and Zb + Zc in the equivalent circuit. With a voltage V 
applied between terminals A and B in the equivalent circuit, the 
imp>edance is Za + Zb; in the given circuit, the current I enters at A 
and leaves at B, flow'ing in opposite directions through the self-imped- 
ances Zaa and Zbb in series. The voltage drop between terminals A 
and B is therefore 

V = IZaa I^ab + I^bb ““ IZab = + Zbb 2Za6) 

The three equations expressing Z®, Zb, and Zc in terms of Zaa. Zbb, and 
Zab are 

Za + Zc = Zaa 

Z5 + Zc = Zbb 

Za + Z^ « Zaa + Zbb ^ 2Zab 
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Solving these equations, 


Za — Zaa 

Zt = Zhi, — Zab 

Zc = Zab 


143J 


The values of Za, Zh, and Zc are indicated in Fig. 11(6). If termi- 
nals A and B of Fig. 11(6) are now connected, the circuit becomes a 
two-terminal circuit and checks Fig. 9(6) with Zaa ^ Zbb and Fig. 9(c) 
if Zaa ~ Zbb- 

Four-Terminal Circuits. A four-terminal circuit is shown in Fig. 
12(a) as a bo.\ with four terminals. The general equivalent circuit 



( 0 ) (b) (c) 

Fig. 12. (a) Cieneral four-torniinal circ\iit. (b) Four-terminal circuit consisting 

of two circuits with self-impedances Zn and Zn and mutual impedance Zn between 
them, (c) Flqui'/alent circuit for (b). 


will have a minimum of six branch impedances which can be evaluated 
when the nature of the given circuit is known. Two four-terminal 
circuits will be considered. 

A Circuit Consisting of Two Self-Impedances Z\\ and Z 22 , Not Con- 
nected at Either End, with Mutual Impedance Z 12 between Them, Fig- 
ure 12(6) show^s the given four-terminal circuit. The impedances 
directly connecting the four terminals of the equivalent circuit, deter- 
mined from the transfer impedances in accordance with the second 
method, are'"*’^ 


Z\\ 


^12 
Z 38 

y ^12 

^22 ~ *5r“ 
^11 

^ 11^22 ^ - 2^12 


-12 




.12 


between terminals 1 and 


between terminals 2 and 2' 


144 ] 


between terminals 1 and 2 and also between 
terminals l' and 2' 

between terminal \ and 2^ and also between 
terminals 2 and I* 
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A simplification* of the equivalent circuit obtained by using the 
impedances given in [44] is shown in Fig. 12(c). In this equivalent 
circuit, the self-impedances Zu and Z 22 are placed in the terminal links 
outside the mesh. The impedances in the four-terminal mesh are 
then obtained from [44] for circuits with zero self-impedances: 
Zii = Z 22 = 0. For this condition, the impedances given by the first 
two equations in [44] are infinite; the other two equations give —Zia 
and Z 12 , respectively. The self-impedance Zn may be placed in a 
terminal link at either 1 or at l', and likewise Z 22 may be placed at 
either 2 or 2'. If terminals and 2' are connected, Fig. 12(c) becomes 
Fig. 11(6); if 1 and 2 are also connected, Fig. 12(c) becomes Fig. 9(6). 

\ 

2 

3 

(•) 

1 

2 

3 

1 

2 

3 

(c) 

Fig. 13. (a) Four-terminal circuit consisting of three circuits connected at one set 

of terminals with self-impedances Zn, Z22, and Z38 and mutual impedances Zn, 
Z\%, and Z23 between circuits. ( 6 ) Equivalent circuit for (a), if Zn ~ Zn Zn. 
(c) Equivalent circuit for (a), if Zn - Zn =* Zn. 

A Circuit Consisting of Three Self- Impedances Zn, Z,,. and Z,,. 
Connected at One End, with Mutual Impedances b^ween Them — (a) 
Two Equal Mutual Impedances: Z,, = Z,, ^ Z,,. Figure 13(a) 
shows the given four-terminal circuit. Figure 13(&) is the equivalent 
circuit. That (6) is the equivalent of (a) can be shown by appl 3 ang 
volt«^;es between the four terminals in (a) and (b) taken two at a time 
with the other two terminals open and each time equating V/I in the 
two drcuits. 
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(b) Three Equal Mutual Impedances: Z13 = Z23 = Zi2. With 
Z23 Z12 in 13(fr), the equivalent circuit becomes that shown in 

Fijr. 13(c). 

Special Equivalent Circuits for Use in the One-Line Impedance 

Diagrams 

Two-Winding Transformer. The two-winding transformer has 
four terminals. In most system calculations, however, it may be 
rej)resented by a two- or a three-terminal equivalent circuit. An 
equivalent circuit has the same number of terminals as the equivalent 
of the circuit it replaces, but not necessarily the same number of termi- 
nals as the actual circuit itself. This is allowable, l>ecause the equiva- 
l<Mit circuit is part of a one-line impedance diagram of the system to be 
used for certain s|K'cified calculations. Therefore certain connections 
can be made in the actual circuit which do not really exist, but, if they 
did exist, they would in no way affect the calculations to be made for 
the ^iven problem. 

Figure 14(r/) shows a two-winding transformer with terminals A, 
A\ /i, and B' . A single-phase voltage E is applied to the primary 
winding AA* . The secondary winding supplies a single-pha^ 
load through a two-conductor transmission line. The problem is to 
det(»rmine the equivalent circuit for the transformer to be used in a 
one-line impedance diagram of the single-phase system for calculating 
currents and v'oltages between conductors for various load conditions, 
or the currents during short circuits between conductors. 

If the transformer in Fig. 14(a) with the four terminals A, A\ 5, B' 
is represented as in 14(i) with and B' connected, the given problem 
is in no way affected. The equivalent circuit, however, is required to 
replace a three-terminal equivalent of the actual circuit and not a four- 
terminal one. vSince there are but three terminals, the equivalent cir- 
cuit may be either an equivalent Y or A. An equivalent Y will be 
used, as shown in Fig. 14(r), with branch impedances Zi, Z2, and Z3 
to Ih? determined. 

Let the per unit self-impedance of winding AA' be Zn and that of 
winding BB^ be Z22 with mutual impedance Z12 between windings. 
There are three unknown impedances in the assumed equivalent circuit, 
Zi, Z2, and Z3; therefore three tests will be required on the actual 
transformer to determine the desired equivalent circuit. Positive 
directions for currents are indicated by arrows in both circuits. Apply- 
ing a voltage between A and A' with B isolated in Figs. 14(A) and (^:), 
and then between B and B^ with A isolated, reading the currents in 
both cases, and equating V/I in the transformer and in the equivalent 
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circuit, two equations are obtained: 

2n = Zi + Z3 


Z22 = Z2 + Z3 



145] 

[46] 



(•) 


A 

A. VWW rgyyrr- -B 

b • If 

a;_b; 

Zero-Pottntial Bus 
(f) 


Fig. 14 (a) Two-line diagram of a single-phase two-conductor system with single- 

phase transformer, (ft) Points A' and B' connected to give an equivalent of the 
transformer in (a) which satisfies a given problem, (c) Assumed equivalent circuit 
for (ft) with Zi, Z2, and Z3 to be determined, (d), (e) Three-terminal equivalent 
circuits for (ft) with exciting current included, (f) Two-terminal equivalent circuit 
for (ft) with exciting current neglected. 


The third test can be made on the transformer by applying a voltage 
V to one winding AA^ with the other winding BB^ short-circuited, and 
in the equivalent circuit by applying a voltage betw^een A and the zero- 
potential bus, with B connected to this bus. In the transformer, 

V = IiZii — 12^x2^ in winding A A' 

0 = — / 1 Z 12 + 12^22^ in winding BJ5' 

Eliminating I 2 in these equations. 
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In the equivalent circuit, 


Therefore 


Z2 + Zs 


Z\\ 


^ = 2 

Z22 ^ Z2 + Z3 


Subtracting [47] from [45], 

Za 


Zfa 

Z22 


Z2Z3 Z3 

Z 2 + Z3 Z2 + Z3 


Equations [45], [46], and [48] are satisfied if 

Z\ = Zii — Z12 
Z2 = Z22 — Z \2 
Zz = Z12 


[47] 


[48] 


[49] 


The equivalent circuit for the transformer is shown in the one-line 
impedance diagram of Fig. 14(d), in which 

Z| * r\ + jx\ « Z\x — Z12 ~ leakage impedance of winding i4i4' 

Z2 — ra + jx 2 = Z 22 — Z 12 = leakage impedance of winding BB' 

Zz =* Z \2 = mutual impedance between windings. Z12 is usually 
represented by the magnetizing reactance, paral- 
leled with representing the hysteresis and eddy 
current losses, as in Fig. 14(«). 


In transformers, the sum of the primary and secondary leakage react- 
ances, xi + X 2 ^ may be of the order of 10% and Xm at normal voltage 
about 3000%. For this reason, there is no measurable difference 
between the per unit self-impedance of the windings at normal volt- 
age and the exciting or mutual impedance; therefore tests 1 and 2 
described above would give but one per unit impedance. Usually but 
two tests are made, either 1 or 2, which gives the mutual impedance, 
and 3, which (with Zz large with respect to Z\ and Z2) gives Zi + Z2. 
the sum of the resistances and leakage reactances of the two windings. 
In many problems the mutual impedance is considered infinite and the 
transformer replaced by a series impedance, Z| == Zi + ^2- It is 
then a two-terminal circuit without connection to the zero-potential 
bus, as shown in Fig. 14(/). 

When Fig. 14(d) is compared with 11 (A), it is seen that the equiva- 
lent circuit for the two-winding transformer for use in the one-line 
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impedance diagram could have been obtained directly from the general 
three- terminal equivalent circuit representing two self-impedances 
connected at one end, with mutual impedance between them. 

Two-Winding Transformer Banks in Balanced Three-Phase 
Systems. In three-phase power systems, the windings of the three 
transformers comprising the bank may be connected either in A or in Y. 
There are four possible arrangements. The primary windings may be 
connected either in A or in Y, and with either arrangement the secon- 
dary windings may likewise be connected either in A or in Y. With 
identical transformers in the bank, the circuits are symmetrical, and 
therefore the bank if connected A-A, A-Y, or Y-A can be replaced by 
an equivalent bank connected Y-Y. when conditions outside the bank 
are to be determined. Expressed in per unit on the rating of the trans- 
former. the self-impedances of the windings and the mutual impedance 
between them are the same in the equivalent Y-Y bank as in the given 
bank. The difference in phase of the currents and voltages on opposite 
sides of a A-Y transformer bank is discussed in Chapter III. 

With a Y-Y bank (or an equivalent Y-Y bank) in a balanced three- 
phase power system, the neutral points of the Y’s may be connected 
without affecting the balanced system. Then 
the equivalent circuit for the bank, to be used 
in the one-line impedance-to-neutral diagram 
of the balanced system for determining cur- 
rents and voltages outside the bank, will be a 
three- terminal circuit, one terminal to be con- 
nected to the primary circuit, one to the 
secondary circuit, and the third to the neutral 
bus. Since per unit impedances in a line-to- 
neutral diagram are based on line-to-neutral 
voltage and the kva per phase, the per unit 
equivalent circuit for use in the one-line dia- 
gram will be the same as that of any one of 
the three single-phase units. See Fig. 14(e) 
if exciting current is considered, and Fig. 14(/) 
if neglected. Figure 15 gives the equivalent 
circuit of a A-Y connected transformer bank 
for use in a one-line diagram of a balanced 
three-phase system. 

Three-Winding Transformer Banks in Balanced Three-Phase 
Systems.^ With three identical transformers in the bank and balanced 
currents and volta^ges in the system, any of the windings connected in A 
can be replaced by an equivalent Y of the same per unit impedances. 


0 0029t jo 09 0 0029 1 jO.09 



Ztro-Potontiol Bus 


Fig. IvS. Per unit equiva- 
lent circuit based on rating 
of a d-Y transformer bank 
on an equivalent Y-Y ba- 
sis. Each unit rated 10,000 
kva, 4000-66,500/115.000 
Y volts. Leakage reactance 
10%, resistance 0.5%, mag- 
netizing current 5%, hyste- 
resis and eddy current 
0.5%. One-half the total 
leakage reactance and cop- 
per resistance for the two 
windings has been assumed 
for each winding. 
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If exciting current is neglected, the equivalent circuit for the three- 
winding transformer bank for use in the single-phase one-line diagram 
for determining balanced currents and voltages outside the bank is a 
three-terminal circuit. 

The three windings of each single-phase unit are called primary, 



T 


(o) (b) 

Fig. 16. (n) One phase of a three-winding transformer bank (if connected in A, 

replaced by its erjuivalent Y). (h) Equivalent circuit of (a) for use in the positive- 
sequence diagram. With exciting current neglected, there is no connection to the 
neutral bus N. Terminals P, S, and 7' are to be connected to the primary', 
st‘condary, and tertiary circuits, respectively. 

secondary, and tertiary. These windings are shown in Fig. 16(a). 
Let 

Zps = per unit leakage impedance in primary and secondary windings 
with the tertiary w'inding open 

Zpi =* per unit leakage impedance in primary and tertiary windings 
W'ith the secondary winding open 

Z,i ~ per unit leakage impedance in secondary and tertiary windings 
with the primary winding open 

Impedances are based on voltages w^hich are proportional to the num- 
ber of turns in the windings, and therefore the given impedance between 
two windings with the third Ofjen is the same referred to either of the 
two windings. Since the kva ratings of the three windings are not 
usually equal, Zpj, Zpt, and Z,< as defined above are expressed on the 
same kva base. 

Figure 16(b) shows the assumed equivalent circuit with branch 
impedances Zp, Z„ and Zt to be evaluated. Following the procedure 
given above. 

Zp + Zt = Zpt 
Zp + Z| =® Zp( 

Zg + Zt ^ Zgt 
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Solving the three simultaneous equations, 

= ^(Zpg + Zpt — Zgt) 

Z. = ^{Zp.+Zu ~ Zpt) (50] 

Zt = ^(Zpt + Zft ““ Zps) 

Zpy Z,, and Zt in Fig. 16(6) are replaced by their values given in [50]. 
Equivalent circuits for transformers are further discussed in this 
volume and in V^ol. II. 

Three-Phase Synchronous Machines. In the design of synchronous 
machines, care is taken to have the phases symmetrical and the gener- 
ated voltages approximately sinusoidal and balanced. The windings 
of the machine may be connected in either Y or A. If they are con- 
nected in A, the A can be replaced by an equivalent Y for determining 
currents and voltages of fundamental frequency outside the machine. 
As a first approximation, the machine can be represented by an equiva- 
lent circuit consisting of a generated voltage between the neutral (or 
equivalent neutral) of the machine and a lumped impedance, repre- 
senting the impedance to neutral of the machine under balanced loads. 
The generated voltage in the equivalent circuit represents the gener- 
ated voltage of one phase. Figure 17 shows the equivalent circuit of a 
synchronous machine for use in the posi- 
tive-sequence diagram. N is the neutral 
of the machine, Z the impedance to neu- 
tral, T the terminal of one phase, and E 
the generated voltage in that phase. The 
values to be assigned to Z and E depend 
upon the problem. The resistance com- 
ponent of the positive-sequence imped- 
ance is relatively small and can usually 
be neglected. If initial short-circuit cur- 
rent of fundamental frequency is to be 
determined, subtransient reactance will be used in Z, and E will be 
the voltage behind subtransient reactance. In transient stability 
studies, or in short-circuit studies after subtransient effects have dis- 
appeared, transient reactance and the voltage behind transient 
reactance may be used in Z and E. For steady-state operation, 
equivalent steady-state reactance and the voltage behind this re- 
actance are used. These reactances and the corresponding voltages 
are discussed further in Vol. II. 

Transmission Circuits. If capacitance and leakance are neglected, 
a symmetrical three-phase transmission circuit (or one assumed sym- 


N' 


2 

— nmmnrv 


Neutrol Bus 


Fig. 17. fuiuivalent circuit 
for a synchronous machine 
with generated voltage, £, and 
impedance to neutral, for 
use in the positive-sequence 
one-line diagram. 
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metrical) has equal impedances in the three phases under balanced 
operation. It can therefore be represented in the positive-sequence 
diagram as a lumped self-impedance Z. 

Z ^ t(r + jx) = t(r + jlirfL) [51] 

where f is the length of line in miles, r the resistance in ohms per mile, 
L the inductance in henries per mile, and/ the frequency in cycles per 
second. Equivalent circuits for transmission circuits with distributed 
constants are discussed in Chapter VI. 

THREE-PHASE FAULTS 

A three-phase fault, since it is symmetrical in the three phases, does 
not unbalance the system. The fundamental-frequency currents and 
voltages resulting from the fault are of the same phase order as the 
generated voltages, and can be calculated from the positive-sequence 
one-line impedance diagram and the operating conditions previous to 
the occurrence of the fault. 

D-C Components. The d-c component of fault current in any phase 
will depend upon the point of the voltage wave at which the fault is 
applied. If the phase voltage is at its crest value, which corresponds 
to zero flux linkages in the phase, the current wave with resistance 
neglected will be a sinusoidal wave symmetrical about the current 
axis. If the phase voltage is at its zero value, which corresponds to 
maximum flux linkages in the phase, the current wave with resistance 
neglected will be a completely offset wave. Its initial crest value will 
be equal to twice that of the symmetrical current wave. The rms 
value of the symmetrical current wave is (l/\^2) times its crest value. 
Let this rms value be /. Then the d-c component of the completely 
offset wave is y/ll. The initial rms value of the completely offset 
wave with resistance neglected is 

+ {Viif = 

When the d-c component has decayed to zero, the wave becomes sym- 
metrical about the current axis. In three-phase short-circuit calcula- 
tions, initial symmetrical rms fault currents are calculated by using 
subtransient reactances and allowance is made for the d-c component 
if the maximum possible rms current is required. As the currents 
and voltages of the three phases are displaced from each other by 120**, 
the current of only one phase can have the approximate maximum rms 
value given above. Also, only one phase could have an initial sym- 
metrical current wave. 
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Transient currents of fundamental frequency are currents which 
exist after d-c components and subtransient effect have disappeared. 
They are symmetrical about the current axis and their rms values are 
determined by using transient reactances. Sustained short-circuit 
currents are symmetrical about the current axis and are determined by 
using steady-state reactances. 

Fundamental Frequency Components. Two methods are available 
for determining three-phase short-circuit currents of fundamental fre- 
quency. 

1 . Currents in the fault and throughout the system can be expressed 
in terms of the applied (generated) voltages and the transfer and driv- 
ing-point imf)edances with the fault on the system by [33]. This 
method requires the determination of the generated voltages from 
given operating conditions previous to the occurrence of the fault. 

2. Any fault point F in the network may be considered a terminal 
point and the voltage at this point determined from the given oper- 
ating conditions previous to the occurrence of the fault. F/ is applied 
through zero impedance between F and the zero-potential bus. The 
initial currents may then be expressed in terms of the driving-point 
and transfer impedances of the network and the voltages at all termi- 
nal points, F included. When initial currents are expressed with the 
point Fat which the fault will occur as one of the terminal points, none 
of the transfer and driving-point impedances will be changed by the 
fault. The only change in [33] resulting from the fault will be in the 
voltage F/ at the fault, which becomes zero. Before the fault the volt- 
age at F was F/; after the fault it is zero. The change in voltage is 
therefore ~ F/. Applying the principle of superposition, the currents 
in the system can be determined by adding to the load currents the 
currents resulting from the voltage — F/ applied at F, with all other 
applied voltages equated to zero. Because of the fault, the changes 
in the currents flowing into the network at terminal points 1, 2, • • • n, 
and Fare 


A/i 


Jl 

An 


AI2 


JLf 

A/2 


Mn = 


Afn 


A/, - 


II 

A ft 
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where A // is the driving-point impedance at point F, and A/i, -4/2, •• • 
A /n are the transfer impedances between F and 1, 2, • • • n, respectively. 

Alf represents the change in the current flowing from the fault into 
the network. Since there was no current flowing into the network 
from the fault before the fault occurred, A// is the fault current flowing 
into the network. If If is the current flowing from the network into the 
fault, 


A// 






153] 


From (53], the current flowing into the fault can l>e determined from 
the prefault voltage and the driving-point impedance at the fault. 
In a positive -sequence network, the driving-point impedance at any 
point is (he positive-sequence impedance viewed from that point 
and is designated by Zj. To determine the three-phase fault current 
by method 2, it is necessary to know only V/, the prefault voltage, and 
Zj, the positive-sequence imjx^danc# viewed from the fault. The 
currents in the nefveork due to the fault can be determined from the 
fault current and the positive-sequence impedance diagram of the 
system, or the changes in the currents entering the network at ter mi 
nal points can be determined from [52]. The current at any point in 
the network due to the fault is added to the load current to obtain the 
resulting current at that point. 

The fault and system currents calculated by the two methods given 
above are the initial symmetrical rms values, which exist for only a 
short time after the occurrence of the fault and are determined by the 
use of subtransient reactances. At the instant the fault occurs, the 
voltages in the positive-sequence system behind the subtransient 
reactances of the synchronous machines on the system will remain 
fixed in magnitude and retain their relative phase angles. The fluxes 
linking the rotor circuits cannot change instantly and the rotors cannot 
change their relative angular positions instantly; therefore the magni- 
tudes and phases of the voltages behind the subtransient reactances, 
being proportional to the fluxes, w'ill remain fixed at the first instant. 
If currents and voltages at subsequent intervals are to be determined, 
changes in relativ'e angular positions of the rotors should be taken into 
account, if their effect is appreciable, as well as the change of machine 
reactances from subtransient to transient and finally to steady-state 
reactances. 

The simplest way to determine three-phase short-circuit currents 
in a large three-phase system is by means of a d-c calculating table, if 
resistances and capacitances can be neglected. On the d-c table, a 



ICh. I) 


INITIAL SYMMETRICAL RMS COMPONENTS 


47 


voltage Vf is applied between the neutrals of the machines, connected 
at a common point, and the zero-potential bus of the table. This cor- 
responds to the condition of no load when all per unit generated volt- 
ages are equal and in phase. The procedure with the d-c table would 
be just the same if the system were assumed to be operating under 
load and the currents due to the fault were determined by applying a 
voltage ~ V/ at the point of fault, equal in magnitude and opposite in 
sign to the voltage which existed there before the fault, following the 
second method given above. Load current can be added to short- 
circuit current to obtain resultant currents. Since load currents, in 
general, are not in phase with short-circuit currents, the error in 
neglecting them is small. 

If an a-c network analyzer is used, the positive-sequence network is 
set up and the generated voltages adjusted in magnitude and phase 
until the operating conditions previous to the occurrence of the fault 
are obtained. Connection is then made between the point of the 
system where the fault occurs and the neutral bus. The currents in 
the system will include load currents as well as currents resulting from 
the fault. Currents are initial symmetrical rms values when sub- 
transient reactances and the voltages behind these reactances are used. 
Solution on the a-c network analyzer corresponds to the first method 
given above. 

To illustrate the procedure for determining the currents and volt-^ 
ages during a three-phase fault by the two methods given above, a 
simple problem will be solved. 

Problem 2. A synchronous generator supplies power to a synchronous motor 
connected directly to its terminals. The positive-sequence subtransient reactances 
of the generator and motor on a certain kva base and the rated voltage of the machines 
are 40 and 200%, respectively. Resistance is neglected. The current supplied by 
the generator is 50% of base current. The power factor at the bus is unity and the 
voltage is 98% of rated voltage. Find the initial symmetrical rms current in the 
fault, the generator, and the motor when a three-phase fault occurs on the bus. 

Solution by Second Method, Figure 18(a) shows a one-line diagram of the system, 
part (5) the positive-sequence diagram. With Vt, the voltage at the bus before the 
fault occurred as reference vector, 

Vf - Vt -0.98 +j0 
Ig - 0.5 -f jO 
- -0.5 -I-/0 

where Ig and Im denote currents in the generator and motor, respectively, positive 
direction of current flow being from the neutrals of the machines towards the fault. 

The positive-sequence impedance viewed from the fault in Fig. 18(5) is 

, i0.40Xi2.00 
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The current flowing into the fault, from I53J, is 


F/ 0.98 
Zi “ iO.333 


-j2M 


The distribution of the fault current in 

Q — 


( 0 ) 

T 



2«ro'Pot«ntio» But 
(b) 


the system can be obtained from the imped- 
ance diagram. In the simple system of 
Fig. 18(^), If divides inversely as the 
parallel impedances in its |>aths. Thus, 

If (from generator) 

2.00 . ^ 

- ^ m - 

If (from motor) 

0.40 

Adding the currents due to the fault and 
the load currents in generator and motor, 

Ig « 0.5 ~;2.45 

U * -0.5 - iO.49 



Hg. 18. (a) One-line diagram of 

system of Problem 2. {b) Positive- 

settuence diagram, (c) Voltage and cur- 
rent vector diagram before the fault. 


Solution by First Method. The internal 
voltages of both machines must be calcu 
lated from given operating conditions be- 
fore this method can be applied. With 
the voltage at the bus before the fault 
occurs, as reference vector, the voltages 
l>ehind subtransient reactances are 

Eg^ Vt-{^ IgZg « 0.98 -f (0.5 X j0.40) 

* 0.98 -F j0.20 = l.OO /11.5*^ 

UZm - 0.98 -f (-0.5 Xj2.00) 
-0.98 -jl.OO - 1.40 /4S.6* 


where the subscripts g and m refer to gener- 
ator and motor, respectively. Figure 18(c) 
gives the voltage and current vector diagram for the given operating conditions. 
Alter the lauU occurs. 


/f (in generator) 


Im (in motor) 


^ ^ 0.98 + j0.20 

Zg " ^.40 


0.5 - j2.45 


^ 0.98 - jl.OO 

Z^ “ i2.00 


-0.5 - iO.49 


If Wl') “ Y 




Problem 3. A three-phase, 60-cyde generator, rated 5000 kva, 11 kv, wkh a 
transient reactance of 30% on its rating, supplies power through a three-phase current 
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CHAPTER II 


SYMMETRICAL COMPONENTS ™ BASIC EQUATIONS FOR 
THREE-PHASE SYSTEMS 

The first pa|ier indicating the possibilities of resolving an unbalanced 
system of currents into positive- and negative-sequence components of 
current was published in 1912 by L. Ci. Stokvis.^ A second paper^ 
dealing w^ith third-harmonic voltages in alternators was presented 
under the sponst)rshii) of Andre Blondel at a meeting of the French 
Academy of Science in 1914. It is interesting to note that positive- 
and negative-sequence currents as they are now known were a by-prod- 
uct of Stokvis’s main endeavor, which was to find a means of deter- 
mining the magnitude of the third-harmonic voltage produced by 
unbalanced line-to-line loads. A more detailed treatment of the reso- 
lution into positive- and negative-sequence currents of the unbalanced 
currents in three-phase ungrounded systems was given^ in 1915. 

In 1918, Dr. C. L. Fortescue presented before the American Institute 
of Electrical Engineers a paper^ which introduced the concept of zero- 
sequence currents and voltages and provided a general method for the 
solution of unbalanced polyphase systems. In this paper Dr, Fortes- 
cue proved that “ a system of n vectors or quantities may be resolved 
when n is prime into n different symmetrical groups or systems, one of 
which consists of n equal vectors and the remaining (n — 1) systems 
consist of n equi-spaced vectors which with the first mentioned groups of 
equal vectors forms an equal number of symmetrical n-phase systems . . 

Many unbalanced problems hitherto solved only with difficulty are 
now solved as routine problems by the method of symmetrical compo- 
nents. Chief among these is the determination of currents and voltages 
of fundamental frequency in systems during unsymmetrical short 
circuits. This important application of the method of symmetrical 
components was made available by tw^o papers^’® in 1925 and another^ 
in 1926. The application of the method to the ever present problem 
of unsymmetrical short circuits indicated to power engineers its value 
as a tool in the study of system performance, and it was but a short 
time before the method was widely used. The publication of a series® 
of articles and courses in engineering schools and commercial organiza- 
tions further stimulated interest in symmetrical components. Many 
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engineers have contributed in the application of the method to various 
problems encountered in power system operation. 

The method of symmetrical components is a general one» applicat)le 
to any polyphase system. Because of the widespread use of three- 
phase systems and the greater familiarity which electrical engineers 
have with them, symmetrical component equations will be developed 
for them first. 


THREE-PHASE SYSTEMS 

In three-phase power systems, sinusoidal currents and voltages of 
fundamental frequency are represented for purposes of calculation by 
vectors revolving at an angular velocity, w = Irf radians per second. 
(See Chapter I.) The components which replace them must therefore 
be sinusoidal quantities of the same frequency, represented by vectors 
revolving at the same angular velocity. Since the angles between 
vectors revolving at the same rate are fixed, a set of three voltage or 
current vectors, Va, Vi, and F'c, and the components which are to 
replace them, can be represented in the same vector diagram, with any 
current or voltage vector revolving at the same rate as reference 
vector. 

Choice of Components. Any three co-planar vectors Va, Vt,, and 
Vc can be expressed in terms of three new^ vectors Vi, V2, and by 
three simultaneous linear equations with constant coefficients. Thus, 

Va = CiiVx -j- C12V2 + C13F3 (1] 

Vb == C21V1 -f C22V2 + ^^23 ^3 ( 2 ) 

Vc = CziVi C 82 F 2 + ^33^3 (3) 

where the choice of coefficients is arbitrary, except for the restriction 
that the determinant* made up of the coefficients® must not be zero. 

Each of the original vectors has now been replaced by three vectors, 
making a total of nine vectors. The nine vectors consist of three 
groups or systems of three vectors each. These systems are as follows: 

1st system: cnFi, C21V1, cziVi 

2nd system : C12 V2, C22 Vz^ Cz2 V2 

3rd system: ciaVs^ ^231^3, czzVz 

When values are assigned to the coefficients, the relations between the 
vectors of each system are fixed. It follows therefore that the three 

* For a diacuttkm of (fotennmants, tee Appendix A. 
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original vectors can be determined when the three new vectors are 
known. The purpose of expressing the three original vectors in terms 
of three new vectors is to simplify calculations, and thereby to gain a 
better understanding of a given problem and its related problems. 
With this thought in mind, two conditions should be satisfied in select- 
ing systems of components to replace three-phase current and voltage 
vectors: 

1. Calculations should be simplified by the use of the chosen sys- 
tems of components. This is possible only if the impedances (or 
admittances) associated with the components of current (or volt- 
age) can be obtained readily by calculation or test. 

2 The systems of components chosen should have physical signifi- 
cance and be an aid in determining power system performance. 

It will be seen that symmetrical components satisfy both these 
requirements. 

Symmetrical Components. Although there are many ways of choos- 
ing the coefficients in [1] [3] so that a system of three vectors can be 
replaced by three systems of vectors, consisting of three vectors each, 
there is only one way in which it can be replaced by three systems, each 
consisting of three symmetrical vectors. A s>'stem of three symmetri- 
cal vectors is one in which the three vectors are equal in magnitude and 
displaced from each other by equal angles. If K®, and Vc are a set 
of voltage or current vectors, referring to phases a, b, and c, respec- 
tively, of a three-phase system, the three systems of three symmetrical 
vectors replacing Fo, F5, Fc are the following: 

1. A system of three vectors equal in magnitude displaced from 
each other by 120®, with the component of phase b lagging the 
component of phase a by 120®, and the component of phase c 
lagging the component of phase b by 120®, as in Fig. 1 (a). 

2. A system of three vectors equal in magnitude displaced from each 
other by 120®, with the component of phase b lagging the com- 
ponent of phase a by 240®, and the component of phase c lagging 
the component of phase b by 240®, as in Fig. 1 (b), 

3. A system of three vectors equal in magnitude displaced from each 
other by 0® or 360®, as in Fig. 1 (c). 

In the first two systems of revolving vectors there is a sequence of 
phases; in the third system there is none, the three vectors being in 
phase. In the first system. Fig. 1(a), taking counterclockwise direc- 
tion as positive, the time order of arrival of the component vectors at a 
fixed axis of reference is abc. In the second system. Fig. 1 (6), the time 
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order of arrival at the fixed axis of reference is acb. In both systems 
the vectors are displaced from each other by 120®, but the phase order 
of one system is the reverse of the other. 



(o) (b) (c) 


F'ig. 1. (a) Positive-, (6) negative^ and, (c) zero-sequence systems of vectors. 

Meaning of Positive, Negative, and Zero Sequence. Cy a positive- 
phase-sequence, or positive-sequence, system of vectors is meant a system 
of three vectors equal in magnitude and 120° apart in phase, in which 
the time order of arrival of the phase vectors at a fixed axis of reference 
is the same as that of the generated voltages. The phases have been 
arbitrarily named so that the phase order of the generated voltages is 
abc. (See Chapter I.) In Fig. 1(a), the system of vectors is a posi- 
tive-sequence system. The vectors in Fig. 1(6), which are also equal 
in magnitude and 120° apart in phase, arrive at a fixed axis in the phase 
order acb instead of abc. The system of vectors in Fig. 1 (6) has conse- 
quently been called a negative-sequence system. If the vectors repre- 
senting currents or voltages in the three phases are not separated in 
time phase, there will be no sequence of phases, and the currents or 
voltages, as the case may be, will vary simultaneously in each phase. 
A vector diagram for'this system, which has been called zero sequence, is 
shown in Fig. 1(c). The vectors which form the zero-sequence sys- 
tem are equal in magnitude and in phase. 

Notation. In Fig. 1 the double subscript notation has been 
employed, the first subscript indicating the phase, the second the 
sequence. Small letters a, b, and c are used to indicate the phases, 
while numerals 0, 1, and 2 are employed to designate respectively zero, 
positive, and negative sequence. 

Symmetrical Component Equations. Three given vectors Fa, V^, 
and Vc are expressed in terms of their symmetrical components by the 
equations 


Va - Fai + Fa2 + FaO 

V, « Vh + V ,2 + F50 

Ve « Vci + Fet + F^ 


14] 

15] 

16 ] 
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where known relations exist between the vectors of each of the three 
sets of vectors, Val, Vh\, Vei; Ka2. ^^62. Vc2\ VaO» VbQ, VcO- 

Phase a as Reference Phase. The choice of the phase to be 
regarded as the reference phase is arbitrary. With phase a as refer- 
ence phase, and making use of the operator a (see Chapter I), the 
following relations exist : 

For positive-sequence vectors, 

F 6 , V.x^aVai 

For negative-sequence vectors, 

Vt2-aVa2; V,2-a^Va2 

For zero-sequence vectors, 

Ffco ~ F<io I Fco ~ Foo 

Substituting these relations in [4J [6], there results 

Vo - Val + Va2 + Vao 1 7 ] 

n = a^Ka, r aF„8 + 18) 

Vc = aVai + a^Va2 + Vao 19] 

Comparing (7] [9] with (IH-H), the constant coefficients required to 
express a set of three vectors in terms of their symmetrical components 
are 1, a^, o for the positive-sequence components, 1, o, a* for the nega- 
tive-sequence components, and .1. 1, 1 for the zero-sequence 
components. 

The three vectors Va, V^, and Ve are expressed in terms of their 
symmetrical components by 17]-19]. When the symmetrical com- 
ponents are known, Va, Vb, and T* can be obtained either algebraically 
or graphically from [7] -(9). A graphical combination of the sequence 
components is given in Fig. 2. The zero-, positive-, and negative- 
sequence components are shown in parts (a), (f>), and (c), respec- 
tively. The combination of the components to produce the set of 
unbalanced vectors is shown in Fig. 2(d), and in Fig. 2(<) the three 
unbalanced vectors without their components. 

Resolution of Unbalanced Vectors into Their Synunetrical Com- 
ponents. The resolution of a given unbalanced system of three vec- 
tors into symmetrical components can be carried out either graphically 
or analytically. As the most common procedure is the analytical one, 
this will be given hrst, and the graphical method, which follows readily 
from it, will be explained afterwards. 
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Analytical Method. The three symmetrical component vectors 
Va2. and Vao can be expressed in terms of the original vectors Vo. 
and Vc by a solution of the simultaneous linear vector equations 
[7]~[9). This will be done by two methods. 



(d) (•) 

Fig. 2. Symmetrical component systems and tfieir synthesis into three vectors. 

Adding [7]“[9], remembering that (1 + o + a*) = 0, 

Vo + n + Fc = (1 + a + a^)Vai + (1 + a + a^)V^2 + 3F«o 
= 3Fao 

Therefore 

Vao = + Vt + V,) UO) 

Multiplying [7], [8], and [9] by 1, a, and a*, respectively, and adding, 

Va + aVb + a^Ve = (I + a* + a^)Vai + (1 •+• a* + a*)Vai 

+ (1 + a + a^jV^oo “ 

Therefore 

Vai=\(V^ + aV, + a^Vc) 111 ) 

Multiplying [7], [8], and [9] by 1, a*, and a, respectively, and adding, 

Va + a^Vi + a7* = 

Therefore 

Va,^ iiVa + a^V, + aV,) (121 

An alternate method of solving (7]-{9l is by means of determinants. 
The solution of vector equations, except in sp^al cases such as the 
present (me, is usually most easily performed by determinants. Suux 
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determinants will be used extensively in this book, a few simple rules 
for their use are j^iven in Appendix A. Using fA~5], Appendix A, the 
following equations may be written directly from (7]~(91: 

Vai ’--[(a- OV'a - (1 - a^)Vb 4- (1 - a)Vc] 

Va 2 = - a)V, + (1 - a)V, - (1 - a^)V,] 

Vao = ^ (<« - a^)Va - (a^ - o)n + (a - a^)Vr] 

where D {a -- a^) — (a^ — a) + (a — a^) = 3(a — a^). Simpli- 

fying the above equations, they reduce to [10)- [1 2). 

Graphical method. The graphical method of 
analyzing three unbalanced vectors follows di- 
rectly from [10], [11], and [12]. Let the given 
vectors be those of Fig. 2(e). The zero-sequence 
component Vao is found by adding the three 
given vectors and then dividing the vector closing 
the polygon by three. Figure v3 shows this process, 
a graphical method of solving [10]. 

The positive-sequence component Va\ is determined by solving [11] 
graphically. To is added uFb, i.e., rotated through 120®. To 
the sum of Va and aVt is added i.e., Vc rotated through 240®. 
The positive -sequence component is secured by dividing the vector 
which forms the closing side of the resulting polygon by three. Fig- 
ure 4 illustrates this process. 


Vc 

Tig. (jraphica) 

mrthod of s<curing 
zcr<)-8e(|uonce coin* 

pOlUMlt PttO. 




Fig. 4. (Graphical mctho<i of se- 
curing positive-sequence component 

V'.I. 


o*Vb 



Fig. 5. Graphical method 
of securing negative-sequence 
component Vat. 


By solving [12) graphically, the negative-sequence component Vta » 
obtained as pictured in Fig. 5. 

Special Case — Zero- Sequence Components Absent. When the sum 
of the three vectors Va, Vf,, and Vc is zero, it follows from (lO) that thers 
are no zero-sequence components, and the three vectors will be 
expressed in terms of positive- and negative-sequence components only. 
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With Va + Vb + Vc = 0, any one of the three vectors can be 
expressed in terms of the other two. Replacing Vc by — Vo — Vb 
(11] and [12], 

Vai = ^((1 - a*) Vo + (a - o2)V»] 

Va2 = ^[(1 - a)Vo + (a* - a)V6] 

Replacing (1 — a*), (a — a^), (1 — a), and (a* — a) by their values 
in polar form given in Table I, Chapter I, 

Voi = ^(v^Vo/;;^ + VaVfc/^] = ^(Vo + Vfc/^]^ [13] 


Vo2 = 3 [V^Vo /30“ + V^n/90'’] = -^ [ V„ + Vfc 760°] /30» [14] 

V3 

Using the complex form instead of the polar form for (1 — a), etc., 
Vo, - nov/3)] 


Vo 2 = 3 [n (^ - J ^) + n(-jV3)] 



Fig. 6. Method of securing positive-sequence component Fai when the vectors 

add to zero. 


From [13], Voi will be correctly represented both in magnitude and 
phase if (as in Fig. 6) V» is rotated 60** in the positive direction and 
added to Vo, the resultant vector BB* being then divided by v73 and 
rotated positively 30** about B aa a center. 
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Referring to Fig. 7 and equation [14], if Vt is rotated negatively 60® 
and added to Vn. the resultant vector BB' divided by v'3, and the 
new vector thus obtained rotated negatively 
.A *30® about B 2 ls 2 L center, Va 2 is obtained. 

/ / The positive- and negative -sequence com- 

/ \ ponents may also be obtained from the same 

/ ^ '' diagram. In [15] and [16], Vai and Va 2 are 

I given as the sum and difference of two vectors; 

1 (v \ 

A c one is Fa/2, the other F^j/QO®. 

1*10.7. Method of V3\2 / 

mriiriii« negative-w- To obtain a graphical construction, the vector 





A 

Fig. 

7. 

Vb C 

Method of 

mTiiriiig 

negative-se- 

fjuenc 

(• t O] 

inponent Vai 

when 

the 

vectors atid 


to 

zero. 




must be turned through 90® and 


divided by \- 3 before it is added and sub- 
tracted from Fa/2 to give Fai and Fa 2 . respectively. 

A vector may be turned through 90® and its magnitude divided by 
^^3 if a 30®, 60®, 90® triangle is constructed upon it with the 60® angle 
opf)osite it. In triangle ADE, Fig. 8, using scalar values, 
DK - AD tan 30® ~ AD/^^\ but vector DE - I/V 3 vector 



Kiti. 8. Construc- 
tion for dividing a 
\«i'tor AD by v 3 
.ind rotating it 
through 90 \ 




Fig. 9. Positive- anti 
negative-se(|ucnce com- 
ptments obtained from the 
same diagram when the 
vectors add to zero. 


AD 00 ^. Kquations [IS] and [16] are solved graphically in Fig. 9. 
AD is drawn from A to Z>, the midpoint of BC. Then vector 
DA - ( Fa/2) + F 5 . DE is drawn at Z>, making a positive angle of 
90® with DA ; AE is drawn from A making an angle of 30® with AD 
and closing the triangle A DE. Then 

ve„„n DE - * J=(t + ‘'O ^ 


vector BE = vector BD + vector DE 
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vector EC — vector DC — vector DE 

With no zero-sequence components, V^oi an<J Va 2 have been expressed 
in terms of K® and V^\ they can also be expressed in terms of Va and 
Vc.or nand V,. 

Voltage and Current Vectors. In the preceding developments Va, 
V},, and Vc have been used to represent a set of three vectors in a three- 
phase system rotating at the same rate. If voltage vectors are repre- 
sented by V and current vectors by /, the basic symmetrical compo- 
nent equations for voltages and currents will be written : 


Symmetrical Component Equations for Voltages 

Va - Val + Va2 + VaO (?] 

n = +aFaj+ Vao 18] 

Kc = aFa, + 7.0 19) 

7.0 = Fc) 110) 

Vax = \{.Va-\-aVt,-\-a^V,) (11) 

7.2 = 1(7. + a»76 + a7c) (12) 

Symmetrical Component Equations for Currents 

la — lal + Ia2 + ^oO (19) 

Ib = H^Ial + 0/.2 + 7.0 ( 20 ) 

Ic = alai + a^7.2 + 7.0 |21) 

^oo = ^(7. + 7fc + Ic) [22] 

7.1 = i(7. + a76 + a*7c) (23) 

Ia2 ^ + aHt + ale) (24) 


In the above equations, the voltage vectors 7., Fj, 7* may be the 
voltages to ground of phases a, b, c at a. specified point in the three- 
phase system: or they may be voltages to neutral, line-to-line volt- 
ages, generated voltages, induced voltages, in fact, any set of three 
voltage vectors revolving at the same rate which may exist in a three- 
phase system. Likewise, the three current vectors may be the three 
line currents, the three currents in a A-connected circuit, the currents 
flowing into a fault from the three conductors, etc. In the work which 
follows, V and 7 with appropriate subscripts wfll be used to indicate 
various voltage and current vectors, depending upon the type of prob- 
lem to be solved. 



64 


SYMMETRICAL COMPONENTS 


ICh. Ilj 


Alternative Equations for Numerical Calculations. If a and a} in 

18], 19], 1111,112), 120], 121], [23]. and (24] are replaced by f - \ 

/I . V3\ tutu- 

and ( 2 ~ ^ J • respectively, the following equations more suit- 

able for numerical calculations are obtained: 


Vs 

Vt = V,o - - j -y (Fa, - Fa,) (25) 

Vs 

F. = Fao - i(Fa, + Fa,) + i y ( Fa, - Fa,) 126] 

r V 3 

F., - i [Fa - + F.) +;-y (F, - F.) 

[27] 

F., = i [Fa - ^(Ft + F,) - j y (Ft - F,) 

128] 

1 , . V 3 

^b ** ^aO ii^ai “b ^a 2 ) ““ J (-^ol *^02) 

129) 

It = ho ~ i(^al + + j (/al “■ -^02) 

[30] 

hi - 1 1^/0 ~ lih + h) j h)^ 

[31] 

lai = i [/. - ^ (/6 + Ic) -j~ ih - /c)] 

[32] 

Instantaneous Power. The instantaneous power at any point in a 


three-phase system in the direction of current flow obtained by adding 
the instantaneous power in the three phases is 

P ^ Pa + Pb + pr — iaVa + tb^b + (33J 


where p, v, and i indicate instantaneous power, voltage, and current, 
and subscripts a, 6, and c refer to phases a, 6, and r, respectively. 

With sinusoidal currents and voltages of the same frequency in the 
three phases, instantaneous phase currents and voltages can be 
replaced by their instantaneous symmetrical components. Instanta- 
neous power then becomes 

P * (»«l + Pa2 + t^iio)(^al + *a3 + *«o) + {Phl + 1^3 + Pbo) 

{ibl + U3 + ibo) + (*^el + Pc2 + Peo) (id + ic2 + ^eo) 134) 
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The instantaneous zero-sequence components of voltages and currents 
are equal in the three phases and the sum of the instantaneous positive- 
or negative-sequence currents or voltages at any instant is zero. Mak- 
ing use of these relations, [34], when expanded, is 

P = + Vc\ic\) 4“ (t’a2*a2 + ^'62*62 + tV2*c2) + ^^aO^aO 

+ iValU2 + t'6l*62 + Vcite2) + (Va2Ul + ^62^61 + Vc2icl) 

[35] 

Instantaneous symmetrical components of voltage and current are 
expressed in terms of their rms vector values (see Chapter I) by the 
following equations: 

Vai = V''2iVoi| sin (w< + a) 

I'fci = ^2\ Vax\ sin (o)/ + a - 120°) 

Vci = y/2\Va] \ sin (o)/ + a + 120°) 

ial = V^|/«,i sin {(Mil + a + ^i) 

<61 = V^i/„,| sin (w/ + a + - 120°) 

ic\ = V 2|/oil "i" <* "}■ ^1 "I" 120°) 

Va2 = "^1 l^o2l sin {o)t + /3) jjgj 

t '62 = ^ 2 \V^ 2 i sin {wt + fi + 120°) 

Vc2 = V''2jVo2l sin {wt + P — 120°) 

*a2 = ■^'^i/o2l sin (w< + 3 + 62) 

<62 ~ ^^2!/o 2| sin {(lit 0 02 ^ 120°) 

ic 2 = V^|/a 2 l sin {ut + 0 + 02 - 120°) 

Vao = »60 = t'co = "^l l^ool sin (ul + y) 

*o0 = *60 = ifO = ^\Iao\ sin (w/ + Y + ^o) 

where |Koil. 1 1^02!. i^^ool nnd |/oi|, |/a2li |/aoi are scalar values of the 
rms positive-, negative-, and zero-sequence vector voltages and cur- 
rents, respectively; o, 0, and y are the phase angles by which the volt- 
age vectors Vat, Va 2 , and Vao, respectively, lead the reference vector 
(see Fig. 5, Chapter I ) . ^1,^2, and 0 o are the phase angles by which the 
positive-, negative-, and zero-sequence current vectors lead the corre- 
sponding voltage vectors, with 0 positive for leading currents and nega- 
tive for lagging currents. 

Replacing instantaneous symmetrical compdnents in [35] by their 
values in terms of rms vector quantities from [36], and making use of 
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the trigonometric equations 

sin A sin B - ^(cos {A - B) — cos {A + B)] 
and cos A + cos {A + 120®) + cos {A — 120®) = 0 

the instantaneous three-phase power is 

p * 3lFalll/al| COS^J + 3|Fa2l|/a2l COS^2 + 3lKooij/ooi COS 
-3i7ao||/aol COS {2<^t + 2y + do) 

— 3lFai||/o2! COS {2(jit + a + P + 62 ) [37] 

~ 3|F«2l|/ai| cos ( 2 wt + a + p + ei) 

The instantaneous three-phase ]x>wer consists of three constant terms 
and three variable terms w hich pulsate sinusoidally at double impressed 
frequency- If currents and voltages are expressed in amperes and 
volts, respectively, power will be in watts; if currents and voltages are 
expressed in per unit of base phase current and phase voltage, respec- 
tively, power will be in per unit of base power per phase, base kilow^atts 
being equal numerically to base leva. If instantaneous power is 
expressed in per unit of three-phase* base kilowatts, numerically equal 
to three-phase base kva, all terms on the right-hand side of the equality 
sign in [37] are divided by three. 

Average Three-Phase Power in Terms of Symmetrical Components. 

Since the average power of the double frequency terms in [37] is zero, 
the average three-phase powder F is 

^ == 3|7ai||/al| COSffi + 3|ra2i!/a2| COS ^2 + 3jKao|j7aOi COS [38] 

where ^i, ^ 2 . ^nd ^0 are the positive-, negative-, and zero-sequence 
power factor angles w^hich are positive for leading current and negative 
for lagging currents. The average power given by [38] will be in watts 
if currents and voltages are in amperes and volts, respectively. It will 
be in per unit of base power per phase if currents and voltages are in per 
unit of base phase current and base phase voltage, respectively. 

The average three-phase power in per unit of three-phase base kilo- 
watts (numerically equal to three-phase base kva) is 

P * |l^all|/al| cos + |7a2l|/a2| COS + |l^<io||/aol COS Bq (39) 

Average Three-Phase Power in Terms of Phase Voltages and 
Currents. 

F « |Va|l/alC08(^a + imj/tlcOSflfc + \VA\lAcOSBc [401 

where ^5, and Be are the angles by which phase currents lead their 
respective phase voltages. Power wiU be in watts if currents and volt- 
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SHORT ^iCUITS ON SYSTEMS WITH ONE 

POWER SOURCE 

In Chapter II, currents, voltages, and power at any point in a three- 
phase system are expressed in terms of the symmetrical components of 
current and voltage at that point. In this chapter, the method of 
symmetrical components is used to determine fundamental-frequency 
currents and voltages during a short circuit at the terminals of a 
symmetrical three-phase unloaded synchronous generator or on an 
unloaded circuit in series with a generator and transformer bank. In 
Chapter IV, the application is extended to any symmetrical three- 
phase power system, normally balanced but rendered unbalanced by an 
unsymmetrical fault. 

Sequence Impedances of Symmetrical Three-Phase Circuits. In 
dealing wath sinusoidal currents and voltages of fundamental fre- 
quency, the impedances offered to positive-sequence currents in the 
three phases of a circuit wall be defined as the ratios of the voltage drops 
in the three phases to the corresponding phase currents, with only 
positive-sequence currents flowing in the circuit. Likewise, the imped- 
ances offered to negative- sequence currents in the three phases will be 
defined as the ratios of the voltage drops in the three phases to the 
corresponding phase currents with only negative-sequence currents 
flowing in the circuit. Zero-sequence currents by definition are the 
same in magnitude and phase in the three phases; therefore their sum 
is not zero, and there must be a return path in which the sum 3/ao can 
flow or the zero-sequence impedance of the 
circuit will be infinite. The impedance 
per phase met by zero-sequence currents 
in a symmetrical three-phase circuit with 
only^ zero-sequence currents flowing is 
the impedance (or equivalent impedance) 
offered to any one of the three equal cur- 
rents flowing in the phases and their sum 
returning through the earth or some other 
conductor to which the neutral is con- 
nected. Figure 1 shows the path of zero-sequence currents and indi- 
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Fig. 1. Path ol zero-sequence 
currents. 
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cates how zero-sequence impedance can be obtained by test. The 
zero-sequence impedance per phase of this circuit, which is Y-connected 
with neutral grounded through impedance, can be obtained by con- 
necting the three terminals and applying a single-phase voltage to 
ground at the terminals. In a symmetrical circuit, the zero-sequence 
imi^edance per phase is three times the ratio of the applied voltage to 
the total current 3/oo* 

Methods of calculating and measuring the sequence impedances of 
transformers, transmission lines, etc., are discussed in later chapters. 
It is shown in Chapter VIII that in a symmetrical static circuit without 
internal voltages the impedances to the currents of any sequence are 
the same in the three phases. It is further shown that currents of a 
given sequence produce voltage drops of like sequence only, and volt- 
ages of a given sequence produce currents of the same sequence only; 
consequently, there is no mutual coupling between the sequence sys- 
tems. Since the impedance of a symmetrical static network to 
balanced three-phase currents is inde|)endent of the phase order, the 
positive- and negative-si*quence imj)edances are equal; the zero-se- 
quence impedance which includes the impedance of the return path of 
3/ao» in the general case, is different from the positive- and negative- 
sequence inqiedances. In symmetrical rotating mchines, the imped- 
ances met by armature currenis of a given sequence are equal in the 
three phases. As the imi^erlance to currents of a given sequence 
depends upon their phase order relative to the direction of rotation of 
the rotor, positive-, negative-, and zero-sequence impedances are 
unequal in the general case. 

For the present, let it be assumed that the sequence impedances of 
the symmetrical three-phase circuits discussed in this and the follow- 
ing chapter are known. Zi, Z 2 . and Zq will be used to indicate posi- 
tive-, negative-, and zero-sequence impedances, respectively, of asym- 
metrical three-phase circuit or any portion of a symmetrical three-phase 
system. Let it also be assumed that there is no mutual coupling 
between the three sequence systems. The three sequence systems 
can then be considered separately, and phase currents and voltages 
determined by superposing their symmetrical components of current 
and voltage, respectively. 

The division of currents and voltages into symmetrical components, 
with currents of each sequence meeting their own particular sequence 
impedances, is based on the principle of superposition (see Chapter I). 
Symmetrical components can be rigorously applied to electrical circuits 
only when the circuit impedances and admittances at the impressed 
frequency are constant. They can, however, be satisfactorily applied 



ICb. Ill] 


VOLTAGE OF THE NEUTRAL 


73 


to many problems where the circuit parameters are not strictly con- 
stant, provided the resultant calculated phase voltages and currents 
are not of such magnitudes as to change materially the impedances and 
admittances assumed in making the calculations. 

Generated or Internal Voltages. By generated or internal voltage is 
meant the voltage which would exist at the terminals of a machine on 
open circuit. It is the voltage behind the positive-sequence imped- 
ance, Zi, of the generator (see Chapter I, Fig. 17), where Z\ may be 
subtransient, transient, synchronous or equivalent steady-state imped- 
ance, depending upon the nature of the problem. The letter E will be 
used to designate generated voltages of machines, in order to dis- 
tinguish them from voltages at the terminals or other points in the 
system, designated by the letter V. If the generated voltages in the 
three phases are £«» Et, and £«., they can be resolved into their p>osi- 
tive-, negative-, and zero-sequence components of generated voltages 
by [10]-[12], Chapter II, giving 

-EoO = \{E>a + £5 + £c) 

jEal = \{Ea + fl-Eb + (S^Ec) (IJ 

Ea2 = \iEa + a^Eh + aEc) 

Since alternators are designed to generate balanced voltages, £«© 
and £o 2 in general will be zero. With balanced generated voltages, 

Ea = £a 

£» = a^Ea = £„/i20^ = (-i - j £. (2) 



Voltage of the Neutral. In ungrounded circuits or circuits grounded . 
through impedances, the neutrals of the 
circuits may or may not be at ground 
potential. Figure 2 shows a circuit with 
neutral N grounded through an impedance 
Zn- If current flows in Zn, the neutral N 
will not be at ground potential. That the 
voltage of the neutral referred to the 
ground is a zero-sequence voltage may be 
shown by applying equations {10]-{12]» 

Chapter II. Since N is common to all 
three [biases, the three voltages to ground 


T 



chine with neutral grounded 
through impedance. 
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as this point is approached become equal in the limit, thus: 
7a - n - - 7n. Hence 

3V 

Vao - l(Vn + 7a + 7«) = ~ 

7„1 = liVn +al\ +a-V\) ^ (\ + a + a^)Vn = 0 [4] 

7aa - l(Vn+a^Vn + aV^) = (1 +a^ + a)Vn - 0 {5J 

From {4) and (5), it is evident that both the jxjsitive- and negative- 
sequence voltages from the neutral to ground are zero; and from [3], 
that the voltage of the neutral to ground is a zero-sequence voltage. 
For the fxjsitive- and negative -sequence systems, therefore, the expres- 
sions voltage to neutral and voltage to ground may be used interchange- 
ably, but for the zero-sequence system it is important to distinguish 
between the two terms. 

Reference for Voltages. The phase voltages at any point in a 
grounded system and their zero-sequence components of voltage will be 
referred to the ground at that point. The positive- and negative- 
sequence components of voltage are referred to neutral. 

Convention for Direction of Current. F"or any given problem, the 
direction assumed as positive for current flow will lye stated or indicated 
by arrows. (5>ee Chapter I for a discussion of direction of current 
flow.) 

Neutral or Ground Current. In Fig. 2, let In represent the neutral 
or ground current and /«, h* Ic the three line currenis, positive direc- 
tion for neutral current Ix^ing from the ground towards the neutral and 
for the line currents from the neutral towards the terminals. Apply 
ing KirchhofT’s law, that the sum of the currents flowing into a point is 
zero. 

In -' /« + /6 + Ic 

Replacing /«, h. and /< by their symmetrical components given by 
(19H211, Chapter 11. and (1 4* a + by zero, 

In =“ (/oO 4* Ia\ 4- Ia2) 4- UaO 4* 4" o/a2) + {I aO + 4* Cl^Ia2) 

« 3/ao + /aid + ^ + a^) + /a2(l 4* 4" a) = 3/ao [61 

« 

From [6), the current from the ground flowing into the neutral of a cir- 
cuit has no positive- or negative-sequence components, but is equal to 
three times the zero-sequence line current in the circuit. It follows 
therefore that, if Z. »> neutral grounding impedance. 


Vn “ /.Zn — 3/aoZn — /ao(3Zn) 


17 ] 
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Equation [7] states that the zero sequence current flowing through thru 
times the neutral grounding impedance produces the same voltage at the 
neutral as the neutral current flowing through the neutral grounding 
impedance. This is a convenient relation which makes it possible to 
obtain the equivalent impedance offered to zero-sequence currents per 
phase by adding three times the impedance of the return path to the 
zero-sequence impedance of the symmetrical part of the system. 

Symmetrical Components of Phase Voltages to Ground at the Termi- 
nals of a Symmetrical Machine in Terms of the Sequence Impedances 
and Symmetrical Components of Current. Figure 2 represents a sym- 
metrica! three-phase synchronous machine, with neutral grounded 
through an impedance Zn- Positive direction of phase currents and 
their symmetrical components is taken from the neutral towards the 
terminals; that of the neutral current, from ground towards the neutral. 

The positive-sequence component of the voltage of phase a at termi- 
nal T is equal to the generated positive-sequence component of voltage 
of phase a, Eai, minus the voltage drop due to the positive-sequence 
current of phase a flowing through the positive-sequence impedance 
between the generator neutral and T. The negative -sequence com- 
ponent of the voltage of phase a at T is the generated negative-sequence 
component of voltage of phase a, £a 2 » minus the voltage drop due to the 
negative-sequence current of phase a flowing through the negative- 
sequence impedance tetween N and T, The zero-sequence component 
of voltage at T is Vn (the voltage of the neutral) plus £ao (the gener- 
ated zero-sequence component of voltage of phase a) minus the volt- 
age drop caused by zero-sequence current flowing through the zero- 
sequence impedance betw-een N and T, where Vn is given by [7J. 
With balanced generated voltages, £02 == £ ao = 0 and £oi ~ £a» 

The equations for the symmetrical components of line-to-ground 
voltage of phase a at the terminals of a symmetrical three-phase syn- 
chronous machine with balanced generated voltages are 

Val ^ Ea- lalZt 18 ] 

Fa2=-/a222 19] 

VaO ^ Vn- laoZ'o = ~ /ao(3Zn + Z^) - - laO^O (10] 

where Zj, Z 2 . and Zq are the positive-, negative-, and zero-sequence 
impedances, respectively, between machine neutral and terminals. 
Zo = 3Zn + Zq is the zero-sequence impedance between ground and T. 
Zq in a Y-connected machine is a finite impedance. When the genera- 
tor neutral is grounded, Zn will also be finite;* but when ungrounded, 
Zn will be infinite. 
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When the symmetrical components of voltages are known* they can 
be substituted in t7]“[9] of Chapter II, and the line-to-ground voltages 
of the three phases obtained. 

Note. Foo, Foi, and Va 2 in [3]- [5] designate the symmetrical com- 
ponents of the neutral point N, while the same symbols in [8H10J 
refer to the terminal point T. Each point of a system will have its 
own symmetrical components of current and voltage, which, in general, 
will differ from those at other points. 

Line«to*Line Voltages. The line-to-line voltages at any point T in a 
three-phase system will be the respective differences of the line-to- 
ground voltages at 7', as shown in Fig. 3(a). When the differences 



Fig. 3. (a) Line-to-gr«un<J and line-to line voltages, {b) Sum of line-to-line voltages. 

of the equations [7], [8], and [9] of Chapter II for the line-to-ground 
voltages in terms of their symmetrical components are taken, it is 
found that the zero-sequence components disappear. The line-to-line 
voltages are 

Vat = n - Vg = (g^ - l)Fa, + (a - DF^a 

= v/3(Ka,/l50° + 7a 2/l50° ) 

n, = Vc - n = (a - a^)Vai + (a* - o)F,a (ll) 

a)Va\ + (1 “ <**) I^o2 

= >/i(r«,/30^ + 7,a/30°) 

Equations [11] express the line-to-line voltages in terms of the poMtive 
and negative sequence components of line-to-ground volts^^es. If 
Kbi and Va 2 are expressed in volts, F*,. V^e, and Vc« will be in volts. 
If Vai and Va 2 are in per unit of base line-to-neutral voltage, Fa», 
F,c> and Fe, in [11] will also be in per unit of base line-to-neutral 
voltage. 

The sum of the three line-to-line voltages shown in F%. ${b) is zero. 
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SHORT CIRCUITS 

The simplest short-circuit problem, that presented by a fault at the 
terminals of a symmetrical Y-connected synchronous generator oper- 
ated at no load with balanced generated voltages, will be treated first. 
Formulas will be developed for determining the three line currents 
and the line-to-ground and line-to-line voltages at the terminals of the 
generator for the following types of short circuits: 

1. Three-phase fault. 

2. Line-to-line fault. 

3. Line-to-ground fault. 

4. Double line-to-ground fault. 

In applying the method of symmetrical components to the solution 
of problems involving a symmetrical three-phase system with but one 
point of dissymmetry, the procedure is to rej^lace the phase currents 
and voltages at the point of dissymmetry by their symmetrical com- 
ponents of current and voltage. The phase currents and voltages may 
be any three currents and any three voltages associated with the three 
phases. These three currents and three voltages are the six unknowns 
to be determined. If the problem is to determine the line currents and 
the voltages to ground at the terminals of an unloaded generator with a 
fault at its terminals, the unknown currents and voltages are la, h, h, 
Va, Vb, Vc, where / and V represent line currents and phase voltages to 
ground, respectively, and the subscripts refer to the phases. In any 
given problem, certain conditions are known about the unknown 
phase currents and voltages which can be expressed in equations. For 
example, if conductor a is faulted to ground at point P, the voltage to 
ground of phase a at P is zero, and the equation expressing this con- 
dition is Va = 0. In a three-phase system, three equations can be 
written in terms of the three unknown phase currents and voltages at 
the point of dissymmetry. Three more equations are needed for a solu- 
tion of the six unknowns. Equations 17H9] and [19]'-[21] of Chapter 
II express the unknown phase voltages and currents, respectively, in 
terms of their symmetrical components, but they merely replace the 
six unknowns by six other unknowns: Vai, Fa 2 . Vao, hi, Ia 2 , ho- 
The advantage in using the six unknown components instead of the six 
unknown phase quantities is that the impedances met by the sequence 
currents can be determined either by calculation or test. This is not 
usually the case with phase impedances. However, if the phase imped- 
ances can also be readily obtained, there may be no advantage in 
introducing components; in fact, the use of phase quantities may give 
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a simpler solution. If the j^enerated voltages and the sequence imped- 
ances associated with each of the symmetrical components of current 
are known, three equations can be written expressing the components 
of voltage of each sequence at the fault in terms of the corresponding 
sequence current and the impedance associated with it. In the case 
of an unloaded symmetrical generator with a fault at its terminals, 
these three equations are given by [8] [lOj. Simultaneous solution of 
these three equations, together with the three equations determined by 
the boundary conditions, in which phast^ currents and voltages have 
been replaced by their symmetrical components of current and volt- 
age, will give the six unknown symmetrical components of current and 
voltage. If more convenient, equations [10]-[12I and [22]-[24] of 
Chapter II can lx* used instead of [7] [0] and [19] [21]. The two sets 
of equations are not indejnmdent. One set expresses the phase quanti- 
ties in terms of their symmetrica! components; the other set, the sym- 
metrical components in terms of the phase quantities. Either set 
may be used, or some ecjuations from one set and some from the other, 
defxmding upon the problem. When the symmetrical components 
have Ix3en determined, the unknown phase currents and voltages are 
then calculated, using equations [7] [9] and 
[19] [21] of ( hapter II. 

Three-Phase Fault. Since a symmetrical 
three-phase short circuit on a balanced system 
dot*s not unbalance the system, it is evident 
that there will be only positive-sequence cur- 
rents and voltages in the system. However, 
this case will be solved by the method of sym- 
metrical components to illustrate the procedure 
with a balanced system. 

(a) Neutral Grounded. Figure 4 shows a 
Y-connected generator with grounded neutral, 
and the thn-e terminals short-circuited at T. The three equations 
expressing conditions at the fault are 

n - Fa; Fc - Fa; /« + A + /c = 0 

Equations 18]~[10] provide the other three simultaneous equations 
needed. Substituting Fa for Fe, and \\ in [10H12] of Chapter II, 
and remembering that I -f a + a* = 0, 

I uO ~ Fa Fai = 0 Fa2 = 0 
Substituting 0 for in [22] of Chapter II, 

/oO = 0 



Fig. 4. Y -connected 

generator with three- 
phase short circuit at 
its terminals. 
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Substituting Va 2 = 0 in [9], 

fa2 = 0 

Substituting Vai = 0 in [8], 

Val = 0 = Ia\Z\ 


Therefore 


/al=f 112) 

Substituting lao = 0, Ia 2 = 0. and lai from [12] in [I9]~[21j of Chap- 
ter II, the line currents with a three-phase fault are 


7^0 J^al 
h = a^Ial 

Substituting lao = 0 in [10], 

Vao = ■ 


Ea 

Zy 

(131 

a^Ea 

[14] 

oEa 

(ISI 


■Zo 

(161 


When Zq is finite, Vao = 0. When Zq is infinite, Vao in [16] is inde- 
terminate. It may be evaluated, however, from the following con- 
siderations : 

The point of fault T is comimon to the three phases; therefore the 
voltage from the fault to ground just like the voltage of the neu- 
tral to ground Fn, can have neither positive- nor negative-sequence 
components of voltage. (See [4] and [5].) The zero-sequence imped- 
ance between N and T is finite; therefore, with no zero-sequence cur- 
rent, there will be no zero-sequence voltage* drop, and T and N will be 
at the same potential above ground. In Fig. 4, T will be at ground 
potential, since the neutral point N is grounded. 

{b) Isolated Neutral. With the neutral isolated but the fault point 
grounded, Fao at T will be zero, and the voltage to ground at N, being 
the same as that at T, will be zero. 

With the neutral and fault both isolated from ground, Vao in [16] is 
mathematically indeterminate. However, in an ungrounded system 
in which capacitance and leakance are neglected, the term voUage-io- 
ground has no significance unless there should be an accidental ground 


^ It will be shown in Chapter VIII that in an unsymmetrical circuit there may be 
zero-sequence voltages present with no zero-sequence currents flowing. 
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on the system. In actual systems, leakance and capacitance to ground 
are always present, so that zero-sequence impedances to ground, 
although large, are not infinite. Since equal finite zero-sequence 
impedances to ground exist in the three phases of a symmetrical circuit 
with constant impedances, if there is no zero-sequence current, Vao = 0 
and Kt* - Kn - 0. 

The d-c voltage due to a static charge on an isolated system is to be 
distinguished from zero-sequence voltage, which is a single-phase 
voltage of fundamental frequency. 


Problem 1. A ^pnerator whose subtransient, transient, and synchronous react- 
ances are 12, 25, and 1 10^ respectively, and its resistance 0.6%, based on the rating 
of the generator, is op(»rated at rated terminal voltage on open circuit. If a three- 
phase fault occurs, what are the initial symmetrical, transient, and sustained rms 
line currents expressed in f>er unit of rated current.^ 

Solution. In a three-phase fault the rms values of h and are equal to /« in 
magnitude; therefore la only will l>e determined. Since /« * /ai, the first step will 
be to solve for /ai by (131. In this problem the resistance component of Z\ will be 
neglected, since it is small relative to the reactance and its inclusion would not 
appreciably affect the magnitudes of the short-circuit currents. 

The internal voltage of phase a, £a. will lx* used as reference vector. Expressed in 
per unit, Ea will U' 1.0 for all cases, since the generator is operated at rated terminal 
voltage on open circuit. 

1.0 f jO 

/« • /ai initial symmetrical rms « - — ~ -;8.33 per unit of rateii current 

0 t jSj.Xl 


/a * /oi nns transient 
/a /at rms sustained 


1 d-jo 

0 -f >0.25 
1 -hjO 

0 -h >1.10 


— >4.0 per unit of rated current 


-*>0.91 per unit of rated current 


Line-to-Line Fault. 



Fig. 5. Unloaded Y con- 
nected generator with line- 
to-line short circuit at its 
terminals. 


Figure 5 shows an unloaded Y-connected 
generator with grounded neutral and a line- 
to-line fault through zero fault impedance 
between terminals b and c. From the con- 
ditions of the problem it is evident that 
there can be no current in phase a, and 
that the currents in phases b and c are 
equal in magnitude and opposite in phase. 
The line-to-ground voltages at b and c must 
be the same, since there is no impedance 
between them. 

Expressing the conditions at the fault in 
equations, 


/. - -h V, - n 


7.-0 
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Substituting /« = 0 and /« = —/d in [22H24] of Chapter 11, 
ho = ^(0 + /fc - /ft) = 0 

/ai = ^ (0 + a/ft - a»/ft) = /ft = j [171 

2 r 

/«2 = i(0 + a^/ft - a/ft) = /ft = -j ■— 

Therefore 

/a2=-/al (18] 

Subtracting [9] from [8] in Chapter II, 

n - Kc = (a^ - a)F„, - (a* - a)K „2 

Since Fft = Vc, 

VaX = Va2 (191 

Replacing Vai and Va 2 in (19) by their values from 18] and |9), and 
substituting — /oi for Ia 2 > 

Val = £a - hiZl = Fa2 = “ /a2^2 = /a.Z? [201 




[ 22 ] 

(23) 


If the neutral is solidly grounded or grounded through an impedance, 
Zo is finite. Substituting ho = 0 in (10), 

F.o=-0Zo = 0 (241 


When the generator neutral is ungrounded, Zq is infinite, and Vao is 
indeterminate. As previously stated, in a system without an inten- 
^ tional or accidental ground when capacitance and leakance are neg* 
ected, Foo is indeterminate; but, since capacitance and leakance to 
ground are always present, Foo will be zero if the system is symmetrical 
and /oo = 0. 

Equations [17] and [24] give Jao ™ 0, Vao 0. hi> htt Vait snd 
Fa, in terms of £« and Zi and Z, are given by [21] and [23]. When 
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numerical values of the symmetrical components have been calcu- 
lated, the line currents and the line-to-K^’ound voltages may be obtained 
by substituting them in [7]-{9] and [19]”[21] of Chapter II. 


Problem 2. Find the line currents and the line-to-ground and linc-to-line voltages 
in per unit of rated current and voltage, respectively, when a line-to-line fault through 
zero fault impedance occurs at the terminals of an unloaded generator with solidly 
grounded neutral. The field current is such as to produce rated voltage on open 
circuit. The generator is rated 15,000 kva, 13,800 volts, and the positive-, negative-, 
and zero-sequence impedances in per unit are 0.007 -f jO.35, 0.05 + 7 O. 45 , and 
0.007 -f-y0.06, respectively. Draw the vector diagram giving the symmetrical com- 
ponents of current and voltage, line currents, and line-to-ground voltages. 

Solution, Assume the fault to occur between terminals b and c. Ea, the generated 
voltage of phase* a, is 13,800/ in volts and 1.0 in per unit of rated line-to-neutral 
voltage. Ea will 1 h‘ taken as reference vector, and calculations will be made in per 
unit based on the generator rating. 

From (17) and |24), 

7a0 9; VaO *= 0 


Substituting 
lai ** -fa2 ^ 
VaX - Vai * 


1 and the given per unit values of Zi and Z 2 in [21] and [23], 

Ea 1.0 


Zi-^^Zn 0.057 4-/0.80 

« (0.089 -/1.244)(0.05 -h ;0.45) 

- 0.565/£r 


1.247/85.9'’ = 0.089 - ^1.244 
0.S64 - jO.022 


Substituting the symmetrical components in [19]-[21] and 17]~[9], of Chapter II, 

/a - 0 -f /«i ~ lal * 0 

0 + aV.t - al,i - (a* - a)/., - -jVJhi = -2.155 - ^.154 
- 2.160/l75.9" 

I'a - 0 + K., + V,, - 2K,, - 1.128 -;0.044 - 1.129/2J° 

K, - K. - 0 + a*!',, + - - K., - -0.564 + ;0.022 - 0.565 /177.7° 

From (11], 

- Fs - U« - ~3Kai « -1.692 -f /0.066 
Fsc - Fc - Fs - 0 

Fea « F. - F* - 3F„i * 1,692 -/0.066 

The symmetrical components of current and voltage, the line currents, and the 
line-to-ground voltages for this problem are given in the vector diagram of Fig. 6 in 
per unit of rated line current and line-to-neutral voltage with JS# as reference vector. 
If the vector length taken to represent unit voltage be assigned a scale value of 
13,800 /a/ 3 « 7970 volts, and the length corresponding to unit current be con- 
sidered as 15,000/ (V? 13.8) * 628 amp, the vector diagrams can be read in'Wual 
volts and amperes. 

JVate, It is suggested that the student close his book at this point 
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and determine for himself the line currents and phase voltages to 
ground for the other types of short circuits. The following develop- 
ment, in that case, wmII serve as a check for his work. 


h 




Fig. 6. I'er unit vector diagram for 
Problem 2 with £« the generated voltage 
of phase a as reference vector. Unit cur- 
rent scale one-third unit voltage scale. 


Fig. 7. Unloaded Y-con- 
nected generator with 
grounded neutral and line- 
to-ground fault on phase a. 


Line-to-Ground Fault, (a) Neutral of Generator Grounded. Figure 7 
shows a generator with grounded neutral, and a line-to-ground fault 
through zero fault impedance on phase a. The conditions at the fault 
are given by the following equations: 

0 /c = 0 » 0 

Substituting /(, = /c = 0 in [22H24] of Chapter II, 

^aO ~ + 0 + 0) = 

Ia\ = §(/a + 0 + 0) = -y 
7^a2 = + 0 + 0) = -y 


Therefore 



II 

11 

3 

125J 

Substituting Va 

= 0 in (7J of Chapter 11, 



- -(V,o+ V,2) 

I26j 

Substituting lai 

for lao and Ia 2 in [9] and [10], 



Vaa “ —laa^a “ —laiZa 

(27J 


Vaff ~/aO^O 

128J 
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Substituting [27] and [28] in [26], 

Val ~ + Z 2 ) 


Substituting [29] in [8] and solving for lai, 


lal = Ia2 — I aO — 




[29] 

[30] 


The current in the fault If flows through ground and returns to the 
generator through the grounded neutral. From [6], neutral or ground 
current is a zero-sequence current equal to three times the zero- 
sequence line current flowing from the neutral. Therefore 

If = Iq = /n = 3/aO 


Also from Fig. 7, and equation [30], 

If ~ Ig ® Ifi ^ la ^ lal “1“ Ia2 "f” laO ~ 3/o0 ~ 


3£a 


^1+^2“^* ^0 


[31] 


The fault current and the symmetrical components of current and volt- 


lb 



Fig. 8. UnloadiHi Y-cun- 
nected genenitor with iso- 
lated neutral and line-tu- 
ground tault on phase* a. 


age can be determined when lai has been 
evaluated. The line currents and voltages 
to ground at the generator terminal may 
then be obtained by substituting the values 
of the components in [7]-(9] and [19H21] of 
Chapter II. 

(6) Neutral of Generator Isolated, Figure 8 
shows a Y-connected generator with isolated 
neutral and phase a grounded through zero 
impedance. Since there is only one ground, 
neglecting capacitance and leakance, Zq will 
be infinite. 


Substituting Zq =<» in [30], 

lal ~ ^a2 ^ ^aO ~ 


Zi + Z 2 + 00 

Substituting 0 for lai and Ia 2 in [8] and [9], 

Val = Ea Va2 = 0 

Substituting Vai — Ea and Va 2 = 0 in [26], 

VaO « -Ea 


= 0 


[32] 


The zero-sequence voltage at the fault is — Since there is no zero- 
sequence current, there can be no zero-sequence voltage drop and the 
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zero-sequence voltage of the neutral will be the same as that at the 
fault. Therefore 

Vn = -Ea 

The line-to-ground voltages are 

Va = Val + Va2 + VaO = £a + 0 — Ea = 0 

Vi = a^Vai + aVal + Vao = a^Ea + 0- Ea= {a^ - l)Ea = Eak 
Vc = aVal + a^Va2 + Vao = a£a + 0 - £„ = (o - 1)£„ - Eac 
The line-to-line voltages are 

Vab = n - Va = (a® -!)£, = Eai 
Vu = n - n = (a - a^)Ea = Eic 
Vca = Va - Vc= {I- a)Ea = £« 

The line-to-line and line-to-neutral voltages will be unaffected by the 
fault, but the line-to-ground voltages will be unbalanced, one being zero 
and the other two equal to line-to-line 
voltage in magnitude. The voltage vec- 
tor diagram is given in Fig. 9. £o. 
and Ee are the generated voltages and 
also the terminal voltages to neutral or 
to ground before the fault, the neutral 
being at ground potential before the fault. 

Fa, Ffe, and Fc are the phase voltages to 
ground and Fn the voltage of the neutral 
to ground after the fault. The fault 
causes the neutral to shift from its posi- 
tion of zero voltage before the fault to after the fault. 

Problem 3. Find the per unit values of the symmetrical components of current 
and voltage, the line currents and the line>to>ground and line-to-line voltages for a 
fault of zero fault impedance on phase a of the generator described in Problem 2. 
Draw the vector diagram. 

Solution, The given conditions are 

- 1.0; » 0.007 -f jO.35; Z* - 0.05 +>0.45; Z© - 0.007 + >0.06 

Substituting these values in (30], /«! « /«s » lao is obtained. From [2iy\2% the 
three symmetrical components of voltage are obtained. Thus, 

- i.i«/SJ- - o.o« -fl.m 

Fao - -ImoZo - -(0.086 -il.l56) (0.007 + >0.06) - -0.070 + >0.003 
Vmt - -UiZt « -(0.086 - >1.156) (0.05 + >0.45) - -0.524 + >0.019 
Vox - + Zt) - -(F.0 + Fa,) - 0.594 ->0.022 



Fig. 9. Line-to-ground volt- 
age vector diagram of isolated 
neutral generator with phase a 
grounded. 
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The line currents, the fault current, and the line-to-ground voltages obtained by 
substituting their symmetrical components in [19]-[21) and [7|-(9] of Chapter II are 

37.1 - 0.258 - j3.468 

/» - 7 , - 0 
P, = 0 

Ps - (-0.070 -i- ;0.003) + o*(0.594 -^0.022) +o(-0.S24 -|- >0.019) 

VJ 

- (-0.070 + >0.003) - *(0.070 - >0.003) - >— (1.118 ->0.041) 

- -0.140 ->0.964 

. V, - (-0.070 + >0.003) + u(0.594 - >0.022) + o*(-0.524 + >0.019) 

I 

« (-0.070 -f j0M3) - i (0.070 - >0.003) -h j~ (1.118 ->0.041) 

- -0.070 -f >0.973 


The Itne-to ltne voltages, obtained from the line-to-ground voltages, are 

Kofc « - Ka - n - -0.140 ->0.964 

Vbc « - n » 0.070 +>1.937 

- Ka - Ke - - 1% « 0.070 - >0.973 

In the vector diagram of Fig. 10, the symmetrical components of current and volt- 
age, the line currents, and the line-to-ground voltages are given in per unit of rated 
line current and line-lo-neutral voltage, with £a ** 1 as reference vector. 



Fic. 10. Per unit vector diagram 
for Problem 3. Unit current scale 
one-third unit voltage scale. 


Fig. 11. Unloaded generator with 
grounded neutral and double line- 
to-ground fault at its terminals. 


Double Line^to-Ground Fault, (a) Neutral of Generator Grounded- 
Figure 11 shows an unloaded generator with grounded neutral and 
teripinals b and c grounded through zero impedances. The conditions 
at the fault are given by the following equations: 

« 0 Fe « 0 « 0 
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Replacing Vt and Ve by zero in (iOHl2], Chapter II, 

V,i » - K.0 » y (33) 

Replacing by zero in [19] of Chapter II and solving for lat, 

lai - — {lao + •foa) [34] 

Substituting for and Vao in [33] their values from [9] and [10], 

Val = [35] 

Therefore 

/-a = - ^ and /.o = - ^ [36]-[37] 


Substituting [36] and [37] in [34], 


hi = 

~ (-foz + ^ao) = 

Val (f + 

\Za Zo/ Z3Z0 

[38] 

Therefore 

Val = Va 2 

,, , ^jZo 

= VaO - lal « 

^2 “T ^0 

139] 

P'rom [36], [37], and [39], Ia2 

and /ao can be expressed in terms of /a|. 

Thus 

ii 

/ 

“* Zo - 1 - Z, 

[40] 


/aO = 

/ 

Zo + Z2 

[41] 


Replacing 
for lai. 


Val in [8] by its value from [39] in terms of lai and solving 


/-I = 


+ 


Zf^2 

Zo + Z2 


^a{Zo + Z2) 

ZoZi -h Z0Z2 + Z1Z2 


[42] 


At this point it is interesting to note that the value of lai was deter- 
mined in the line-to-line fault by Z| Z3, in the single line-to-ground 
fault by Zi -h Zo -h Z3, but in the pr^'nt case by the sum of Z| and 
the parallel value of Zq and Z3. 

After the numerical >^ue of lai has been calculated from [42] the 
other symmetrical a)mponents can be obtained, and from the symmet- 
rical components the line currents and the line-to-ground and line-to- 
line vdtages determined. 
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{b) Neutral of Generator Isolated. Figure 12 shows an unloaded 
generator with isolated neutral and phases b and c grounded through 
zero impedance. From Fig. 12 the conditions of the problem are 

/. = 0 /6 + /c = 0 Ft = 0 F. = 0 


Substituting 0 for /„ and — /t for /* in [22]-(24] of Chapter II and 0 
for Ft and F* in (10H121 of Chapter II. 


lb 



Fig. 12. rnloaHt-d K^nerator with 
isolated neutral and double line- 
to-ground fault at its terminals. 


^ a2 ~ Ja\ 



Replacing Ia 2 by ~/oi in [9], 

V a2 ~ ~^Ia2^2 ^ ^al^2 
Substituting [46] in [45], 

VaO == Vai = Va2 = lalZ^ 


143] 

[44] 

[45] 

[46] 

[47] 


Substituting Vai - Aii ^2 from [47] in [8] and solving for lai, 

Ea 


lax - 




Substituting [48] in [47], 


Val = Va2 - VaO = 

/.\ -f- ^2 


[48] 


[49] 


Comparing the symmetrical components of currents for the double 
line-to-ground fault with isolated neutral with those for a line-to-line 
fault, it can be concluded that w'hen a double line-to-ground fault 
occurs at the terminals of a generator with isolated neutral the line 
currents are the same whether the point of fault is isolated or grounded. 
Also, if the line-to-line voltages for the two cases are compared, they 
will be found to be identical. For the line-to-line fault with isolated 
neutral, the zero-sequence voltage is mathematically indeterminate, 
but practically it is zero. For the double line-to-ground fault with 
isolated neutral, it has been shown that 

K,o = K., = F,a = /«iZa = 

“r 

The grounding of the fault point causes the neutral to shift from it<^ 

initial position to — • 

Z\ + 
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Problem 4. Using per unit quantities, find the line currents, the fault current, 
and the line-to-ground and line-to-line voltages for a double line-to-ground fault of 
zero fault impedance on terminals b and c of a solidly grounded generator rated 10,000 
kva, 13.8 kv, with positive-, negative-, and zero-sequence reactances of 30, 40, and 
5%, respectively. The generator was operated at normal terminal voltage on open 
circuit before the fault. 

Solution. From the given conditions 

JSa - 1.0; Zo*0-hj0.05; Zi « 0 -hi0.30; Z, - 0 + >0.40 


Selecting Ea as reference vector, the value of Ia\ calculated from [42] is 


1 


0 -h >0.45 

1 


>0.45 


>0.30 + >0.044 >0.344 


->2.90 


From [39H41J the other symmetrical components are 

(0 4->0.0S)(0 -F>0.40) 


K.o “ Vax 
I at = -(-;2.90) 


Vat “ (~>2.90) 
0 -f >0.05 


0 -F >0.45 


U = -(->2.90) 


0 + >0.45 

0 4- >0.40 
0 -f >0.45 


>0.32 

>2.58 


(->2.90)00.044) - 0.13 


Substituting the symmetrical components in (19H21) and [7]-[9] of Chapter II 
(to shorten numerical work use [29], [30], [25], and [26) of Chapter 11), 

la =j2.58 - >2.90 -F>0.32 = 0 

It = >2.58 - 0.5(->2.58) - >0.866 (->3.22) - -2.79 -F >3.87 
Ic » >2.58 - 0.5 (->2.58) -F >0.866 (->3.22) - 2.79 -F>3.87 
// - /6 -F /c « /a » /• » 3/ao - 3 X>2.58 - >7.74 
Va = 3(0.13) = 0.39 
Vt * (1 -Fo^ + a)F„i * 0 
y, - (1 + a f a*)K., » 0 
» r, - K. .= -0.39 
Vt. = V.- I » = 0 
V'«, - K. - V, - 0.39 


Windings of the Generator Connected in A 

If the windings of the generator are connected in A, there is no i»th 
for zero-sequence currents and the zero-sequence impedance of the 
generator is infinite. For calculating conditims at its terminals, the 
A-connected generator can be replaced by an equivalent Y-connected 
generator with isolated neutral. The positive- and negative-sequence 
impedances of the equivalent Y-connected generator, if expressed in 
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ohms, will be one-third those of the given A-connected generator; if 
expressed in per unit, they will be the same as those of the given A-con- 
nected generator. (See Chapter I.) For faults at the terminals of a 
A-connected generator, the line currents and the line-to-ground and 
line-to-line voltages at the fault will be the same as for a Y-connected 
ungrounded generator having the same per unit positive- and negative- 
sequence impedances based on the rating of the generator. 

Voltages of A-Connected Windings. Voltages across windings con- 
nected in A are line-to-line voltages. Line-to-line voltages are ex- 
pressed in terms of the symmetrical components of the line-to-ground 
voltages of phase a by fll). When the line-to-ground voltages have 
only positive-sequence components of voltage, Va 2 in [11) is zero and 
the A voltages have only positive-sequence components of voltage; 
these equations then become 

Vati = Km - K„ = (o» - 1 )Km = V3K,,/T50“ 

KfcM = Kc, - Vti = (a - a2)Ka, = v"3>m/90" = jVIKm (50) 

K.ai = Km - Km = (1 - a)K„, = v/iKa./io^ 

When the line-to-ground voltages have only negative-sequence com- 

ponents of voltages, Vai in (11) is zero and the A voltages have only 
negative-sequence components of voltage; these equations then 
become 

Vm - Vt2 - Va2 = (a - 1 )Fo 2 - V 3Fa2/l50^ 

Vm = K,a - Km = (a» - a)K ,2 = = -jVJKm (51) 

K.«a - Km - Km = (1 - a»)K.3 = v^tW30” 

Equations (50) and (SIJ express positive- and negative-sequence com- 
ponents of line-to-line voltages in terms of the positive- and negative- 
sequence components, respectively, of Ko. Figures 13(a) and (Jb) 
show these relations graphically. 

As the line-to-line voltages themselves constitute a set of three-phase 
vectors, they can be resolved into positiw- and negative-sequence com- 
ponents; but they will have no zero-sequence components since their 
sum is zero. (See Fig. 3(6).) The choice of the line-to-line voltage to' 
be selected as reference is arbitrary. The simplest relations between 
the symmetrical components of /« and the symmetrical components of 
the line-to-line voltages given by (50] and [51] are those for the ccmi- 
ponents of Km which involve phase differences of iiEOO**. Those for 
Vah or Vta invdve ±150" or ±30", respectively. The components <rf 
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Vhe V* ~ Vb) will therefore be selected as reference compcments, 
where the symmetrical components of in terms of the symmetrical 
components of Va are 

Vb,o = 0 

Vbci = (a - a*) 1^-1 = >/3roi/902 » jVJVai (521 
Vm = (a» - a)Va3 = >/37.j/90* - 




Fig. 13. Voltage vector diagrams of components of line«to-Hne and line-to-neutral 
voltages, (a) Positive sequence, (b) Negative sequence. 


The symmetrical components of Va in terms of the symmetrical com- 
ponents of Vf,c from [52] are 


Vao is indeterminate 


153] 


Va2 = ^ /90° 


Vm 

VI 


The line-to-line volt^es will be expressed in terms of the symmetri- 
cal components of Vhf by equations similar to those used to express 
Va, Vt, and V* in terms of the symmetrical components of Va, except 
that there are no zero-sequence components in line-to-line voltages. 
See equations [7)-{9] of Chapter II. From Fig. 13(a), Vca\ — a^Vteu 
Vabi = aVbci; from Fig. 13(ft), * oVm, Vaba * There- 

fore 

1 ^ 6 . “ Vui + Vbe, 

Vaa - Vaai + V^ai “ a*Vbat + aVbat 

Vab - Vabi +VaU~ aVut + 


1541 
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Equations [52] and [53] express the relations between the symmetri- 
cal components of the line-to-line voltage V^c and the line-to-ground 
voltage Va when both are expressed in volts, or in per unit on a common 
voltage base. 

If the components of line-to-line voltages are expressed on base 
line-to-line voltage, and the components of line-to-ground voltages on 
base line-to-neutral voltage, the disappears, and [52] and [53] become 
Vuo - 0 

Vui = Vai /90^ -jVai [55] 

Vte2 ~ V^a2 

and 

Vao is indeterminate 

Vai = Ft.,/9(F= -jVui [56] 

Va 2 = nc2/9jr = jVtc2 


Currents in A-Connected Windings. With V^e - Vc - Vi, selected 
as reference phase for line-to-line voltages, where represents the 
rise in voltage in going from b to r, currents in A-connected windings 
will be expressed in terms of the symmetrical components of the current 
in the winding be. The choice, however, of positive direction for cur- 
rent flow in the winding be is arbitrary. (See Chapter I for a discus- 
sion of voltage rise, voltage drop, and positive direction of current 
flow.) Consider, for example, a Y-connected generator supplying a 
pure resistance Y-connected load at its terminals as in Fig. 14(a). 
Arrows are used to indicate positive direction of current flow in phase a. 
The current /« flow'ing out of the generator and into the load flows in 
the direction of voltage rise through the generator but in the direction 
of voltage drop through the load. By analogy, positive direction for 
current flow in the A w'indings will be taken in the direction of voltage 
rise (i.e., from b to c) when positive direction for line currents is away 
from the A terminals; and in the direction of voltage drop (i.e., from 
c to b) when positive direction for line currents is towards the A termi- 
nals. This convention is indicated in Figs. 14(5) and (c), where 
/ with tw^o subscripts represents current flowing from the point indi- 
cated by the first subscript towards the point indicated by the second. 

It should be noted that arrows in Figs. 14(a), (5), and (e) are used 
to indicate the direction of current flow and should not be confused 
with the phase of the current. For example, in Fig. 14(a), with a 
unity power factor load delivered by the generator, /a in the generator 
flowing from Af to T is in phase with the terminal vdtage indicated 
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sent its phase (which is the same as that of I^c) on the same vector 
diagram. 

In Fig. 14(6), applying Kirchhoff's law, 

Zji = Ica lab 

h - lab ^ he 157 ) 

/fi = Ibc ^ ha 


The currents hc^ ha, and lab are expressed in terms of the symmetri- 
cal components of he by the following equations, analogous to those of 
[54] with the addition of zero-sequence currents which may be present 
in the A, 

he = hel + he2 + heO 

ha ^ O^hel + CLhc 2 + heO (58] 

hb ~ ^hel + CL^he2 + heO 


Replacing h, h, and h in [57] by their values in terms of the symmetri- 
cal conqK)nents of h given by [19H21) of Chapter II, and he, ha, and 
hb by their values in terms of the symmetrical components of he 
given by [58], the following relations are obtained: 


ho 0 

I59a] 

/«2 = = V^/6r2./90° 

hto is indeterminate 


hr. 


hci 


J_ 

VI 

-j 

V3 


/a, = ^/ 90 » 


h2 = 


U 

hi 




[59ft] 


Equations [59] give the relations between the symmetrical compionents 
of ^ current and line current flowing from the A when both are 
expressed in amperes or in per unit on a common current base. 

The corresponding relations between the symmetrical components 
of the A current lef, and the line current flowing towards the A. 
obtained in a similar manner, are 

/.o “ 0 

/-I - -jVlUx = v1/.4,/90“ 


[ 60 a] 
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and 


leio is indeterminate 

/cm = (6051 

V3 V3^ 

j . Ja2 Ia2 / — r 


The positive- and negative-sequence current vector diagrams for 4 
currents Ihc, leai and lab and line currents flowing from the A are shown 
in Figs. 14(d) and (e); and for the A current^ /c6. ha* and lac and the 
line currents flowing towards the A in Figs. 14(/) and (g). In these 
diagrams, currents are in amperes or in per unit on a common current 
base. 

When line and A currents are expressed in per unit, each on its own 
current base, the in [S9]-[60] disappears. 

Summary of Relations between Components of Current and Voltage 
in the A and Components of Line Current and Voltage to Ground at the 
A Terminals. When currents flow from a A into the line, or from the 
line into a A, there can be no zero-sequence components of current in 
the line. Zero-sequence current may appear in the delta as a circulat- 
ing current, but its magnitude cannot be determined from the line 
currents. With line and A currents expressed in per unit on their 
respective base currents, and line-to-ground voltages and A voltage in 
per unit of base line-to-neutral voltage and base line-to-line voltage, 
respectively, the following relations obtain: 

Vtci leads Vai by 90": V^ci = jVai 

Vbc 2 lags Va 2 by 90"; Vbc 2 = -jVa 2 161] 

Vbco = 0; Vao is indeterminate 

When positive direction of current flow is away from the A, 
hci leads lai by 90"; hd = jiai 
Ib €2 lags Ia 2 by 90"; Ibe 2 = -jh 2 (62a] 

When positive direction of current flow is towards the A, 
lehi leads /ai by 90": Jm * jiai 
Icb 2 lags Ia 2 by 90": Icb 2 = -jhi [626] 

It diould be noted that Vahi - -Vbcil Vm * -VmI Jcbi • 
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Problem 5. In Problem 2, assume the generator ^-connected and determine the 
currents in the generator windings and the voltages across them from the positive* 
and negative-sequence components of line currents and line-to-ground voltages at the 
generator terminals. 

Solution. From the solution of Problem 2 with Ea as reference vector. 

/ai 0.089 — 7 I .244 per unit of rated line current 

Pal * Pal *= 0.564 — j0.022 per unit of rated line-to-neutral voltage 

With Ia\ ** /oi. from (62a), 

he\ * hr! ” jla\ 1.244 -f ^0.089 per unit of rated A current 
With Pal » Pa 2 . from (61). 

Ps«i " Pscs »iPai “ 0.022 -h jO.564 » per unit of rated line-to-line voltage 

Base voltage in the A windings is 13,800 volts. Base current is 15,000/(3 X 
13.8) • 362 amp. 

Substituting Ibti and he 2 in (58) with hco “ 0, 

/s« ■■ 2Ih€i ■“ 2.488 -f j0.178 per unit of rated A current * 900 -f- jtS amp. 
lea * —-^bci “ —1.244 — j0.089 per unit of rated A current * —450 — j32 amp. 
lah “ — /s<i *" —1.244 — j0.089 per unit of rated A current « —450 — j32 amp. 

Substituting Ps^^i and Vhet in |54|, 

Psc - 0 

V„ - (o» - o)K»., - “ 0.977 - j0.038 per unit of rated line-to-line 

voltage =* 13,5(K) — j525 volts 

PaS * (a — a^) IVi * -f V^3 1 * —0.974 + ;0.038 per unit of rated line-to-line 

voltage » -- 13,500 -f 7525 volts 

Faults on Circuits in Series with an Unloaded Generator 

Equations for the symmetrical components of currents and voltages 
at the fault, with a short circuit at the terminals of an unloaded genera- 
tor, can be extended by analogy to unloaded circuits in series with the 
generator. When there is no intervening transformer bank, the posi- 
tive-, negative-, and zero-sequence impedances of the series circuits 
are added directly to the positive-, negative-, and zero-sequence 
impedances, respectively, of the generator, giving total impedances 
Z 2 , and Zq viewed from the fault. These impedances replace the 
sequence impedances of the generator in the formulas developed for 
faults at the generator terminals. 

When there is a transformer bank between the generator and the 
fault, and currents and voltages are to be determined on both sides 
of the bank, one-line impedance diagrams for each of the sequence 
8)fstems are useful. 
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Sequence Networks. A symmetrical three-phase system rendered 
unbalanced by a fault can be resolved into positive-, negative-, and 
zero-sequence systems. In each of these systems the currents and 
voltages are symmetrical. Their three-phase impedance networks 
have equal impedances in the three phases and can therefore be 
replaced for purposes of calculation by an equivalent single-phase net- 
work and represented by a one-line impedance diagram. In the one- 
line sequence impedance diagrams of a three-phase network each piece 
of apparatus and each transmission circuit is replaced by its equiva- 
lent circuits. An equivalent circuit at its terminals should represent 
the apparatus or circuit which it replaces to the degree of precision 
required in the problem. See Chapter I for a general discussion of 
equivalent circuits and tlie development of equivalent circuits for use 
in positive-sequence one-line impedance diagrams. 

In a symmetrical system, the one-line impedance diagram is the 
same, regardless of which phase is used as reference phase, but with the 
reference phase specified the currents and voltages in the single-phase 
network are those of the reference phase. The terms positive-, nega- 
tive-, and zero-sequence networks will be used to indicate single-phase 
networks in which currents and voltages of positive-, negative-, and 
zero-sequence, respectively, are those of the reference phase. In each 
sequence network, the sequence voltages are referred to the zero- 
potential bus for the network. 

Positive-Sequence Network. The positive-sequence one-line im- 
pedance diagram of a symmetrical three-phase system is discussed 
in Chapter I, and equivalent circuits are develo|)ed for use in this 
impedance diagram. All neutral points are at zero potential in the 
positive-sequence system and are therefore connected to a common 
point which is zero i>otential for the network. Generated voltages of 
the reference phase are represtmted in the jK)sitive-sequence network 
as applied between the zero-potential bus and the impedance of the 
generator. See Chapter I, Fig. 17. 

Negative-Sequence Network. The negative-sequence, as well as the 
positive-sequence, voltage of all neutral points is zero. (See [4) and 
[5].) In the one-line impedance diagram of the negative-sequence 
system, all neutrals are therefore connected to a common point which 
is zero potential for the network. The negative-sequence network is 
similar to the positive, except that there are no generated negative- 
sequence voltages in a system balanced before the fault occurred. In a 
symmetrical three-phase static circuit, the positive- and negative- 
sequence impedances are equal; the equivalent circuits developed in 
Chapter I for use in the positive-sequence one-line impedance diagram 
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can be used also in the negative-sequence network if the given circuit 
is a symmetrical three-phase static circuit, with or without mutual 
impc*dances between phases. As previously stated, the negative- 
sequence impedances of rotating machines are, in general, different 
from positive-sequence impedances. 

Zero-Sequence Network, The zero-sequence system is not a three- 
phase system, since the phase currents and voltages are equal in magni- 
tude and in phase. It is a single-phase system, with equal currents 
and equal voltages in the three phases at all [x)ints of the given three- 
phase system. The currents and voltages in the zero-sequence net- 
work are the same, regardless of which phase is selected as reference 
phase. The reference for zero-sequence voltages at any point in a 
grounded system is the ground at that particular point. 

The reference for zero-sequence voltages is of a different character 
from that for fx)sitive- and negative-sequence voltages. In positive- 
or negative-sequence systems all neutral points are at the same poten- 
tial. Neutral points in either system can therefore be connected to a 
common point. On the other hand, the ground is not necessarily at 
the same potential at all points. Therefore, in the one-line diagram of 
the zero-sequence system, the individual equivalent circuits for the 
various circuits and apparatus of the system must be so constructed 
that the zero-sequence voltages to ground at the terminals of these 
circuits are correctly given wlien referred to the zero-jx)tential bus of 
the network. The zero- potential bus for the zero-sequence netw'ork 
does not represent the jx)tential of the ground at any particular point, 
but is the reference ground for zero-sequence voltages at all points 
of the system. In Chapter XI a further discussion of the reference for 
zero-sequence voltages is given. 

Equivalent circuits for the zero-sequence network depend upon the 
impedance met by the zero-sequence currents flouring in the three 
phases and their sum, 3/ao, flowing through neutral impedance and 
returning through the ground or a neutral conductor. If there is no 
complete path for zero-sequence currents in a circuit, the zero-sequence 
impedance is infinite. In drawing the zero-sequence impedance dia- 
gram, an infinite impedance is represented as an open circuit. Thus a 
Y-connected circuit with ungrounded neutral has infinite impedance 
to zero-sequence currents. As the equivalent circuit is used to deter- 
mine voltages as well as currents, the opening is placed at the point 
where the impedance becomes infinite. For a Y-connected circuit of 
three equal self-impedances Z, with neutral N ungrounded and termi- 
nals at r, as in Fig. 15(a), a finite impedance Z is indicated in the 
equivalent circuit of Fig. 15(6) between N and T, and an open circuit 
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between N and the zero-potential bus. Point T is to be connected into 
the zero-sequence diagram of the system. With finite impedance 
between T and N, no current will flow in this impedance; and, if there 
is no induced voltage, T and N are at the same zero-sequence potential. 



(o) 


Z^ro-Pottntiot But 


N Z 

* W\Ar— 

(b) 


JT 




Fig. 15. Symmetrical V-connected circuits and their zero>sequence equivalent 

circuits. 


With the neutral solidly grounded, as in Fig. 15(c), N in the equiva- 
lent circuit of Fig. 15(d) is connected directly to the zero-potential bus. 
V\^th the neutral grounded through an impedance Zn, as in Fig. 15(e), 
N in the equivalent circuit shown in Fig. 15(/) is connected through 
3Zn to the zero-potential bus. 

A A-connected circuit provides no path for zero-sequence currents 
fiowuig in the line. Viewed from its terminals, its zero-sequence 
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impedance is infinite. The A voltages are line-to-line voltages and, 
since their sum is zero, they can have no zero-sequence components. 
The equivalent zero-sequence circuit for the symmetrical A-connected 
circuit of Fig. 16(a) with terminals at T is shown in Fig. 16(6). In 
this equivalent circuit there is an open circuit at T on the A side, indi- 
cating infinite impedance viewed from T towards the A; but beyond 


I Ztro-Pottnt ioi But j 



IT 


(o) (b) 

PlO. 16. Symmetrical Jk-conneclecl circuit and its zero-sequence equivalent 

circuit. 

the o|>ening there is a connection to the zero-potential bus, indicating 
that (1) there may be zero-sequence voltages at T but there can be 
none across the pha.ses of the A and (2) there may be zero-sequerK« 
currents in the A but there can be none in the line at T. 

Equivalent Circuits for Transformer Bank of Three Identical Single- 
Phase Units. Equivalent circuits for two-winding transformer banks 
to be used in the positive-sequence one-line imi^edance diagram are 
shown in Chapter I, Figs. 14(e) and (/): in h'ig. 14(e) the magnetizing 
current is included; in Fig. 14(/) it is neglected. Figure 16(6) of 
Chapter I gives the equivalent circuit for a three-winding transformer 
bank with magnetizing current neglected. These equivalent circuits, 
developed for the positive-sequence one-line impedance diagram, are 
independent of the phase order of the balanced currents, and therefore 
are also the equivalent circuits to be used in the negative-sequence 
one-line impedance diagram. 

The line-to-neutral positive- or negative-sequence leakage impedance 
of the two-winding bank (or equivalent line-to-neutral impedance when 
one or both sets of windings are A-connected), if expressed in per cent 
or per unit based on its rating with exciting currents neglected, is the 
same referred to either side of the bank (see Chapter I). If expressed 
in ohms, the impedances of the bank referred to the two sides will be 
proportional to the squares of the equivalent line-to-neutral turns. In 
problems involving the determination of currents and voltages on both 
sides of a transformer bank, solutions are simplified if currents, vdt- 
i^es, and impedances are expressed in per cent or per unit on a commem 
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kva base with base line-to-neutral voltages on the two sides of the 
bank directly proportional to the equivalent line-to-neutral turns. 

Transformer banks made up of three identical single-phase units 
offer the same impedances to zero-sequence currents as to positive- 
sequence currents, provided there is a path for zero-sequence currents, 
Figure 17(a) shows the path of per unit zero-sequence currents in a 
Y-A transformer bank between P and Q, with the neutral of the Y 
solidly grounded and magnetizing current neglected. Figure 17(6) 



Fig. 17 . (<i) Path of zero-se<iuencc currents in V -A transformer hank with grounded 
neutral and negligible exciting current. (6) Zero-sequence equivalent circuit for (a) 
between P and Q, where Z* is the per unit leakage impedance of one unit. If the 
neutral of the Y in (a) is grounded through Zn, Zt in (6) is replaced by Z| -F 3Zn. 


gives the zero-sequence equivalent circuit. Viewed from Q the imped- 
ance is infinite; viewed from P it is Zt, the transformer leakage imjjed- 
ance. If the neutral of the Y is grounded through Zn, the impedance 
Z^in Fig. 17(6) is replaced by (Zt + 3Z„). 

Figure 18 gives additional equivalent circuits for transformer banks 
made up of three identical single-phase units, with exciting currents 
neglected. The two-winding banks are connected Y-Y, Y-A, and 
A~A, with the neutrals of the Y s grounded or ungrounded. The three- 
winding banks are connected Y-Y-Y, Y-Y~A, Y~A~A, and A--A~A. 
with the Y’s grounded or ungrounded. The equivalent series imjped- 
ance of the two-winding transformer between primary and secondary 
terminals, indicated by P and 5. respectively, is Zp,. The imped- 
ances of the three-winding transformer between primary, secondary, 
and tertiary terminals, indicated by P, 5, and T, respectively, taken 
two at a time with the other winding open, are Zp,, Zpi. and Z,/. the 
subscripts indicating the terminals between which the impedances are 
measured. (See Chapter I.) It is suggested that the student draw 
these equivalent circuits for himself before looking at Fig. 18. 

Shift in Phase of Positive- and Negative-Sequence Line-to-Neutral 
Voltages and Line Currents in Passing through a Y-A or A-T Trans- 
former Bank of Three Identical Single-Phase Units. The two possi* 
ble ways of connecting transformers Y-A are shown in Figs. 19(a) 
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and (6). Capital letters refer to the A side of the bank and small 
letters to the Y side; phase A on the A side is the phase connected to 
the transformer phases corresponding to phases b and c on the Y side. 


Translormtr Zero-Stquence Eauivolent 



Fig. 18 . Zero-sequence equivalent circuits for transformer banks of three identical 
single-phase units — exciting currents neglected. 

Zp “ hiZpt -f* Zpi — Z,i); Zg hiZp$ -f" Z»t Zp%)\ Zi ^{Zpt -I* Z^t — Zpa) 

as shown. Figures 19(c) and (d) give the positive-sequence volt<^ 
vector diagrams of connection diagrams (a) and (b), respectively, 
neglecting the voltage drop through the bank. Expressed in per unit, 
each on its own voltage base, Vcbi and Vai in Fig. 19(c) are equal, as 
they are generated by the same per unit flux; and therefore 

Vai ^ jVcBi ^ jVaj (631 

In the positive-sequence per unit voltage vector diagram of Fig. 19(d) 
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for the connection diag^ram of Fig. 19(b), Vbc\ == Fai; and 

Va\ = -“JKbci = 164) 

For the connection diagram of Fig. 19(a), the line-to-neutral voltage 
Vai on the A side of the bank leads by 90® the positive-sequence line-to- 
neutral voltage Va\ on the Y side of the bank; but for the connection 



Fig. 19. (a) and (6) Possible connections of A~Y transformer banks, (c) and (d) 

Positive-sequence voltage vector diagrams for connection diagrams (a) and W, re- 
spectively. (e) and (f) Negative-sequence voltage vector diagrams for connection 
diagrams (o) and (b), respectively, (g) Vector diagrams for positive-sequence 
currents in connection diagram (a). 
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of Fig. 19(6), Vax lags Va\ by 90®. In Fig. 19, comparing (a) with (c) 
and (6) with (d), it may be seen that the positive-sequence voltage 
vector diagram in either case is the same as the transformer connection 
diagram; therefore, when the connection diagram is given, the phase 
relation between Vai and Va\ can be determined by inspection. 

Figure 19, parts (e) and (/), give the per unit negative-sequence volt- 
age vector diagrams of connection diagrams (a) and (6), respectively, 
neglecting the voltage drop through the transformer bank. Making 
use of the relation Va 2 = jVBC 2 - -^jVcB 2 of [56], in Fig. 19(«), 

Va 2 ^ -jVcB2 = -jVa7 [65] 

In Fig. 19(/), 

Fa2 = iVBC2 = jVa2 [66] 

Comparing [63] and [65], and [66] and [64], the positive-sequence 
line-to-neutral voltage is shifted 90® either forward or backward, de- 
pending upon the connection diagram, while the negative-sequence 
line-to-neutral voltage is shifted 90® in the direction opposite to the 
shift in phase of the positive-sequence voltage for the same connection 
diagram. 

The shift in phase of positive- and negative-sequence line currents in 
passing through a Y~A or A-Y transformer bank, with transformer 
exciting currents neglected, must correspond exactly to the shift in 
phase of line-to-neutral voltages, with the voltage drop through the 
impedance of the bank neglected. If this were not the case, the kva 
and power on the two sides of the bank would not be equal with excit- 
ing current, resistance, and voltage drop through the bank neglected. 

The shift in phase of positive-sequence line currents in passing 
through the A- Y connection given by Fig. 19(a) is shown in Fig. 19(g). 
With Ia\ on the Y side as reference vector, and positive direction of 
current flow away from the neutral of the Y on the Y side and towards 
the A on the A side, the current in the A winding marked M^M will 
flow from B to C, as indicated by the arrow. With exciting current 
neglected, Ibc\ is in phase with lai- Arrows on the A side are used in 
the connection diagram to indicate direction of current flow but do 
not indicate phase referred to /ai- The positive-sequence line current 
Ia\ flowing towards the A in per unit from [626] is 

Ia\ « —jIcBi ^ jlsci ^ jhl 

The current vector diagram is given to the left of the connection dia- 
gram in Fig. 19(g). 

For the same connection diagram. Fig. 19(a), it can be shown that 
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For the connection diagram of Fig. 19(6), 

Iai = 

Ia2 = jla2 

It can be concluded that positive-sequence line-to-neutral voltages 
and positive-sequence line currents are shifted 90® in phase in the same 
direction in passing through a A~Y or Y-A transformer bank; the 
negative-sequence line-to-neutral voltages and line currents are shifted 
90® in the direction opposite to the positive-sequence shift in passing 
through the same bank. Whether the shift for positive-sequence cur- 
rents and voltages is 90® forward or 90® backw^ard will depend upon the 
manner of connecting the windings, the positive-sequence voltage 
vector diagram being the same as the transformer connection diagram. 
The direction of the 90® shift is unimportant in determining currents 
and voltages during faults on systems already in operation, unless the 
relative phases of currents and voltages on the two sides of the bank are 
to be compared; it is very important to operating engineers when two 
circuits, each with a A-Y bank, are connected in parallel. 

In solving short-circuit problems in which the connection diagram 
of the A'-Y bank is not given, it will be assumed that positive-sequence 
line currents and voltages to neutral are shifted 90®, either forward or 
backward, and that negative-sequence line currents and voltages to 
neutral are shifted 90® in the direction opposite to the positive-sequence 
shift. The only difference in rotating positive-sequence components 
forward 90® and negative-sequence components backward 90®, instead 
of rotations in the opposite directions for each, will be a difference in 
sign for all phase currents and voltages whose components have been 
rotated. This is illustrated in Problem 6. 

Figure 20(a) shows a one-line diagram of a system consisting of 
generator, transformer bank, and transmission line in series, with the 
distant end of the line open. The connection diagram is given by 
Fig. 20(6). The transformer bank is connected A-Y with the Y on the 
line side grounded through impedance Zn- The generator is A-con- 
nected. The positive- and negative-sequence diagrams are given by 
Figs. 20(c) and (d), respectively. In these diagrams, transformer 
exciting current is neglected and the transformer bank is replaced by its 
equivalent Y~Y bank. Line capacitance is neglected, and the line 
replaced by its series sequence impedances. Points P, Q, and F in alt 
diagrams correspond to points P, Q, and F in the one-line system dia- 
gram. The generator, transformer, and line impedances are con- 
nected in series in the positive- and negative-sequence diagrams. In 
the zero-sequence impedance diagram, Fig. 20(c), the point P between 
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two A-connected windings is represented as a point of open circuit, 
since its zero-sequence im j:)edance is infinite in both directions. Should 
zero-sequence voltages be present in the generator, they would cause 


Trontformtr 
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Fig. 20. Diagrams for Problem 6. (a) One-line diagram. (3) Three-line diagram. 

(<■)» (<f)i (^) Positive-, negative-, and zero-sequence networks, respectively. 

circulating currents in the A-connected windings, but no zero-sequence 
currents could flow from the generator into the line and no zero- 
sequence voltages could exist acrt^ the A-connected windings. The 
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generator zero-sequence impedance is represented as shorted to the 
zero-potential bus for the network, indicating that there may be zero- 
sequence currents in the iJi-connected windings but there w^ill be no 
resultant zero-sequence voltages across them. For the case under 
consideration, that of a symmetrical generator w^ith balanced gener- 
ated voltages, there wall be no generated zero-sequence voltages and 
no zero-sequence currents in the generator. 

When the sequence impedance diagrams are expressed in per cent 
or per unit, the same diagrams can be used to determine fundamental- 
frequency currents and voltages throughout the system w ith a fault at 
any location. In sequence impedance diagrams of pow^er system, 
impedances (or equivalent impedances) are j^er phase and therefore 
base kva in these diagrams is kv'a per phase and base voltage is line-to- 
neutral voltage. 


Problem 6. With a linc to-ground fault at F in the system shown in Fig. 20(a), 
determine line-to-ground voltages at Fand voltages across the 2i-connected windings 
of the generator and transformer hank. Draw a three-line diagram showing currents 
in amperes in the fault, in the transmission line, at the generator terminals, and in the 
A-connected windings of the generator and transformer bank. Neglect resistance, 
transformer exciting current, and line capacitance. 

DaUi. Three-phase generator rated 30,000 kva. 13.8 kv. Positive- and negative- 
sequence reactances are 35% and 50%, respectively, based on the generator rating. 
Step-up transformer bank of three single-phase units, each unit rated 10,000 kva, 
13.2 — 66.4/115 Ykv, leakage reactance 10%, neutral of V' grounded through a 
reactance of 15 ohms. Three-phase transmission line 25 miles in length, with posi- 
tive- and negative-sequence reactances of 0.8 ohm per mile and zero-sequence react- 
ance of 2.7 ohms per mile. Opercfting condition: The line-to-line voltage in the 
transmission line was 115 kv before the fault. 

Solution. Calculations will be made in per unit on a 30,000 kva base with a base 
voltage of 1 15 kv in the transmission circuit. 

Base three-phase kva =* 30,000 kva (10,000 kva per phase) 

Base line-to-line voltage in transmission line » 115 kv line-to-line 
(II 5 /V 3 * 66,4 kv line-to-neutral) 

10,000 

Base line current in transmission line -» — 151 amp 

66.4 

Base line-to-line voltage at P (base voltages in A circuits) *» 

13.2 

115 X — « 13.2 kv 

13.2 

Base line-to-neutral voltage at F — 71 = 7.62 kv 

V3 


Base line current at P 


10,000 

7.62 


1313 amp 


Base current in A-connected circuits 


10.000 


75S amp 


13.2 
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At no had, the internal voltage of the generator is the same as its terminal voltage. 
For thf" given operating condition, a terminal voltage of 13.2 kv is required to produce 
1 15 kv on the transmission line at no load. For this operating condition the genera- 
tor terminal voltagf* is less than its rated voltage. The equivalent line-to-neutral 
voltage of the generator to Ik* U5«‘fl in the positive-sequence network with the A-Y 
transformer banks replaced by its equivalent Y~Y bank is 

Ea "p kv « 7.62 kv ® 1.0 in per unit 


Note. In the work which follows the numerical values of per unit quantities will 
be written without the words per unit. 

Applying [27] and (31 j of Chapter I, the system reactances expressed in per unit on 
the chos<*n base quantities are 


X{ (line} ~ X2 (lifie) 


25 X 0 8 X 30,000 
(115)'2 X To^ 


= 0.045 


xo (line) 


3Xn 


25 X 2.7 X 30.^ 

xTiP 

3 X 15 X 30.000 

in5)^~x~To^~ 


- 0.153 

0.102 


/13.8V 

xi (generator) * 0.35 X ( JV?/ ** 

/13.8V 

X 2 (generator) « 0.50 X y ) * 0.545 
Xt (transformer) - 0.10 


VV’ith a fault at F, the terminals of the transmission line, positive- and negative- 
sequence currents tlowing from the generator to the fault meet the impedances of the 
generator, transformer bank, and line in series. Zero-sequence currents, starting at 
the grounded reactance of the transformer bank, flow through this reactance, the 
reactance of the transformer bank, and the reactance of the line in series to the fault 
and return through the ground. The total pc.»sitive-, negative-, and zero-sequence 
impedances arc 

Zi « 7(0.382 -f O.IO -f 0.045) » jO.S27 
Zs » 7(0.545 -h 0.10 d- 0.045) *70.690 
Zo - 7(0.102 -F 0.10 -f 0.153) *70.355 


Applying [30j for a line- to-ground fault at the terminals of an unloaded generator, 
the per unit components of current of phase a in the transmission line with £« as 
referenct* vtnrtor are 


/tfl “ fa2 


/aO 




Z| *f Zj -F ^0 


la ^ lal d- lai + /aO “ -“ 71.908 
A « /. » 0 


1.0 

71.572 


->0.636 


fresetor “ 3/«o * —>1.908 

In amperes^ 2<i * ^rssetor *" ““>1.908 X 151 ■* "“>288 amp. 
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The line currents are also the currents in the V-connected transformer windings. 
When expressed in per unit with transformer exciting currents neglected, they are 
also the per unit currents in the ^-connected transformer windings (with directions 
indicated by arrows in Fig. 21). 

IcB - /• - -Jl.908 

Iba - /e - 0 

Iac - /fc « 0 

In amperes: /cb “ *“ jl.908 X 758 * — ;li46anip; 

There are no zero-sequence components of line current at P. The transformer 
connection diagram given in Fig. 20(6) corresponds lo that of Fig. 19(6), in which the 
positive- and negative-sequence components of line current and line-to-neutral 
voltage on the ^ side of the A Y transformer bank are 90® l>ehind and 90® ahead, 
respectively, of those on the Y side of the bank. The per unit components of line 
current at P are therefore 

Iao * 0 

fxi ~ “ifai ® —ji—jO.bSO) * —0.636 
Ia2 * -fj/a2 « -bi(-/0.636) « 0.636 
The per unit line currents at P are 

Ia = /i4l "h /At « 0 

Ib * a^/Ai + o/a* “ jl.l03 

Ic “ o/xi *f * —jl.l03 

In amperes: Is * — fc * jl.l03 X 1313 » jl446 amp. 

The per unit positive- and negative-sequence components of the current I sc in 
the A-connected generator are the positive- and negative-sequence components of the 
line current Ia flowing from the A turned 90® forward and 90® backward, respec- 
tively. (See (62<il.) 

/bci (generator) * JIai = — /0.636 
fac2 (generator) * —jIai « -“jO.636 


From (58), 

Ibc (generator) * Ibci -f fact “ -jl.272 
fcA (generator) « a^/aci -f nlact * ^0.636 
Iab (generator) = a/jjci -b aVacj • jO.636 

In amperes: Ibc ■* —71.272 X 758 * —7964 amp; Ica ** Iab * 7482 amp. 

Figure 21 is a three-line current diagram for Problem 6 showing the currents in 
amperes with Ea as reference vector. Arrows in Fig. 21 show directions of currents 
which correspond to their calculated values. The direction of any calculated current 
may be reversed by reversing the assumed direction of current flow and changing the 
phase of the calculated current by 180® (t.e., multiplying it by — 1 ). If the directions 
of IcA and Jab in the generator and Is in the line calculated above had been reversed, 
their calculated valiMS would have been multiplied by — L 
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From I8HI0], the component of at the fault are 

Vai « ita - laiZi « 1 - (-;0.636) (jO.527) « 0.664 
Fa2 * -Ia2^2 « ~ ( ->0 636) 0*0.690) » -0.438 
KaO - — (—>0.636) O0.*^55) « —0.226 

The yine-to-grounr} vo)tJi'es at the fault from p), 125], and 126] of Chapter II are 
Va « 0.604 - 0.436 ~ 0.226 = 0 

V3 

Vh -0.226 - ^(0.226; 3- > -^ (1.102j * -0.339 + >0.955 = 1.02 /109.5° 

Vc =* -0.339 -;0.955 - 1.02/7o75~° 

Inkilovolts: Va = 0; Vt - 1.02 /109.5° X 66.4 = 67.7/10<).5" kv; IV = 67.7/7675 kv. 



Fhcrt* arc no zero-s<H|uencc voltages at P, The positive- and negative- sequence 
components of the voltage to ground of phase a at P, calculated on an equivalent 
V-y basis, can be obtained from the t>ositive- and negative-sequence networks. Let 
V^i and V'j ^2 represent these components. Then at the generator terminals from 
l«I and [9)/ 

1 ai - Eai ~ laxZx - 1 ~ (->0.636)00.382) = 0.757 
V'aa - '/a2^2 = -(->0.636)00.545) = -0.346 

For the connection diagram of Fig, 20(^), positive- and negative-sequence com- 
ponents of linc-to-ncutral voltages on the A side of a bank are 90° behind and 
90° ahead, respectively, of their components calculated on an equivalent Y~Y basis. 
Therefore at F, 

Vao * 0 

Vax - ~>P;i - ->0.757 
->Fi2 » ->0.346 

From (7), [25], and [26], of Chapter II, 

Va « -71.103 = 1.103/^ 

Vb - -0.3S6 + 70.552 - 0.657 /122 8 
Vc - 0.356 + 7O.552 - 0.657 /32,8 

Inkv: \ Vb\ - 1.103 X 7.62 - 8.41 kv; [Fal - l^cl - 5.04 kv. 
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The vdtages across the deltas of the generator and transformer bank are the Une- 
to-line voltages at P which can be determined in per unit of line-lo-ntulral village by 
substituting the above values of f b, and Fc in [1 1). An aiternate solution will 
be given in terms of per unit line-tc-line symmetrical components. From (55J, 

Fgco “ 0 

Vbci ^JVai = 0.757 
Vact = — jFai = —0.346 

From 154], 

Vac - 0.411 

VcA “ -0.205 - j0.9S6 » C.Os/lO’.r 
Vab •= -0.205 + jO.956 = 0.98/1 02. F 

In kilovolts: 1 = 0.411 X 13.2 =* 5.42 kv; ® ^ab =* 12.9 kv. 

If the A-Y transformer bank had been connected as in Fig. 19(<i), or if the connec- 
tion diagram cd the A~Y bank had not been given and the connect u)n of Fig. 19(a) had 
been assumerl, the positive- and negative-sequence voltages at P would be deter- 
mined from and the positive- and negative- sequence voltages at A calcu- 
lated on the equivalent Y-Y basis, by the equations 

Vai -il ai =» jO.757 
Va2 - — =* jO.346 

The phase voltages at A would then become 

Va - jl.l03 

Vb = 0.356 ~ jO.552 

Vc « -0.356 - jO.552 

These voltages differ from those calculated for the given connection diagram by 180®. 
This is true also for the line currents and the currents and voltages in the A-connected 
windings. 

If the line-to-ground fault is at point Q, the procedure is similar to 
that with a fault at /^except that the transmission line im{x?dances are 
not included in calculating the total sequence impedances between the 
generator and fault. If the fault is at P, the zero-sequence imped- 
ance is infinite and no current will flow into the fault. The phase 
voltages at P are the same as those of the ungrounded Y-connected 
generators with a line-to-ground fault at its terminals. 

Problem 7. Solve Problem 2 for a double line-to-ground fault; (a) generator 
Y-connected with neutral solidly grounded; (6) generator A-connected. 

Problem & With phase a as reference phase, derive equations relating the sym- 
metrical components of /« flowing into the fault and the linc-to-ground voltage Va 
at the fault for: (1 ) a line-to-ground fault on phase h\ (2 ) a iine-to-line fault between 
phaaefl a and c; (3) a double iine-to-ground fault on phases a and h, (For check see 
Table I. Chapter VII.) 
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Problem 9. A generator having a solidly grounded neutral and rated 10,000 kva, 
13.8 kv has positive-, negative-, and zero-sequence reactances of 30, 40, and 5%, 
respectively, (a) What reactance must be placed in the generator neutral so that 
the fault current for a line-to-ground fault of zero fault impedance will not exceed 
rated line current ? (b) What value of resistance in the neutral will serve the same 

purpose? Express resistance and reactance values in per unit and also in ohms. 

Problem 10. (a) What reactance must be placed in the neutral of the generator 

of Problem 9 to reduce the ground current to rated line current for a double linc-to- 
ground fault? (b) What will be the magnitudes of the line currents when the ground 
current is so reduce<i? (c) As the reactance in the neutral is indehnitely increased, 
what arc the limiting minimum values of the line currents? 

Problem 11 . Solve Problem 4 for a line-to-ground fault, assuming the generator 
A-connected. 

Problem 12. Solve FVohlem 6, Fig. 20, for (1) a line-to-line fault at F, (2) a line- 
to-ground fault at Q, (3) a double line-to-ground fault at P, using the transformer 
connection diagram of Fig. 19(<i). 



CHAPTER IV 


UNSYMMETRICAL FAULTS ON NORMALLY BALANCED 
THREE-PHASE SYSTEMS 


In a large three-phase power transmission system there may be cir- 
cuits which are unsymmetrical. and therefore do not carry balanced 
currents even under normal operation. However, transmission sys- 
tems as a whole are approximately symmetrical, and the main trans- 
mission circuits under normal op)eration have substantially balanced 
voltages and currents. In this chapter, the circuits discussed are 
assumed symmetrical; therefore, under normal operating conditions, 
the currents and voltages are balanced. In cases where an unsymmet- 
rical circuit appreciably affects 
the operation of the rest of the 
system, or when the perform- 
ance of the circuit itself is 
under consideration, it becomes 
necessary to investigate such 
circuits. Chapter VIII is de- 
voted to the discussion of un- 



symmetrical three-phase cir- 
cuits. 

Two types of unsymmetrical 
faults on normally balanced 
power systems will be con- 
sidered: short circuits and 
open conductors. 




SHORT CIRCUITS (c) 


(d) 


/a, hf and /c. which were 
used to represent the line 
currents in Chapter III, will 
now be used to indicate the 
currents flowing into the fault 


Fig. 1 . Currents flowing into the fault 
at any point F of a three-phase system, 
(o) Three-phase fault. (6) Line-to-line fault, 
(c) Single line-to-ground fault, (d) Double 
line-to-ground fault. 


from the three phases a, 6, and c, respectively; Va, V'fr, and 


as before will represent the voltages to ground at the point of fault 


In Fig, 1 the fault currents are represented as flowing in hypothetical 
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stub connections from the conductor, so that they will not be confused 
with line currents. lai, /a 2 . and lao are the positive-, negative-, and 
zero-sequence components, respectively, of the fault current /«; and 
Vai, Va 2 * and Vao are the corresponding components of Va, the volt- 
age to ground of phase a at F. Positive direction of current flow for 
fault currents and their sequence components will f>e taken from the 
conductors into the fault. 

If the conditions at the fault for the four types of short circuits 
shown in Fig. 1 are expressed in equations, it will be seen that the equa- 
tions are the same as those for faults at the terminals of an unloaded 
generator given in Chapter III. The relations between the sym- 
metrical components of current and of voltage will therefore be the 
same, the onh' difference being that the symmetrical components of 
current are those* (ov the fault current la instead of the line current /a* 
The symmetrit al cotnponents of voltage are, as before, components of 
the line-to-grouncl voltage of phase a at the point of fault. 

Six ec|uations art* needed to determine the six unknown symmetrical 
components, Ia\. I < 12 ^ ^«jo» Fa 2 . ^nd Foo The conditions at the 
fault provide three equations involving phase currents and voltages 
from which three equations can be obtained connecting symmetrical 
components of current or of voltage of phase a at the point of fault. 
The other three equations should express the positive-, negative-, and 
zero-sequence components of voltage, respectively, of the reference 
phase a at the fault in terms of the corresponding sequence current 
flowing into the fault and the impedance ass(Kiated with it. For a 
system with one unloaded symmetrical generator these three equations 
are given by (8] [10] of Chapter III. For the general case, these three 
equations can lye obtained from the three sequence networks, each 
considered separately. Figure 2(a) gives a one-line diagram of a sym- 
metrical power system ; the sequence networks of this system are given 
in parts (fr), (r), and (d) of Fig, 2. 

Positive-Sequence Network. In a large three-phase power system, 
there are usually several generating stations connected by transformers 
and transmission line, with load tapj^ed off at various points. Under 
load, the relative angular positions of the internal voltages of the syn- 
chronous generators and motors of the system in the positive-sequence 
network will depend upon operating conditions. In Fig. 2(6), the 
internal voltages Eg, and En can be calculated when operating 
conditions are known. At no load neglecting charging currents, all 
voltages, when expressed in per unit of their respective base voltages, 
will be equal and in phase. This statement is based upon the use of 
equivalent Y-Y transformer banks to replace A-Y or Y~A ccmnected 
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banks. The shift in phase because of or Y~A transformer banks 
can be taken into account when required. (See Chapter III.) 

Before the occurrence of a fault, there is no positive-sequence fault 
current and the voltages at the point of fault F are balanced positive- 


X,*0 20 
20 

Xo*008 
X„*0 30 



X, *X 2 *0 30 foch 
Xo *0 70 


X«I0\ 


Ttffo Ltntt in 
PofQllel 




X,-0 30 
X2*0 40 
Xo*0 10 



X, * 100 
X£= 100 
Xo* oo 


(o) 


ZefO-Pot«ni toi Bus 



Zero-Potfntio I Bus 



ZerO'Poten t lol Bus 



Fig. 2. (a) One-line diagram of a symmetrical three-phase power system. (6), (r), 

and (d) Positive-, negative-, and zero-sequence networks for system in (a). 

sequence voltages. Let the voltage of phase o at F before the fault be 
Vf. Jai is the positive-sequence current flowing from phase a into the 
fault and Vai is the positive-sequence voltage of phase a at the fault. 
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The eflect of a fault of any type on the positive-sequence network is to 
change the positive-sequence fault current from 0 to Iq\ and the posi- 
tive-sequence voltage at the point of fault F from F/ to Va\. The 
change in voltage, or the voltage required to change the fault voltage 
from Vf to Fai, is —{Vf — Fai). By the principle of superposition, 
the rms initial symmetrical positive-sequence current at any point in 
the system can be determined by adding to the rms load current at 
that point the current resulting from the voltage ~ ( F/ — Faj ) applied 
at F, with all other a{)plied voltages equated to zero. If the voltage 
— ( F/ — Fai) is applied at point F in the positive-sequence network, 
with all generated voltages reduced to zero, the positive-sequence 
current A// flowing into the network from F, given by [52], Chapter I, is 


M, 




where Z, - A jf = driving-point impedance at the fault in the posi- 
tive-sequence network or the positive-sequence impedance of the sys- 
tem viewed from the fault. 

/ai has been defined as the positive-sequence current flowing into 
the fault, lai is therefore equal in magnitude and opposite in sign to 
A//. Replacing A// by —lai 'H the above equation and solving for 

VaU 

Val = Vf - lalZt [1] 


An alternate method of obtaining [1] is by the superposition of volt- 
ages instead of currents. lai flowing from the zero-potential bus of 
the positive-sequence network through the netw'ork to the fault meets 
Zi, the positive-sequence impedance viewed from the fault. The 
voltage drop produced is /aiZ,; the voltage rise is — /aiZ,. Adding 
— laiZi or subtracting /oiZ, from F/, [1] is obtained. 

Vf and Z\ are known, or can be determined. Foi and are 
unknown ; but, regardless of their values, [1] gives the relation existing 
betw'een them. 

Negative-Sequence Network. When there are no negative-sequence 
voltages generated in a system, and none induced from outside sources, 
the only negative-sequence voltages associated with the network will 
be those resulting from the flow of negative-sequence currents. The 
negative-sequence voltage of phase a at the fault is zero before the 
occurrence of the fault and Vas after the fault occurs; the change in 
voltage resulting from the fault will be V,j. The negative-sequence 
current entering the negative-sequence network because of the fault 
may be determined by applying to the negative-sequence network 
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between the fault point and the zero-potential bus, with no other 
voltages applied. The applied voltage Va 2 will send current into tho 
network ; lai is defined as the negative-sequence current flowing from 
the network into the fault. If is the negative-sequence impedance of 
the system viewed from the fault, or the driving-point impedance at the 
fault in the negative-sequence network, 



or Vaa 


laaZa 


The relation between Vaa <ind laa can also be obtained by adding the 
voltage rise, caused by laa flowing from the zero-pxjtential bus of the 
negative-sequence network to the fault, to the negative-sequence volt- 
age at the fault point before the fault occurred. The voltage rise is 
— laaZ-i, negative-sequence prefault voltage was zero; therefore 


Vaa — 0 — laa^a =* — Jaa^2 (21 

In [2], Za is known or can be determined ; V’'o 2 and laa are unknown, but 
[2] expresses the relation between them. 

Zero-Sequence Network. Assuming no generated and no induced 
zero-sequence voltages, the relation between the fault current and 
voltage in the zero-sequence network is similar to that in the negative- 
sequence network. If Too is the zero-sequence voltage of phase a at the 
fault, lao the zero-sequence current from phase a flowing into the fault, 
and Zo the zero-sequence impedance of the system viewed from the 
fault, then 

ToO = ~IaO^O (3) 


In [3], Zo is known or can be determined; lao and Too are unknown, 
but [3] expresses the relation between them. 

Solution of Simultaneous Symmetrical Component Equations. 
Equations [1], [2], and [3], together with the three equations expressing 
relations between the symmetrical components of current or of volt- 
age of phase a at the fault, provide the six simultaneous equations 
needed for determining the six symmetrical components lai, Iaa> 
•^aOi Valt Ta2, and TaO* 

A simple way of solving these six equations is to select /.i and Tai 
as the unknowns which are first to be determined. This selection is 
made because in a normally balanced system the positive-sequence net- 
work is the only network in which there are generated voltages. To 
determine lai and Vai, two equations are required. One of these 
equations is given by [1]. The other is obtained by eliminating the 
four unknowns Vao, Vao, laa, and lao from the five equations consisting 
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of [2], (3), and the three fault equations. The remaining equation in 
terms of lai, V'ai* ^ 2 . and can be written 

Val - lalK [4] 

where K is a function of Z 2 and Zq, depending upon the ty[^ of fault. 

From [1] and [4], Vai is eliminated and lai obtained. Knowing /ai, 
Val and the other components are readily obtained. 

System Replaced by Equivalent Generator for Determining Initial 
Symmetrical Rms Fault Currents and Voltages. If [1], [2], and [3] 
are compare?d with [8], [9], and (10) of Chapter III, resjxictively, it will 
be noted that the relations between the symmetrical components of 
the fault voltage and current of phase a for each of the three sequences 
are the same for the system as for the unloaded generator. Ea in [8] 
is equal to F/, the voltage of phase a at the fault before the fault 
(xxurred, and Zi, Z 2 . and Zq in [8], [9], and [10], resjxjctively, are the 
l)Ositive-, negative-, and zero-sequence im|)edances viewed from the 
fault. Since the equations connecting the current and voltage at the 
point of fault in each of the three sequence networks is the same for a 
system as for an unloaded generator, the relations developed in Chap- 
ter III for a generator may be extended by analogy to a system. Thus, 
to determine the initial symmetrical rms fault currents and voltages, the 
system may lx* treated as an unloaded generator with internal voltage 
equal to F/, the prefault voltage at the point of fault, and sequence 
impedances equal to those of the system viewed from the fault. 

To determine the current and voltage distribution in the system, the 
distribution in each of the sequence networks must first be determined. 
The fault currents lai, /ti 2 . and /ao» flowing from the zero-potential bus 
to the fault in their respective networks, divide among the various 
parallel paths inversely in proportion to the impedances of these paths. 
In the negative- or zero-sequence networks, the voltage rise from the 
zero-potential bus to any system point will give the negative- or zero- 
sequence voltage, respectively, at that point. 

In the positive network the currents throughout the System due to 
the fault can be added to the load currents before the fault to give total 
positive-sequence currents. The positive-sequence voltage at any 
point P in the system may be determined by adding to the positive- 
sequence voltage at the fault the voltage drop between P and the fault 
caused by the total positive-sequence current; or by superpe^ing upon 
the positive-sequence voltage w'hich existed at P before the fault the 
voltage rise resulting from the flow' of the positive-sequence fauU 
current. The line currents in the three phases and the phase voltages 
to ground at any point in the system are obtained by substituting the 
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symmetrical components of and Va, respectively, at that point in 
[19H21] and 17}-[91 of Chapter IL 

Determination of Currents and Voltages Following Initial Values, 
When a power system is operating under normal conditions, neglecting 
fluctuations in load, the rotors of the various synchronous machines 
on the system have fixed angular positions with respect to each other, 
which depends upon the load and the excitations of the machines. In 
the positive-sequence network, the angular displacement of the rotors 
is represented as angular displacements l)etween the internal voltages 
of the machines, and the magnitudes of the voltage vectors are deter- 
mined by the excitations. Under normal ofieration there exists a con- 
dition of equilibrium, the electrical output of each machine being equal 
to its mechanical input less losses. This applies to a synchronous 
motor or condenser as well as to a generator, if the electrical output 
and mechanical input are both considered negative. When a dis- 
turbance occurs, such as a short circuit, the electrical outputs of 
some, if not all, of the machines of the system change instantly, 
the change depending upon the severity of the disturbance. For 
example, a three-phase fault at the terminals of a machine reduces 
its electrical output immediately to resistance losses. The mechanical 
input, controlled by governors, does not change immediately. A 
machine will attempt to speed up if its mechanical input exceeds its 
electrical output, and to slow down if the reverse is true. Its ac- 
celeration depends upon its inertia as well as upon the difference 
between mechanical input and electrical output. If the disturbance 
is not severe enough to cause the machines to lose synchronism, the 
rotors will eventually take up new fixed relative angular positions, 
and a condition of equilibrium will again exist. If the disturbance 
is a fault, followed by the switching out of service of a circuit, and 
it is required to determine the currents and voltages during the dis- 
turbance, transient reactances are used in the positive sequence net- 
work and generated voltages behind transient reactances. If it is 
known that the disturbance is such that the relative angular positions 
of the rotors change but slightly, as an approximation, the procedure 
given above for determining initial symmetrical rms currents and volt- 
ages can be used to determine rms transient currents and voltages of 
fundamental frequency, the only difference being the use of transient 
reactance viewed from the fault in [1] instead of subtransient reac- 
tance. Equations [2] and [3] for the negative- and zero-sequence 
networks, respectively, apply for subtransient, transient, or steady- 
state conditions. 

When the change in relative angular positions of the rotors must be 
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considered, as in the case of transient stability studies, [1], which gives 
the relation between Vai and I at as a function of F/, can be used if F/ is 
redefined as the voltage which would exist at the fault point with the 
fault removed and with the generated voltages of the machines given 
the angular positions which they have at the instant under considera- 
tion. Calculation of the relative angular positions of the generated 
voltages in the positive-sequence network following a fault is simplified 
if the fault is replaced by an equivalent circuit in the positive-sequence 
network. 


EQUIVALENT CIRCUIT TO REPLACE FAULT IN POSITIVE-SEQUENCE 
NETWORK -- CONNECTIONS OF SEQUENCE NETWORKS TO 
REPRESENT FAULT CONDITIONS 


Line-to-Line Fault. Figure 1 (b) shows a line-to-line fault between 
phases b and c at some point F of a previously balanced three-phase 
system, /a, ht Ic, Fo, F6, and Ve represent the three fault currents 
and the three voltages to ground of phases a, b, and c, respectively, at 
the point of fault F. The fault conditions are 

= 0 /ft « Fft = Vc 


These conditions are the same as those for a line-to-line fault on an 
unloaded generator (Chapter 111). Therefore, following the same 
procedure, 

/oO ^ 0, 

and 

IqI = ^Ia2 [5] 

Vai = Va2 [ 6 ] 


For a line-to-line fault through zero fault impedance^ the positive- and 
negative- sequence components of fault current in the unfaulted phase are 
equal in magnitude but opposite in phase, while the positive- and negative- 
sequence components of voltage at the fault are equal both in magnitude and 
phase. 

Replacing Ia 2 in 12) by —lai from [5] and substituting 12) in [6], 

Vai - F«2 - = laiZj (7) 


Solving (Ij and (7J for /oi, 


lai = 


Vf 

Z| -f- Z2 


[81 


Equivalent Circuit to Replace the Line-to*Line Fault in the Positiye- 
Sequence Network. Since Vai /ai^a in [7], it is evident that Fai 
and Jai will be correctly determined if the impedance Za is inserted 
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F 


Fig. 3. 
circuit 


between the fault point and the zero-potential bus in the positive- 
sequence network. The equivalent circuit to replace a line-to-line 
fault at F in the positive-sequence network is therefore Z 2 , the imped- 
ance of the negative-sequence network viewed from 
the fault, as shown in Fig. 3. 

An equivalent circuit of a single lumped imped- 
ance to replace the fault in the positive-sequence 
network is particularly useful in analytical calcula- 
tions. When either an a-c or d-c calculating table 
is used to determine current and voltage distribu- 
tion, the equivalent circuit con^scing of the com- 
plete negative-sequence network may be used to 
advantage; then the current and voltage distribu- 
tion for the negative- as well as for the positive- 
sequence network will be obtained. The currents and voltages so 
determined will be those for the reference phase a. 

Connection of Sequence Networks for Elution of Lii^e-to-Line 
Faults on an A-C Calculating Table. Assume a line-to-line fault to occur 
at B in Fig. 2(a). Since the positive- and negative-sequence com- 
ponents of voltage at the point of fault are equal from [6], the positive- 
and negative-sequence networks should be connected with their fault 
points together and also their zero-potential buses, as in Fig. 4. This 


N 

Equivalent 
to replace 
a line-to-line fault 
in the positive-se- 
quence network. 



Fig. 4. Connection of positive- and negative- sequence networks of hig. 2 for a 

line-to-line fault at if. 


connection will also satisfy the condition of [5) that /ai = '“/a 2 in the 
fault, as may be seen by an inspection of Fig. 4. The current /«! flows 
from the positive-sequence zero-potential bus through the network into 
the fault, then (as -/ag) through the negative-sequence network from 
the fault to the zero-potential bus of the negative-sequence network, 
and finally back to the zero-potential bus for the positive-sequence 
network. The voltages in each sequence network are measured from 
the zero-potential bus for the network to the point under coniaderation. 
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Problem L The generator and motor described in Problem 2, Chapter I, Fig 
18(a), have ncgative-aequence reactances of 40 and 210%, respectively, on the chosen 
kva base. The operating conditions previous to the fault are the same as those given 
in Problem 2, Chapter 1. A line-to-line fault occurs on the bus T between phases b 
and c. 

(a) Determine the initial symmetrical rms currents flowing from the three phases 
into the fault, the three line currents in the generator and in the motor, and the line- 
to-ground voltages at the point of fault. 

(^) Draw a three-line diagram showing line and fault currents. 

(c) The posit ive-s<*quence diagram is given in Chapter I, Fig. 18(6). Draw the 
negative-sequence diagram and indicate how the two sequence networks should be 
connected for use on an a-c calculating table to determine the sequence currents and 
voltages for the reference phase a. 

Solution (a) From the given conditions, 

Vf = F, = 0.98 


Zi 


j0.40 X ;2.0() 

"~~ 72".40 




hroin |51 ami J8!, 


_;0.4fO<J2.10 


;0.336 


laO - 0 

; « _LV - 

-f ' ’/o.*669 ’ 

Ia2 = jl.465 


~;1.465 


The three fault currents are 

la ^oO "F ^a\ + ^a2 = 0 

It — (/aO “F <i^Ial ~F (lla2^ ^ (a^ — a)/al = —j^^Ial = —2.537 + jO 
« 2.537 -F jO 

The positive- and negative-sequence currents due to the fault will flow from genera- 
tor and motor inversely in proportion to their respective impedances; therefore, 

lai (from generator) = -jl.465 X = -jl.221 

2.40 

lai (from motor) = -jl.465 X = -7*0.244 

2.40 

2.10 

/u 2 (from generator) = jl.465 X = jl.231 

, , 0.40 

Ia 2 (from motor) = jl.465 X = j0,234 

Adding the load currents in generator and motor to the positive-sequence currents 
due to the fault, initial symmetrical rms positive-sequence currents are obtained: 

Total Iqx (from generator) * 0.5 — jl.221 
Total lai (from motor) * -0.5 — jO.244 
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Combining the sequence currents in generator and motor by [19H21]of Chapter II, 
the following currents are obtained. From the generator: 

la = /ao -f la\ + hi = 0 -f 0.5 - j\22\ 4-il.231 = 0.5 + jO.OlO 

Ih = /aO “f 4“ dial 

= 0-1- (-0.5 - j0.866)(0.5 - jl.221) -h (-0.5 -h j0.866)(jl.231) 

= -2.373 - jO.438 

Jc == /aO -f alax -f = 1.873 + io.428 
From the motor: 

la - /aO + Ia\ + /«2 = 0 - 0.5 - jO.244 -f jO.234 = -0.5 - jO.OlO 
h = + aJai = -0.164 -h jO.438 

Ic = ala\ -f- a’^Iai = 0.664 - jOA2S 

In a symmetrical system with ho = 0, Vao — 0. From [7], 

Vai = Va2 - /ai^2 = ( -jl.465) (jO.336) = 0.482 -h jO 
Combining the sequence voltages, the Une-to-ground voltages at T are 

Va = Vao + Vai 4- Fa 2 - 0 -|- 0.482 + jO 0.482 -f jO = 0.964 -f jO 
n = Vao + a^Vai 4- aVa2 = (o^ 4- a)7ai = - = -0.482 4- jO 

Vc = Fao 4- aVai 4- a2Fa2 - (a + a^)Vai - - » -0.482 4- jO 


T 

I 



Fig. 5(o). Line currents for Problem 1. Line-to-line fault at T. 


(b) A three-line diagram of the system showing the line currents is given in 
Fig. 5(a). Positive direction of line currents is taken from the machine neutrals 
towards the fault and is indicated by arrows. The voltage of phase a at T before the 
fault is reference vector. 

(c) The connection of the sequence networks for solution on the a-c network 

analyzer is shown in Fig. 5(6). Since the fault points T of both networks are con- 
nected, at the fault Vai * Vat and hi positive direction of current flow 
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being from the system into the fault in both networks. The internal voltages of the 
generator and motor in the positive-sequence network correspond to the operating 
condition before the fault given in Problem 2, Chapter I, with the voltage at T before 
the fault as reference vector. 



Fig. 5(A). C onnection of the sequence networks for Problem 1. 


Line-to-Ground Fault. Figure lie) shows a Hne-to-ground fault 
through zero impedance on phase a at some point F in a grounded 
system. /<,, and Ic represent fault currents, and 7a, Vb, and 7c 
voltages to ground. The fault conditions are 

4 = 0 4 = 0 7a = 0 

These conditions are the same as those for a line-to-ground fault on an 
unloaded generator, given in Chapter III. Therefore, by the same 
procedure, 

^aO ~ 4l ~ /o2 (9] 

7al = -(7a0+ 7a2) [10] 

For a line-to-ground fault of zero fault impedance on a grounded system, 
the zero-, positive-, and negative-sequence components of fault current in 
the faulted phase are equal in magnitude and phase, and the positive- 
sequence component of voltage to ground at the fault is equal in magnitude 
and opposite in phase to the sum of the zero- and negative-sequence 
components. 

Substituting 7a2 and 7ao from [2] and [3] in [10], then replacing laz 
and lao by Ia\ from [9], 

Val = - (7a0 + 7a2) = Ial{Zo + Zg) [11] 

Solving [1] and [ll] for 


Zi + Zg + Zo 
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Equivalent Circuit to Replace a Line-to-Ground Fault in the Posi- 
tive-Sequence Network. From [11], Vai = Iai{Zo + Z 3 ). It fol- 
lows, therefore, that the equivalent circuit to replace the fault in the 
positive-sequence network is the sum of Zq and 
Z 2 , this impedance to be inserted between the 
point of fault and the zero-p>otential bus for the 
network, as indicated in Fig. 6. Instead of insert- 
ing a lumped impedance equal to Zq -f Z^, the 
negative- and zero-sequence networks can be con- 
nected in series between the point of fault and the 
zero-potential bus. 

Connections of Sequence Networks for Solution 
of a Line-to-Ground Fault on an A-C Calculating 
Table. Equations [9] and [10] determine the man- 
ner in which the networks must be connected to 
satisfy the conditions for the signs of the currents and voltages. For 
the system shown in Fig. 2(a) with a line-to-ground fault at B, the 
connection of the sequence networks is given in Fig. 7. This connec- 
tion satisfies the condition that the fault currents in the three sequence 
networks are equal, since the same current flows into the fault from 



circuit to replace a 
single line-to- 
ground fault in the 
positive-sequence 
network. 



Fig. 7. Connection of sequence networks of Fig. 2 for line-to-ground fault at B. 

all three networks. The voltage condition that Vai = — ( Vao + V’aa) 
is also satisfied. The current and voltage distribution in the three 
sequence networks is that of the reference phase a. ' 

Double Line-to-Ground Fault. Figure 1 (d) shows a double line-to- 
ground fault through zero impedance on phases b and c at some point F 
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in a grounded system. The fault conditions are 
In - 0 n - 0 F, = 0 

These conditions are the same as thos<? given in Chapter III ; therefore, 
t)y the same procedure, 


Fan = 

F„, = Va2 

[131 

/al - 

— 1 1 aO + In2) 

[141 


Z2 


inf) ~ 

__ T . ^ 

+ y.. 

[15] 

ia2 ■== 

Zn f Z 2 

[16] 


lor a double hue-to-grouud fault of zero fault impedance on a grounded 
system, the posahr-. negative-, and zero-sequence components of voltage to 
ground of the unfaulted phase are equal in magnitude and phase, while the 
posttive-scquence component of current in the fault is equal in magnitude 
2 nd opposite tn phase to the sum of the zero- and negative-sequence com- 
ponents, these components varying inversely as their sequence impedances 
viewed from the fault. 

Substituting 116j in [2| and [2] in |13], 


I' — I" -- T" — T _ 

' «() » al *■ *n2~t,i\ ' 

Zo “T Zo 


Solving [1] and [17] for Iri\, 

lax = 


Vf 


z^+~ 


Z 0 Z 2 


Zq 4" Zn 


[17] 

[18] 


Equivalent Circuit to Replace the Double Line-to-Ground Fault 
in the Positive-Sequence Network. From [17], 

1 ai = lai ~:z — ; — The equivalent circuit to re- 
Zq + Z 2 

place the fault in the positive-sequence network 
is, therefore, the parallel value of the impedances 
Zq and Z 2 as shown in Fig. 8. If this value of 
impedance is inserted in the positive-sequence 
network between the point of fault and the 
zero-potential bus for the network, the positive- 
sequence current and voltage distribution will be 
correctly determined. Instead of inserting the 
impedance ZoZ 2 f{Zo -f- Z 2 ), the same results will 
:>e obtained if the negative- and zero-sequence networks are con- 
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nected in parallel between the point of fault and zero-potential bus 
for the positive-sequence network. 

Connection of Sequence Networks for Solution of Double Line-to- 
Ground Faults on an A-C Calculating Table. Equations [13]~[17] 
determine the manner in which the networks should be connected to 
satisfy the conditions for the signs of the currents and voltages. The 
connection for a double line-to-ground fault at B in the system shown 
in Fig. 2(a) is given in Fig, 9. This connection satisfies the conditions 



Fig, 9. Connection of sequence networks of Fig, 2 for a double line-to-ground 

fault at B, 

that Fai = Va 2 = V'ao, that /ai = ““ (/o 2 + T^ao). and that /oo and 
Ia 2 divide inversely in proportion to their sequence impedances viewed 
from the fault. 

Determination of Fault Currents by D-C Calculating Table. A d-c 
calculating table may be used to determine initial symmetrical rms 
current distribution for unsymmetrical as well as for three-phase faults 
when resistance and capacitance are neglected and the system is 
operated at no load. In this case the internal voltages of the machines 
in the positive-sequence network behind subtransient reactance in per 
unit will be equal and in phase and therefore can be represented on a 
d-c table. It may also be used under load conditions, when resistance 
and capacitance are neglected, to determine the currents due to the 
fault, the applied voltage in the positive-sequence network being F/, 
the prefault voltage at the p)oint of fault. This voltage on the d-C 
table will be applied between the neutrals of the machines, connected 
at a common point, and the zero potential bus for the positive-sequence 
network. Load currents at any point P can be added to currents at P 
due to the fault to give total currents. Since load currents are usually 
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small relative to short-circuit currents and are not in phase with them, 
their inclusion will not, in general, appreciably affect the magnitudes 
of the short-circuit currents. 

Two methods of determining system voltages and currents during short 
circuits have been given, both based upon superposition. The princi- 
ples underlying these two methods are explained in Chapter I, and dis- 
cussed in connection with their application to the calculation of system 
currents and voltages during three-phase short circuits. The method 
of superposition is a powerful tool, frequently used in a-c power trans- 
mission problems. For this reason, the two methods of calculation 
based on sujjerposition, described in Chapter I, will be reviewed in their 
application to unsynmietrical faults. 

Assume a line-to-ground fault to occur at B in the system of Fig. 2 (a). 
It has been shown that the positive-sequence currents and voltages in 
the fault and in the positive-sequence network will be correctly deter- 
mined if the iinj>edancc Z 2 + Zq, the sum of the negative- and zero- 
sequence impcxlances viewed from the fault, is inserted in the positive- 
sequence network between the fault point B and the zero-potential bus 
for the network. If one terminal of the impedance Z 2 + Zq is con- 
nected at the fault point in the positive-sequence network with the 
other terminal II isolated as in Fig. 10(a), the system operating con- 
ditions before the fault are in no way affected. An open switch is indi- 
cated at II with a connection to the zero-potential bus of the positive- 
sequence network. The voltage rise across the switch measured from 
the zero-potential bus to HisVf. The fault is replaced by its equiva- 
lent circuit if the switch is closed at H in Fig. 10(a). 

By the method called the first method in Chapter I, the currents 
resulting from the voltages Eg, Emj and £n» applied one at a time in 
Fig. 10(a) with the switch closed, are superposed to give total currents 
in accordance with equations [33] of Chapter I. When calculations 
are made on an a-c calculating table, and the negative- and zero- 
sequence networks set up and connected as in Fig. 7, the currents and 
voltages in the three sequence networks are those resulting from all the 
applied voltages acting simultaneously. With the a-c calculating 
table, superposition is automatically applied. 

In the method called the second method in Chapter I, the changes in 
currents resulting from the fault are determined, not the total currents; 
load currents are not included. When the switch is closed in Fig. 10(a) 
to represent fault conditions, the voltage across it becomes zero. The 
voltage across the switch can be made zero, if a voltage — F/ is applied 
across it. The currents resulting from the voltage — F/ are the changes 
in the currents resulting from the fault; and, as indicated in equations 
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[52] of Chapter I, are determined with — Vf acting alone. The voltage 
— F/ is the only voltage applied to the network, but, for simplicity, 
the voltage rise —Vf between the zero-potential bus and H is repre- 



(a) Line<to-ground fault 
replaced by an equivalent 
circuit in the positive- 
sequence network by clos- 
ing the switch at //. 



(d) Connection of se- 
quence networks to obtain 
changes in currents and 
voltages resulting from 
the fault. 



(c) Connection for d-c 
calculating table, where 
Zz and Zq can be replaced 
by the negative- and zero- 
sequence networks, re- 
spectively. 


(c) 

Fig. 10. 

seated in Fig. 10 (ft) as a voltage rise 7/ in the opposite direction. In 
Fig. 10 (ft), 7/ is shown outside the positive-sequence network. With 
this arrangement, fault currents will be correctly determined: but the 
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positive-sequence voltage at the fault referred to the zero-potential 
bus for the network will be — /ai^i and not Vai- If V/ is placed 
between the zero-potential bus for the positive-sequence network and 
the impedances of the synchronous machines connected at a common 
point as in Fig. 10(c), the voltage at the fault in the positive-sequence 
network will be Fai- The connection of the synchronous machines 
shown in Fig. 10(c) is that used for the d-c calculating table. 

It should be noted that the initial symmetrical rms currents in the 
fault, voltages at the fault, and currents and voltages in the negative- 
and zero-sequence networks, calculated by the two methods, are 
identical, provided V/ in Fig. 10(c) is the same as V/ in Fig. 10(a) 
before the fault is applied. vSince the load currents and internal 
machine voltages are included in the first method and not in the second, 
the currents and voltages in the positive-sequence network will be 
different. The second method is preferable for an analytic solution, 
because the internal voltages of the various symmetrical machines on 
the system under load are not required. The voltage V/ under load, 
if not given, can usually be closely estimated by one familiar with the 
power system. The load currents can also be estimated and added to 
the currents due to the fault to obtain total currents. 

In problems where part of the system is switched out of service 
following a fault, it is necessarx to consider the internal voltages of the 
machines in both parts of the system. Problems of this nature fre- 
quently arise. For example, if one machine and a part of the system 
with an unsymmetrical fault are cut off from the rest of the system by 
switching, the currents and voltages in the fault and in the severed 
part of the system are determined by using the internal voltage of the 
machine and the sequence impedances of the part of the system 
connected to it. 

The following problem illustrates the application of the second 
method to the analytic determination of initial symmetrical rms cur- 
rents and voltages at the fault, negative- and zero-currents and volt- 
ages in the system, positive-sequence currents resulting from the fault, 
and phase currents in the system with load currents neglected. 

Problem 2. A double Hne-to-ground fault occurs at B in the system shown by one- 
line diagram in Fig. 2(a). Determine the per unit initial symmetrical rms phase 
voltages and currents at the fault and the phase currents in the system resulting 
from the fault. 

Solution, The operating conditions previous to the fault are not given; therefore 
load currents cannot be included. It will be assumed that the voltage Y/ at 
before the fault was equal to base voltage in the transmission circuit. Under this 
assumption Vf is unity in magnitude. This is a reasonable assumption. By the 
second method described above, currents and voltages in Figs. 10(c) or (6) vary 
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directly with F/; and therefore, if it is later teamed that F/ differed from unity, the 
currents and voltages obtained with F/ « 1 can be accurately determined if they are 
multiplied by the known per unit value of F /. Load currents can also be added later, 
if given. 

With F/ as reference vector, 

Vf ^ l/O^ = \ 4- jO 

The positive-sequence impedance viewed from the fault B in Fig. 2 (6) is 

+>0.12)00.15 + jO.lO + j0.30) 

+>0.12) + 00.15 +;0.10 +j0.30) 


+ i0.12 1 + 0015 + JO.tO +j0.30) 


The negative-sequence impedance viewed from the fault B in Fig. 2 (c) is 


^2 — “TT 


/ jl.O Xjo.2 

\ iL20 
/ jl.O X j0.20 
\ jl.20 


-|-j0.12 jO'O.lS 4- jO.lO-f j0.40) 


^ j0.199 


-4 j0.12 )4- 0‘0.15 4- jO.lO 4 j0.40) 


The zero-sequence impedance viewed from the fault B in Fig. 2 (d) is 

^ (j0.12)(j0.70 4-j0.10) .. , . . 

® 0012 + j0.70 +i0.10) ■ * 

From [15], [16], and [18], the sequence components of the fault currents are 


F/ 1.0 4- jO 

■ j0.104Xj0.199 “ 

^‘+I7+T, iO.303 — 

Zo i0.104 

Z 2 j0.199 

Substituting lai, lai, and lao in (19], [29]) and [30] of Chapter II, the three fault 
currents are 

= -;3.90 +>1.34 +>2.56 = 0 

V3 

h » -i(->3.90 +J1.34) ->— (->3.90 ->1.34) +>2.56 - -4.54 +>3.84 

Vs 

/. - -i(->3.90 +>1.34) +>— (->3.90 ->1.34) +>2.56 - 4.54 +>3.84 


The ground current at the fault is 


/. »3/ao =>7.68 
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The sequence voltages at the fault from 117] are 

Vai - Vat » Y.0 - /.I “ -/L90 X j0.0684 = 0.267 + jO 

Zq -f ^2 

The phase voltages to grounei at the fault are 

Va = VaO + Val + Va2 - 3 = 0.801 + jO 

Kb « K, - 0 

The sequence currents clue to the fault will flow from the right and left of B 
inversely in proportion to the respective impedances in the two directions. 
Positive-sequence current distribution in Fig. 2(h): 

0.287 

Jai (from right of B) = X “ jl-33 

0.55 

J„i (from left oi B) - -j3.90 X ^ g - j2.57 

1.0 

/<,! (from genc*rator ^7) = —j2.S7 X = ~-j2.142 

0.20 

lai (from motor M) = ~j2.S7 X - -“jO.428 

Negative-sequence current distribution in Fig. 2(c): 

0.287 

Ia 2 (from right of =* jl.34 X — j- =* j0.41 

0.65 

Ia 7 (from left of B) = jl.34 X == 7*0.93 

1.0 

/o2 (from generator G) = 7*0.93 X *= 70.775 

0.20 

/a2 (from motor 3/) = jO.93 X =*70.155 


Zero-sequence current distribution in Fig. 2(d): 

0.80 

lao (from left of B) =* 7*2.56 X * 7*2.23 

3/ao = In in neutral connection = 76.69 

0.12 

/rtO (from right of B) = 72.56 X = 7*0.33 

3/ao * In in neutral connection « ^.99 

Figure 11 (a) shows the flow of sequence currents resulting from the fault, deter- 
mined analytically by applying F/ as in Fig. 10 (ft). Positive direction for current 
flow is indicated by arrows. If the direction of an arrow is reversed, the sign of the 
current to which the arrow is attached must also be reversed. The currents in 
Fig. 1 1 (a) arc the changes in the sequence currents because of the fault. Combining 
the components of current, using (19), [29], and (30) of Chapter II, the phase currents 
are obtained. 
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The currents flowing toward B from the right are the currents which flow in the 
Y-connccted windings of the transformer bank at C and through the transmission 
lines in parallel. They are 

/a = -jl.33 + j0.41 -f iO.33 - -jO.59 

VJ 

/k * — i(—jl.33 -|-j0.41) — (—jl.33 — j0.41) 'fjO.33 =» —1.51 4-j0.79 

\/3 

Ic = “i(-jl.33 4*j0.41) 4-j— (~jl.33 - j0.41) -h jO.33 « 1.51 -h jO.79 


The currents flowing toward B from the left are the currents in the Y-connected 
windings of the transformer bank at B. 

la = “j2.57 +j0.93 -f-j2.23 = jO.59 

h = -i(~j2.57 4- jO.93) - i — (~j2.57 - jO.93) 4- j2.23 - -3.03 4- j3.05 

V^3 

= -^(-j2.57 4-j0.93) 4-j — ('-j2.57 - jO.93) 4-j2.23 - 3.03 4-j3.05 
/o + A + /c =* 3/ao = j6.69 



(o) 

Fig. 11 (a). Sequence currents for Problem 2. Double line-to-ground fault at B in 
system of Fig. 2 operating at no load. 

There are no zero-sequence line currents on the A sides of the transformer bank* 
The positive- and negative-sequence currents of Fig. 11(a) in the three machines 
(assumed Y-connected) arc given in terms of equivalent Y-Y transformer banks; 
the shift in phase in passing through the bank is not included. Turning the positive- 
and negativcHsequence currents in the three machines, calculated on the basis of 
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equivalent Y-Y traneformer banks, 5K)° forwanl and 90° backward, respectively, the 
line currents are obtained. (See Chapter 111.) In machine iV: 

/oi =i(-jl.33) - 1.33 
ht = -7Ci0.41) = 0.41 
/« =» 1.74 

>/? 

h = -i(1.33 4-0.41) -i-^ (l-« - O -H) = -0-87 - jO.80 
It = -0.87 4- j0.80 
In machine G: 

/-i ■= j(-j2.142) = 2.142 
Ini = -j(jO.nS) = 0.775 
la =■ 2.92 

h - -1.46 - >1.18 
/c = -1.46 4- jl.18 

In machine .\f : 

A,i = >(->0.428) = 0.428 
Ia2 - - >(>0.155) = 0.155 
fa = 0.583 4- >0 
h = -0.29 ->0.236 
It = -0.29 4- >0.236 


Currents in the three phases of the system of Fig. 2(a) with a double 
line-to-ground fault at B are shown in Fig. 11 (f>). Currents in A-con- 
nected windings of the transformer banks, in per unit of base current in 



Fig. 11(4). Phase currents for Problem 2. 


the A circuits, are equal in magnitude and phase to the currents in the 
Y-connected windings in per unit of base current in the Y flowing in 
the opposite directions. If A currents are e.xpressed in per unit of 
base A current and line currents in per unit of base line current, the 
sum of the per unit currents flowing into a A terminal will not add to 
zero. Per unit A currents are converted to per unit line currents if 
they are divided by "s/J; and per unit line currents to per unit A cur- 
rents if they are multiplied by "n/s. In Fig. 11 (ft), A currents in per 
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unit of base A currents are given in parentheses inside the As; A cur- 
rents in per unit of base line currents are given outside the A’s. Using 
the latter, the sum of the currents flowing into a A terminal is zero. To 
satisfy this condition, currents must be expressed in amperes, or in per 
unit of the same base current. 

FAULTS THROUGH IMPEDANCE 

The most common type of ground faults occur on transmission cir- 
cuits when there is a flashover between one or two conductors and a 
tower. In such cases, the impedances in the arc or arcs, the tower, and 
the tower footing influence the currents and voltages obtained. The 
impedance of the tower itself is negligible but the tower footing resist- 
ance, which is the resistance between the tower footing and true 
ground, may vary from a low value of 3 to 20 ohms in exceptionally 
moist earth, or when care has been taken to secure low resistance, up 
to 300 ohms or more in rocky soil where nothing has been done to lower 
the resistance. A line-to-line 
fault may occur directly be- 
tween two conductors, or 
through an arc when there is 
a flashover between conductors 
not involving ground. 

Figure 12 shows the currents 
/o, /&, and Ic flowing from the 
three phases a, fr, and c, respec- 
tively, through hypothetical 
stub connections into the fault 
for the four types of faults. 

Z/ is the fault impedance. Fa, 

Fft, and Vc are the phase volt- 
ages to ground at the fault. 

In Fig. 12, the fault impedance 
is shown as an equal imped- 
ance in the three phases for a 
three-phase fault; for the line- 
to-line fault, the impedance is 
shown between conductors; 
for the single line-to-ground 
fault, it is between the conductor and ground; for the double line-to- 
ground fault, it is placed between the conductors and ground, the 
impedaqce between conductors being neglected. The fault imped- 
ances of Fig. 12 are practical, but others are possible. With fault 


Vo 




( 0 ) 


Vo 





Fig. 12. Currents flowing into impedance 
faults, (a) Three-phase fault. (6) Line-to- 
line fault, (c) Single line- to-ground fault, 
(d) Double line- to-ground fault. 



136 


FAULTS ON SYMMETRICAL SYSTEMS 


{Cb. IV] 


impedances as indicated in Fig. 12, if V/ is the prefault voltage at the 
fault point F, Zi, Z 2 , and Z© the positive-, negative-, and zero-sequence 
impedances, respectively, viewed from the fault, and Z/ the fault 
impedance, the initial symmetrical rms currents flowing into the fault 
and the voltages to ground at the fault can be obtained in a manner 
similar to that used for faults through zero fault impedance. 

Three-Phase Fault. In Fig. 12(a), the fault impedance Z/ is 
assumed equal in the three phases. The system, therefore, is not 
unbalanced by the three-phase fault, the currents and voltages remain 
of positive sequence, and 



From [19] the equivalent circuit to replace the fault in the positive- 
sequence network is the fault impedance Z/. This impedance is con- 
nected between the fault point and the zero-potential bus for the net- 
work as indicated in Fig. 13 (o). 

Line-to-Line Fault through Impedance Z/. The fault conditions 
from Fig. 12(6) are 

= 0 /6 = - /, n - Fc = /frZ/ 


Substituting /a = Oand/a = — /ein [22H24] of Chapter II, 

/«o = 0 
■^o3 ~ •^ol 


[ 20 ] 


Replacing Fj, and F« in the fault equation by [8] and [9] of Chapter II, 
respectively, 

Fft - F* = (c® - o)F„i - (o* - o)F„3 = liZ/ [21] 

Replacing h in [21] by o*/ai -f- alai = /ai(o* - a), and dividing 
the equation by (a* — o), 

Fol = Fo3 + JalZf [22] 

Replacing lat in [2] by —lai, and then substituting [2] in [22], 

Fol “ + Zf) [23] 

Substituting [1] in [23], and solving for laU 

“ Zi+Zi + Zf “ 


124] 
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From [23], Vai = Iai (-^2 + 2/). It follows, therefore, that the 
equivalent circuit to replace the fault in the positive-sequence network 
is the impedance (Z 2 -j- Z/), this impedance to be inserted between 
the fault point and the zero-potential bus for the network. 



(0) (b) 



(e) (d) 

Fig. 13. Connections of sequence networks for faults through impedance as indi- 
cated in Figs. 12 (o), (b), (c), and (d), respectively. 

Instead of using an equivalent circuit in the positive-sequence net- 
work to obtain positive-sequence currents and voltages, the positive- 
and negative-sequence networks can be connected to satisfy (201 
and [23], as shown in Fig. 13 (ft). 

Line-to-Grouiid Fault through Impedance Z/. From Fig. 12(f), the 
fault conditions are 

/s = 0 - 0 F. = J^f 
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Substituting /t = /« = 0 in [22H24] of Chapter II, 

/«! = /«2 = /ao (25J 

= ^al + lai + /aO = ■^^ol 
1^0 = Vai + Vat + VaO = hZf = 3/„iZ/ 

Therefore 

VaX = -Vat- Va^^- Iax{3Z,) [26] 

Substituting |2] and [3] in [26], and replacing lat and lao by /oi, 

Vax ^ laxiZt + Zo + iZf) [27] 


Substituting [1] in [27], and solving for Jax< 


hx 


Yi 

“t- Zt) -|- 32/ 


[28] 


From [27], the equivalent circuit to replace the fault in the positive- 
sequence network is the imjjedance {Z^ -f Zo + 3Z/), this impedance 
to be inserted between tlie fault point and the zero-potential bus for 
the network. 

The manner of connecting the sequence networks to satisfy [25] and 
[26] is shown in h'ig. 13(c). 

Double Line-to-Ground Fault through Impedance Z/. From Fig. 
12(d), the fault conditions are 

/„ = 0 F, = Vt = ih + Ic)Zt 

With la = 0, 

7ol + lat + /oO = C‘ 

or laX — — Uat + fno) [29] 

Substituting la - 0 in [22] of Chapter II, 

•^oo = \{h + h) 

or A -I- /« = 3/oo [30] 

With Vt = Vc in [10]-[12] of Chapter II, 

VaO = h<.Va + 2V,>) [31] 

VaX = Vat = liVa- n) [32] 

Subtracting [32] from [31], and replacing ^6 by (/j d- Ie)Z/ = 
SlaoZf, 

VaO - Val = n = SlaoZf 


Vol ~,KbO 3IaoZ/ 


[33] 


or 
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Replacing ^02 and Vao in [32] and [33] by their values from [2] and 

1 . 

Val = Va2 = —102^2 


Therefore 


Val — ~-foo(2o + 3Z/) 


Ia2 — 


r _ _ 

Zo + iZf 


Substituting [34] and [35] in [29], 


\_Z2 Zo + 3zJ 


Therefore 


Val = /al 


ZzCZq + 3Z/) 
Z 2 ■)■ Zq + 3Zf 


Substituting [36] in [34] and [35], /02 and lao are expressed in terms 
of lai : 

, , ^ ^ 


^a2 “ ^al 


^2 + -^0 + 3Z/ 


Replacing Vai in [36] by its value from [1], and solving for /«!. 

% Z2(.Zo + 3Zf) 

Z 2 ■)■ Zo -f- 3Z/ 


From [36], the equivalent circuit to replace the fault in the positive- 
sequence network is the impedance Z 2 (Zo 3Z/)/(Z2 + + 3Z/), 

this impedance to be connected in the positive-sequence network 
between the fault point and the zero-potential bus for the network. 
In Fig. 13(d), the sequence networks are connected to satisfy equa- 
tions [29], [32], and [33]. 

When the symmetrical components of current flowing into the fault 
and volti^es to ground at the fault for the reference phase a have been 
determined for any type of fault, then by the use of [7]-[9] and [191-[211 
of Chapter II, the fault currents and voltages to ground at the fault 




2o I- Zt + 3Zf 
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for the three phases can be obtained. 'The line-to-line voltages at the 
fault can be obtained from [ll] of Chapter III, or by taking the differ- 
ences of the line-to-ground voltages. 

Fault Currents and Voltages from Formulas. For convenience in 
determining fault currents and voltages, Table I of this chapter has 
been prepared. This table gives /ai, the positive-sequence component 
of initial symmetrical rrns current flowing from the reference phase a 
into the fault, for various types of fault in terms of V/, the voltage at 
the fault before the fault occurred, Zi, Z2, Zq, the positive-, negative-, 
and zero-sequence imj>edances, respectively, viewed from the fault, 
and Z/, the fault inq)edance. The other symmetrical components of 
fault current and the symmetrical components of voltage to ground at 
the fault are given in terms of lai- The currents flowing into the fault 
from the three phases and the line-to-ground and line-to-line voltages at 
the fault are expressed in terms of F/, Zi, Z2, Zq, and Z/. 

Table I can also be used for determining transient or sustained cur- 
rents and voltages of fundamental frequency at the fault in cases where 
the rotors of the machines on the system do not materially change their 
relative angular positions. If this is the case, transient or equivalent 
steady-state impedance, resj^ctively, is used for Zi, the positive- 
sequence imj)edance viewed fron\ the fault. 

A study of Table I shows that the effect of fault impedance is to 
reduce the fault current. It may either increase or decrease fault volt- 
ages, dej^ending upon its magnitude relative to the magnitudes of the 
sequence imj^edances and the amount of resistance in the system 
exclusive of the fault resistance. 

Table I can be used for determining fault currents and voltages when 
there is no impedance in the fault if Z/ is replaced by zero. 

OPEN CONDUCTORS 

When circuits are controlled by fuses or any device which does not 
open all three phases, one or two phases of the circuit may be open 
while the other phases or phase is closed. This condition may also 
occur with one or two broken conductors. The case of a conductor 
breaking and one end falling to ground is considered in Chapters VII 
and X. If both ends fall to ground, the condition is that of a line- 
to-ground fault. 

When the system impedances and admittances are constant, i.e., 
do not vary with the voltages and currents associated with them, the 
method of symmetrical components can be used to determine funda- 
mental-frequency currents and voltages in the system with one or two 
open conductors. The exciting impedance of a transformer is an 
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example of an impedance which is not constant, but varies with the 
applied voltage. In transformers under load, the exciting impedances 
can usually be neglected. An open conductor in a circuit supplying 
an unloaded or lightly loaded transformer bank is discussed in Vol. II. 
Constant system impedances and admittances are assumed in the 
following discussion. 

One Open Conductor. Figure 14 (a) shows a section of a three-phase 
system with phase a open between points P and Q. Let /«, h, be 
the line currents in phases a, 6, c, respectively, with positive direction 
from P to Q\ Fa, F^, F^, the voltages to ground at P, and F'. F^, F^ 
the voltages to ground at Q. From Fig. 14(a), 

/a = 0 

Fa — F' == Va = series voltage drop between P and Q in phase a 

Vh — Ffc = = 0 = series voltage drop between P and Q in phase b 

Vc — Fc = I'c = 0 = series voltage drop between P and Q in phase c 

In Chapter II, the fundamental symmetrical component equations 

for three-phase voltage and current vectors are given by [7]-[12] 
and [19]-[24]. It was pointed out that in these equations the voltage 
vectors Fa, Fb, and F^ and the current vectors /a, /«>, and Ic can be 
used to represent any three voltage vectors and any three current vec- 
tors revolving at the same rate which are associated with the three 
phases of a three-phase system. These voltage equations will now be 
applied to Va, and Vc, the series voltage drops between P and Q in 
phases a, 6, and c, respectively, and the current equations to the line 
currents /a, and flowing in phases a, t, and c, respectively, from 
P to Q, 

Resolving the series voltage drops Va, Vfc, Vc into their symmetrical 
components by [10]--[12] of Chapter II, with Vf, = Vc == 0, 

VaO = Vao - V'o = §(». + 1'6 + Kc) = 

Val = Val - = i(»a + OVft + a\) = ^Va 

»o2 = Va2 - = J(»a + a\ + aVe) = 

Therefore 

VaO = »cl = Va2 140) 

Since /o = 0 = lal + Ia2 + ■f.Ot 

lal = — (/.a + lao) (41] 
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From [40], the open conductor introduces equal series voltage drops 
into each of the sequence networks at the opening in the direction of 
current flow, i.e., from P to Q. Stated in another way, the opening 
introduces equal series voltage rises in the three sequence networks in 



(c) 



W 


Fic. 14. Section of three-phase system between P and Q. (a) Phase a open. (6) 
Phases b and c open. Connection of sequence networks of Fig. 2 for open conductors 
at B, (c) Phase a open, (d) Phases b and c open. 
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the direction QP, which tend to send currents from Q to P. These 
generated voltages meet series impedances, as distinguished from 
impedances to neutral or to ground. 

In a three-phase system with linear impedances, symmetrical except 
for an open conductor, let Sq and S2. respectively, represent the series 
impedances in the zero- and negative-sequence networks viewed from 
the opening. Consider, for example, the system shown by the one-line 
diagram of Fig. 2(a) with the sequence networks given by parts (6). 
(c), and {d) of Fig. 2. The negative-sequence series impedance viewed 
from any point B can be determined from Fig. 2(c) if a series voltage is 
inserted at B and the current read, the ratio of the series voltage at B 
to the current at B being the series impedance Z2 viewed from the open- 
ing at J5. From Fig. 2(c), with the opening at B, C, or D, 

/ 1.00 X 0.20 \ 

22 = (7 +7O.I2 +i0.15 +i0.10 + j0.40j =^0.936 


If the opening is at A in Fig. 2(c), 


Z2 = 7*0.20 + j 


. 1.00(0.12 + 0.15 + 0.10 + 0.40) 


1.00 + 0.77 


7*0.635 


The zero-sequence series impedance Zq is determined from Fig. 2(d) in a 
manner similar to that used to determine 22- With the opening at A or 
D,Zo = 00 . With the opening at B, or C, 

zo = 7(0.12 + 0.70 + 0.10) = jO.92 


With balanced generated voltages, there are no negative- or zero- 
sequence voltages applied to the system. The only voltages causing 
negative- and zero-sequence currents to flow are those resulting from 
the opening. The sum of the voltage drops in any closed circuit is 
zero; therefore, the series negative- (or zero-) sequence voltage drop 
between P and Q plus the negative- (or zero-) sequence voltage drop 
in the negative- (or zero-) sequence network is zero. The equations are 


From [40], [42], and [43], 


VaO 4" laO^ ~ 0 

142) 

Va2 + ^a2^2 = 0 

1431 

loO = lai- 

144) 


From [41] and [44], 

/al = (/«9 + /ao) 


*0 + *2 


faZ 


2o 
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Therefore 


1 

li 

*0 j 

[45] 

20 "T Z2 

22 j 

^ “T ^2 

/oO =* — 

[46] 

From (40), [43], and [45], 



t’al = Va2 = Vao = 

r ^2^0 r 

^02^2 = , ^al 

2o *r 22 

[47] 


From [47] it follows that Voi, the positive-sequence series voltage drop 
between P and Q. will be obtained if the impedance 222 o/(zo + 22 ) is 
inserted in the positive-sequence network between points P and Q. 
This impedance, which is the negativ'-e- and zero-sequence series imped- 
ances connected in (larallel, is the equivalent circuit which replaces the 
ojiening in the positiv'e-scquenco network. Instead of inserting the 
lumped im|)edance 2220/(20 + 22 ), the negative- and zero-sequence 
networks can l»e connected in parallel between P and Q in the positive- 
sequence network. 

Figure 14(c) shows the connection of the sequence networks of 
Fig. 2 with one conductor open at point B for solution on the a-c net- 
work analyzer. This connectic'n satisfies [40] and [41], 

Two Open Conductors. Figure 14 (i) shows a section of a three- 
phase system with phases b and c open between points P and Q. 
With the notation used for one open conductor, 

/fc = /c = 0 

- F' = t-„ = 0 


Then by resolving the line currents into their symmetrical com- 
ponents by equations [22)-(24J of Chapter II, 


Since = 0, 


lax = /«2 = ^<.0 = -J 
Pal = - (»a2 + Pao) 


(48) 

(49) 


Replacing Vai and Woo *n (49) by their values — /oo*o and — /0222 from 
[42] and (43), and substituting lai for /02 and /oo. 


“ Val ~ Fai — — (»oa + Vao) — ^00*0 + -^02*2 = + *2) (SO) 


From (50), the positive-sequence series voltage drop Vai across the 
opening will be obtained if the impedance (so + Sa) is inserted in the 
opening in the positive-sequence network. This impedance, which is 
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the negative- and zero-sequence series impedances connected in series, 
is the equivalent circuit which replaces the opening in the positive- 
sequence network. 

Figure 14(d) shows the connection of the sequence networks of 
Fig. 2 w4th two conductors open at B for solution on the a-c network 
analyzer. This connection satisfies [48] and [49]. If the zero-sequence 
series impedance viewed from the opening is infinite, the impedance 
across the opening wdll be infinite, and no currents will flow between P 
and Q when there are two open conductors. 

Since one or two open conductors introduce an impedance in the 
positive-sequence network, the effect of the fault is to increase the 
transfer impedances between machines on opposite sides of the open- 
ing and therefore to decrease the power which can be transferred 
between them for given internal voltages with constant angular dis- 
placement. At the first instant, the rotors of the machines do not 
change their relative angular positions. Initial symmetrical rms 
currents and voltages of fundamental frequency can therefore be 
determined by using subtransient machine reactances in the positive- 
sequence network and the voltages behind these reactances corre- 
sponding to the operating conditions previous to the occurrence of the 
fault. When an analytic solution is made, the positive-sequence cur- 
rents due to the internal voltage of each machine can be determined 
separately; then, by superposition, the total positive-sequence cur- 
rents will be the sum of the several separate currents. From the 
positive-sequence line currents at P and Q (see Figs. 14(a) and {b)) 
the negative- and zero-sequence line currents at P and Q are obtained 
from [44] and [45] or from [48]. 

When an a-c calculating table is available, the negative- and zero- 
sequence series systems are connected in parallel for one open con- 
ductor and in series for two open conductors and inserted in the posi- 
tive-sequence network at the point where the disturbance occurs, as in 
Figs. 14(c) and (d). The sequence line currents for phase a are then 
read directly. 

When machines are operating at no load, all internal voltages are 
equal and in phase and no currents will flow. With the d-c calculating 
table, internal voltages are assumed in phase and of unit or 100% 
magnitude. It cannot therefore be used in the usual manner to deter- 
mine the currents with one or two open conductors. But it can be used 
if the internal voltages in the machines are applied one at a time and 
the currents recorded, the currents so determined to be multiplied by 
the per unit vector values of the corresponding applied internal volt- 
ages and added vectorially in each of the sequence networks. 
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Following the opening of a conductor or two conductors, the machines 
will change their relative angular positions, depending upon their iner- 
tias and the difference between their mechanical inputs and electrical 
outputs. For example, if a generator is supplying a motor through a 
transmission circuit and one conductor is opened, the power received 
by the motor becomes less, and it will fall back in phase relative to the 
generator. If there is a phase displacement between generator and 
motor internal voltages at which the electrical input to the motor 
equals its mechanical output under sustained conditions (with steady- 
state impedances and the voltages behind them), the motor will remain 
in synchronism with the generator, provided it did not fall out of step 
during the transient disturbance. (See Problem 3.) 

Single-Phase Switching. In the case of single-phase switching, a 
faulted conductor is cut out of service by opening it at both ends. If 
capacitance is negligible, there is no current in an open conductor, 
whether it is open at both ends or only at one point, and its effect upon 
the current and voltages of the other two conductors is the same. In 
fact, as far as the other two conductors are concerned, it would make 
no difference whether the open conductor were removed entirely or left 
in place. 

The discussion given above for one and two open conductors can be 
applied to single-phase switching if capacitance is negligible and it is 
assumed that the conductor or conductors are open at one point only, 
chosen at some convenient location in the line. It must be remem- 
bered however, that the voltage along the open conductor itself would 
depend upon the location of the opening. 

Problem 3. In the system shown in Fig. 2, with motor M disconnected and base 
power numerically equal to base kva, 40% of base system power is supplied to 
motor N at unity power factor and unit voltage on the line side of the transformer 
at C. 

(a) One lead on the line side of the transformer at is accidentally disconnected. 

(b) Two leads are disconnected. 

Assumin ' !ie motor N and generator G do not lose synchronism during the transient 
disturbance, will they remain in synchronism after the disturbance is over? The 
equivalent steady-state positive-sequence reactances of generator and motor are 
approximately 55% and 100%, respectively, based on system kva and voltage. The 
load on the motor is a constant power load. 

Solution, Expressed in per unit, with the voltage at C as reference vector, 

V,^l+j0 

/ - 0.4 -h jO 

The internal voltages in generator and motor behind equivalent steady-state reac- 
tances, determined in per unit from Fig. 2 (b) with motor If disconnected and per unit 
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positivc'sequence generator and motor reactances of 0.55 and 1.00, respectively, are 

- 1 + (0.4)00.82) - 1 + >0.328 - 1.052 /18.2” 

jB, - 1 - (0.4)01.10) = 1 - >0.440 = 1.09?/ 23.8” 

The series negative- and zero-sequence impedances Zi and so» determined from 
Figs. 2 {c) and (d) with motor Af disconnected, are 

« j( 0.20 + 0.12 -f 0.15 -F 0.10 + 0.40) « jO.97 

So =* jO.92 


The equivalent impedances to replace one and two open conductors in the positive- 
sequence network are: 

(a) With one open phase at B, 


Z2Z0 

*2 H“ *0 


. 0,97 X 0.92 
^ 1.89 


= >0.47 


(b) With two open phases open at B, 

«2 + So = j(0.97 -f 0.92) = >1.89 

During normal operation the transfer impedance (see Chapter I) in the positive- 
sequence network between internal voltages behind steady-state impedances in 
machines G and N is 

Zgn = il.92 

(a) With one phase open, the transfer impedance is 

Zgn = j(1.92 4 - 0.47) = j2.39 

(b) With two phases open, it is 

Zgn =7(1.92 -f 1.89) =73.81 


With the transfer impedance increased, the angle between the internal machine 
voltages must be increased to transfer the same power. With resistance neglected, 
there is no power loss in the negative- and zero-sequence networks and the power out 
of the generator and into the motor is determined from the positive-sequence network. 
Let 5 = angle between Eg and £„ = then, with En as reference vector, 

En » 1.097/0^ = 1.097 

Eg « 1.052^ * 1.052 (cos 8 - 1-7 5) 

The current /, flowing from the generator into the motor, is 

, Eg - En 1.052 sin 8 . . (1.097 - 1.052 cos 8 ) 

/ « — ^ 

J^gn ^gn ^gn 

The power component of / referred to En is 

1.052 sin 8 
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The power delivered by the generator and received by the motor with no resistance 
in the circuit is 

^ 1.052 sin 6 1.154 sin 6 

P « (1.097) 

Xgn ^gn 

The constant per unit power load on the motor is 0.4. To deliver this power under 
steady-state conditions: 

(а) With one phase open at B, 

;, = 0.4 = H^«. 0.483 .i„5 
2.39 

0 4 

3 « sin * - — r “ 56.0® 

0.483 

If the motor and generator do not lose synchronism during the transient dis- 
turbance they will remain in synchronism and the constant per unit power load of 
0.4 will be delivered to the motor; the angle between internal voltages of generator 
and motor will be 56® with one phase open at B. 

(б) With two phases open at B, 

^ ^ 1.154 sin 3 ^ , 

P = 0.4 = ; = 0.303 sin 6 

3.81 

t . 0-4 

d s sin • = sin ‘ 1.32 

0.30i 

Sin 6 cannot be 1.32; and therefore, assuming the machines did not lose synchronism 
during the transient disturbance, their rotors cannot lake up relative positions such 
that the power supplied to the motor is equal to its mechanical load. The machines 
lose synchronism. 

Problem 4. The given system is shown in Fig. 2(a) with sequence networks in 
Figs. 2(6), (c), and (d). Determine the currents flowing from the three phases into 
fault and the phase voltages to ground at the fault for (1 ) a line-to-ground fault at A , 
(2) a double line-to-ground fault at C, (3) a line-to-line fault at D. 

Problem 5. Solve Problem 2 for a line-to-ground fault at D. 
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Equations for Voltages and Ciurents in a Three-Phase System. 
The equations for the phase voltages to ground and line currents in 
terms of the symmetrical components of voltage and current, respec* 
lively, of phase a developed in Chapter 1 1 are 


Va = Val + + V,o = iVal+ V,2) + V,o 

n = a^Val+aVa-i + Vao 

= + Va2) -j-- (V„, - Vat) + Vao 

Vc = aVal +a^Vai + Vao 

= + V„j) Vat) + f'-o 


la = lal + /o2 + ^oO = (^ol + ^at) + laO 
Ib = + o/o3 •+■ /oO 


= + lat) — j ~Y 


hi) + /, 


uO 


le — dial + d^Iat "h -foO 
1 

— “|(fol + lat) + J ~Y' ~ + ^oO 


U1 

(21 

[31 

14) 

|S1 

161 


where V and I refer to voltage and current, subscripts a, b, and c refer 
to the three phases a, b, and c, and 0, 1, 2, to zero, positive, and nega- 

/ VIx 

tive sequence, respectively. The operator a = { — § +i-:r-) =■ 

/ Vl\ ^ ' 

1 /120° ; o* = -J-y) = l/l20°. 

In [1H6] phase voltages to ground and line currents are expressed 
!n terms of the symmetrical components of phase a, selected as ref- 
erence phase, and also in terms podtive-plus-negative, pontive- 
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minus-negative, and zero-sequence components* of phase a. Equa- 
tions 11116] provide a simple transition from symmetrical components 
to other related components and can l>e used to advantage when there 
is a single dissymmetry, such as an unsymmetrical fault, provided the 
positive- and negative-se*quence imj)edances in the system can be 
assumed equal. This assumption, while never strictly true for rotating 
machines, in many cases leads to but slight error when the impedances 
involved are transmission lines and transformers in series with rotat- 
ing machines. 

POSITIVE-PLUS-NEGATIVE, POSITIVE-MINUS-NEGATIVE, AND 

ZERO-SEQUENCE COMPONENTS OF CURRENT AND VOLTAGE 

The use of the sum and difference of the positive- and negative- 
sequence components of currents and voltages, together with zero- 
sequence components of current and voltage, will be illustrated for the 
case of unsymmetrical short circuits on an otherwise symmetrical sys- 
tem in which the ix)sitive- and negative-sequence impedances are 
assumed equal; and the connections between the component net- 
works to satisfy fault conditions will be determined for the three types 
of unsymmetrical short circuits. 

Unsymmetrical Short Circuits. In a balanced three-phase power 
system, neither negative- nor zero-sequence voltages are generated. 
Assuming a systeni, balanced before the fault, let Vf represent the 
prefault voltage of phase* a at the fault point F. Let /«, and Ic be 
the currents from phases a, b, and c, respectively, flowing into the 
fault ; and Va, and Vc the voltages to ground of phases a, 6, and c 
at the fault. If Zi, Z 2 , and Zo are the positive-, negative-, and zero- 
sequence impedances, resi>ectively, viewed from the fault, then the 
positive-, negative-, and zero-sequence components of the voltage of 


phase 0 at the fault, with Z 2 = 

Z,, will l)e 


= 

Vf - /„,Z, 

171 


- / 02 Z, 

181 

V«o = 

/aO^O 

191 


where positive direction for the symmetrical components of current is 
from the system into the fault. 

Equations I7]~[9] are the same as Il]--I3] of Chapter IV except that 
Z 2 has been replaced by Zi. K/ in [7] represents the prefault voltage 
of phase a at F for any given operating condition. If the system is 

* Determination of V^oltages and Cuirents during Unbalanced Faults, by Edith 
Clarke, Gen, EUc. Rev., November, 1937, pp. 511-513. 
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operating at no load, neglecting charging current, the prefault voltage 
Vf in per cent will be the internal generated voltage £« of phase a, 
which is the same in all synchronous machines of the system. Under 
load, F/ is determined by the internal generated voltages and the load 
distribution in the system corresponding to the given operating 
condition. 

Adding equations [7] and [8], and subtracting [8] from [7], 

{Val + Fu2) = Vf - Hal + Ia2)Zl (10] 

{Val - Va2) ^ Vf^ Hal ~ Ia2)Zi HU 

Equations [10] and [11] express the |K>sitive-plus-negative and positive- 
minus-negative components of voltage at the fault in terms of their 
respective components of fault current, prefault voltage, and imped- 
ance viewed from the fault. F/ is a positive-sequence voltage: as no 
negative-sequence voltages are generated, both positive-plus-negative 
and positive-minus-negative generated voltages are positive-sequence 
voltages. From [10] and [11], the impedance met by both Hai + / 02 ) 
and Hal ~ ^ 02 ) is Zi, a positive-sequence impedance: in a system 
with equal positive- and negative-sequence impedances, the impedances 
met by currents consisting of positive- and negative-sequence com- 
ponents are positive-sequence impedances. With the same generated 
voltages and the same impedances, the positive-plus-negative net- 
work and the positive-minus-negative network are identical; and each 
is the same as the positive-sequence network. The positive-sequence 
network can therefore be used to determine both the positive-plus- 
negative and the positive-minus-negative components of current and 
voltage, provided the proper connections are made at the fault point* 
The positive-sequence network, representing both the positive-plus- 
negative and the positive -minus-negative networks, will be used twice 
with different connections at the fault. The use of the sum and differ- 
ence of the positive- and negative-sequence components, instead of the 
positive- and negative-sequence components themselves, is of special 
advantage when a short-circuit study is made on a d-c calculating table 
or an a-c network analyzer, because it is necessary to set up only the 
positive- and zero-sequence networks, and numerical calculations do 
not require the use of the operator a. This allows a larger system to 
be set up on a given calculating table and simplifies numerical work. 

Line-to-Ground Fault. Conditions at the fault (fault on phase a) : 


Fa = 0 
A » /c » 0 


112 ] 

[131 
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Substituting [12] in [1] and replacing h and /« in [5] and [6] by zero, the 
following relations between the compninents at the fault are obtained: 

(7.x + F„2) = -r„o [14] 

(/.I + U) = [15] 

(/«l - Ia2) = 0 [16] 

Substituting [16] in [11], 

VaX - Va2 - Vf [17] 

Replacing /.o in [9] by l{Iai + /.a) froni [IS], then substituting [9] 
in [14], 

(7., + 7 . 2 ) = - 7.0 = Hal + / 02 ) y [18] 

Equating (7.1 + l .a) in [18] and [10] and solving for (/.i + /.a). 

Vf 2 7/ 

Hal + /aa) = 2/aO = ^ .TV 

Zo 2Zi + Zq 


Phase Currents and Voltages at the Fault. From the equation above, 
and [ll-[6], the currents flowing from the three phases into the fault 
and the line-to-ground voltages at the fault are 


/. — 3/aO 


37/ 

2Zi -|- Zq 


/» = /* = 0; 7. = 0 

Vi 


[ 20 ] 




y. - +J^v, - v,\^- + V] 


. V3I 


where 7/ is the prefault line-to-neutral voltage of phase a at the fault 
point F. 

Equivalent Circuit for Line-lo-Ground Fault. Dividing [18] by 
Hal + -foa) = 2/.0, and replacing 7.0 by —laoZo from [9], 

(7.x + 7.2) ^ ^ Zo 

(/ai + Zaa) 2/.0 2 '■ ^ 

In [21], (7.x -f 7.2) is the voltage at the point of fault in the positive- 
plus-negative network, and (lai + /as) is the current flowing from this 
network into the fault. The impedance therefore to be placed between 
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the fault point and the zero*potential bus for the network to give the 
correct ratio of (Fai + Foj) to (lai + / 02 ) is ^o/2. Instead of the 
lumped impedance Zo/2, the zero-sequence network with all zero- 
sequence impedances divided by two can be used as the equivalent 
circuit. The current flowing into the equivalent circuit is (Tat + U), 
which from [15] is 2/ao. Twice zero-sequence current flowing through 
one-half zero-sequence impedance produces zero-sequence voltage. 

If all zero-sequence impedances are divided by two, and the network 
then connected in series with the positive-plus-negative network (which 


Z TO^otfntiqi Bus for[Pos»t»ve-SeQuence Netwo^ 
(o) 



Zero-Poienf'oi Bus for 


(VoitVo^) 

♦Io 2 * 2I00 
ZerO‘Scquence Network 


(b) 


I ii 

1 

^ All zero- 1 1 


s 

? sequence u Z 



JH impedon-c E 

T i . 


^ces divide C 

1 ? ^ 

1 1/nrroi 


g ed by two ] i 

1 1 


2I00* lol'*’la2 


Z ero^Potcntiol Bus for PosMivt-Segutncf Nf twOfk 



Fig. 1 Equivalent circuit for Une-to-ground fault, (a) Positive -plus-negative 
network, {b) Zero-sequence network with all impedances divided by two, (c) 
Posit ive-m in us-negative network. The positive-sequence network is used for 

both (a) and (c). 


is also the positive-sequence network) as in Fig. 1, an equivalent cir- 
cuit is obtained which satisfies [18] and [19] at the fault. Part (a) of 
Fig. 1 gives p>ositive-plus-negative components of current and voltage. 
The zero-sequence voltages and twice the zero-sequence currents are 
given by part (6) of Fig. 1. When an a-c network analyzer is used, 
positive-plus-negative currents and voltages, and zero-sequence volt- 
ages and twice zero-sequence currents, can be read directly from parts 
(a) and (6), respectively, of Fig. 1 at any point P in the system. If the 
three-phase system was operating under load before the fault, and the 
generated voltages were adjusted to give the operating conditions 
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which existed before the fault, the effect of load at any point in the 
system is included in part (a ) of Fig. 1. 

From [16] and (17). {/^i 7 , 2 ) - Oand = F/. There 

is no current flowing into the fault from the positive-minus-negative 
network, and no change in voltage at the fault; consequently, there 
are no currents and no voltage drf)ps in the network resulting from the 
fault. The positive-minus-negative network, which is unaffected by 
the line-to-ground fault, is shown in part (c) of Fig. 1. It is the posi- 
tive-sequence network lK*fort‘ the fault cx:curred. If load currents are 
considered, there will be currents in the network and voltage drops 
due to these currents. I.oad currents under normal operation are 
positive-sequence currents and cause positive-sequence voltage drops. 
They are determined from the positive-sequence network before the 
fault occurs, with generated voltages adjusted to give the operating 
conditions which existed before the fault. 

At any point P in the system, the j>ositive-minus-negative compo- 
nents of ctirrenl and voltage are (both before and after the fault) 


ii..i - /„2) at r - 

la at P before the fault 

[22] 

{V„i ~ at r - 

V , at P before the fault 

[231 

If load currcnis are neglected a 

lul there is no capacitance, 


( lal ~ 

P 

II 

1241 


Substituting zero-sequenc<* components and the sum and difference 
of the positive- and negative-sc‘quence components of current and volt- 
age in [1] [6], j)hast" currents and voltages at any point P in the system 
are obtained. 

Line-to-Line Fault, ('onditions at the fault (fault on phases b 
and r): 

la - 0 [25] 

~/c [26] 

1^6 = Vc [27] 

From [25]'-[27] and [2)-[6]. the relations between the components at 
the fault are 


laO == 0 

{lal + Ia2) = 0 

(Fal - Faa) = 0 


( 28 ) 

[ 29 ] 

1301 
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Substituting [28] in [9], [29] in [10], and [30] in [11]. 

Vao = 0 [31] 

{Val + V,2) = Vy [32] 

(/«) - /a2) = t / [33] 


Phase Currents and Voltages at the Fault. Substituting [28]-[33] in 
[1H6], the phase currents flowing into the fault and the phase voltages 
to ground at the fault are 


la = 0 



Va = Vf 
Vt = Vc = 


Equivalent Circuit for Line-to-Line Fault. From [28] and 
[31], /oo = 0 and Fao = 0; 
is^not involved. From [30] 
and [33], Va\ — Va 2 ~ 0 and 
{lai - Ia 2 ) = Vf/Zi. These 
two equations are satisfied if 
in the positive-minus-negative 
network (which is also the 
positive-sequence network) 
the fault point F is shorted to 
the zero-potential bus as in 
Fig. 2, part (a). It will be 
noted that with a three-phase 
fault, Va\ = 0 and Ia\ = 

VffZi. The positive-minus- 
negative components of cur- 
rent and voltage for a line-to- 
line fault between phases b 
and c with phase a as refer- 
ence phase are just the same 
as those of phase a for the 
three-phase short circuit. Positive-minus-negative currents and volt- 


therefore the zero-sequence network 



Ztro^tgntiQi Butfof Po8ii»ve»Sequtnce Nttwor k 


le- 



(b) 

Fig. 2. Equivalent circuit for line>to-Hne 
fault, (a) Positive-minus-negative network. 
(^) Positive-plus-negative network. The pos- 
itive-sequence network is used for both (a) 
and (6). 
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ages at any point in the system can be calculated from Fig. 2(a), or 
read directly if a calculating table is used. 

From (29) and (321, (lai + /aa) = ^ and Vai + Va 2 = V/ at the 
fault. The positive-plus-negative network (which is also the positive- 
sequence network) is unaffected by the line-to-Iine fault. This is 
shown in part (b) of Fig. 2. At any point P in the system, the posi- 
tive-plus-negative components of currents and voltages are 

Uai + /a 2 ) at P = la at P before the fault [35] 

(Vax + Va 2 ) = at P before the fault [36] 

If loads are neglected and there is no capacitance, 

Hal + /a 2 )atP = 0 [37] 

Substituting V^o = 0, lao = 0, and the sum and difference of the 
positive- and negative-sequence components of current and voltage in 
|1]'[6), phase currents and voltages at any desired point P of the 
system are obtained. 

Double Line-to-Ground Fault. Conditions at the fault (fault on 
phases b and c): 

/a = 0 [38] 

Vt Ke = 0 [39] 

Substituting [38] in [4], and 1^9] in [2] and [3], the following relations 
between the components at the fault are obtained: 

(lal + Ia2) = -^^aO [40] 

(Val + Va2) = 2VaO [41] 

{Val - Va2) = 0 [42] 

Substituting [42] in [11], 

(/a. - Ia2) = [43] 


Replacing — /ao in [9] by (/ai + /o?) given in [40], and substituting [9] 
in [411, 

(I^-. + Vaz) = 2K„o = -/oo(2Zo) = (/ai + /,2)(2Zo) [44] 

Solving [10] and [44] for (/„ + 


[ 45 ] 
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Phase Currents and Voltages at the Fault. From the above equation 
and [l]-[6], the line currents flowing into the fault and the voltages to 
ground at the fault are 


3VaO = V, 


n = 7, = 0 


/ 3Zo \ 
\Zi + 2Zo/ 


Equivalent Circuit for Double Line-to-Ground Fault. Dividing [44) 
by (lai + Ia 2 ) = -/ao» and replacing Vao by ~/ao^o from [9], 


(Val + Va2) 

{lai + Ia2) 


= 2Zo 


From [47], the equivalent circuit to be placed between the fault point 
and the zero-potential bus of the positive-plus-negative network to 
give the correct ratio of ( Vai + Va 2 ) to {lai + Ia 2 ) is 2Zo. The zero- 
sequence network with all impedances multiplied by two can be used 
as the equivalent circuit. The current {lai + hi) flowing into the 
equivalent circuit from [40] is — /ao- Zero-sequence current flowing 
through twice zero-sequence impedance produces twice zero-sequence 
voltage. The (arbitrary) positive direction for phase current and 
their components is from the netwwk into the fault; therefore the 
zero-sequence network must be connected so that {Ia\ + Ia 2 ) flowing 
from the positive-plus-negative network into the fault, traverses the 
zero-sequence network in the negative direction. 

If all zero-sequence impedances are multiplied by two and the net- 
work then connected in series with the positive-plus-negative network 
as in Figs. 3(a) and (ft), an equivalent circuit is obtained which satis- 
fies [40], [41], and [47] at the fault. If a calculating table is used, at 
any point P of the system, the positive-plus-negative components of 
current and voltage and twice the zero-sequence voltage and the zero- 
sequence current can be read directly from parts (a) and (ft), respec- 
tively, of Fig. 3. 

From [42] and [43], {Vai ~ Va 2 ) = 0 and {lai - Ia 2 ) - VffZi. 
This condition is satisfied if the fault point in the positive-minu^* 
negative network is shorted to the zero-potential bus of the network. 
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in Fig. 3(c). Figure 3(c) is just the same as Fig. 2(a). Positive- 
minus-negative currents and voltages at any point P of the system can 
be calculated from Fig. 3(c), or read directly if a calculating table 
is us(*d. 




Fig. 3. Equivalent circuit for double line-to-ground fault, (a) Positive- plus- 
negative netwfuk. (6) Zero-s(*(|uencc network with all impedances multiplied by 
two. (c) Positive-minus-negative netw'ork. The positive -sequence network is used 

for lH>th (a) and (c). 

Substituting zero-sequence components and the sum and difference 
of the positive- and negative-sequence components of current and volt- 
age in llJ-[6], phase currents and voltages at any point P in the system 
are obtained. 

Average Power during Unsymmetrical Faults. The average power 
at any point in a system in per unit of three-phase base power (see 
Chapter II) is 

P = Va\ • lal + Va2 ’ Ia2 + VaQ * ^aO 

= M(^a, Vai) • dal + Ia2) + (Val- Vai) ’ dal - U)] 

-f- Vao ■ laO (48] 

From [48], it follows that the average power at any given point in a 
three-phase system is the zero-sequence power at the point plus one- 
half the sum of the power in the positive-plus-negative and the positive- 
minus-negative networks at the given point. 
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Problem 1. Determine the connection of the positive>plus-neg:ative and xero* 
sequence networks for one and two open conductors in a symmetrical system with 
equal positive- and negative-sequence impedances. Is the positive-minus-negative 
network aflfected by an open conductor in phase a? by open conductors in phases 6 
and c? (Note. This problem is solved in Chapter X by a, and 0 components, but 
positive- plus-negative, positive-minus-negative, and zero-sequence components can 
be used as well.) 

Problem 2. Check the phase currents and voltages at the fault given by equations 
[20], [34], and [46] with those given in Table I of Chapter IV when Zi » Z 2 and the 
fault impedance Z/ « 0. 
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TRANSMISSION CIRCUITS WITH DISTRIBUTED 
CONSTANTS 

In system studies in which transmission circuits are of short or 
moderate length, capacitance can frequently be neglected without 
appreciable error. 'Hiis is usually the case in short-circuit calculations 
in which currents and voltages of fundamental frequency only are to 
be determine‘d. On the other hand, there are certain problems in 
which even small capacitances must Ije taken into consideration. In 
the systems discussed in preceding chapters, capacitance has not been 
included. The connections of the srrquence networks to represent 
unsymmetrical faults will be the same with capacitance included as 
with it neglected, but the equivalent circuits which replace an actual 
circuit in the se^quence networks will be different in the two cases. 

EQUIVALENT CIRCUITS FOR SYMMETRICAL TRANSMISSION CIRCUITS 
WITH DISTRIBUTED CONSTANTS 

Let Fig. 1(a) indicate one phase of a symmetrical single-phase or 
three-phase transmission circuit, with or without ground wires. The 
terminals are 5 and R. S is the sending end under normal operation, 
and R the receiving end. The equivalent circuit which replaces the 
transmission line between the points 5and R in any one of the sequence 
networks is a three-terminal circuit. One terminal is at 5, one at R, 
and one is connected to zero potential for the network. In the posi- 
tive- and negative-sequence networks all neutral points are at zero 
potential. In the zero-sequence network of a grounded system, the 
ground at any given point is the zero potential from which voltages at 
that point are measured. 

A three-terminal circuit can be replaced by an equivalent Y or an 
equivalent A for calculating conditions at its terminals. (See Chap- 
ter I.) The equivalent circuits for transmission circuits, developed^ 
by Dr. A. K. Kennelly, are called T-lines and Il-lines. The T-line 
is an equivalent Y, and the Il-line an equivalent A, Positive- and 
negative-sequence self -impedances and admittances of transmission 
lines are equal ; therefore the positive- and negative-sequence equiva- 
lent circuits are the same. Zero-sequence equivalent circuits for the 
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transmission line are similar to the positive, but, since zero-sequence 
impedances and admittances differ from those of positive sequence, the 
branches of the equivalent T or IT of the zero-sequence equivalent cir- 
cuit will differ from those of the positive. iJet 

Z - fz = f(r +» = (ir+j2irfL) 

= total series impedance per phase 

((g +jb) = i(g +j2TfC) 

= total shunt admittance per phase 

where f is length of line in miles; r, L, C, and g are resistance, induc- 
tance, capacitance, and leakance, respectively, per mile; / is frequency 



Ztro Pottnrioi 

ft) 


Fig. 1. (a) One-line diagram of single-phase or three-phase transmission circuit, 

with or without ground wires, (b) Nominal T. (c) Nomina! 11. (d) Equivalent 

T. («) Equivalent n. 

in cycles per second. C is in farads per mile; L is in henries per mile; 
r, X, and z are in ohms per mile; g, 6, and y are in mhos per mile. TTie 
subscripts 1, 2, and 0 with the above symbols will be used to indicate 
positive, negative, and zero sequence, respectively. 

Methods for determining the sequence constants per unit length of 
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transmission circuits are given in later chapters. For the present, 
let it be assumed that these constants are known or can be readily 
determined. In the usual overhead transmission line during normal 
operation there is no corona, and leakance across insulators is negligi- 
ble; therefore g = 0 and V ~ jfl^ = jlwffC, where b = IrfC = capa- 
citive susceptance in mhos \ycr mile. 

Nominal T or n. As a first a|)proximation, the transmission line 
can be represented by a nominal T or II as shown in Figs. 1 (b) and (c). 
For the nominal T as showai in Fig. 1(6), one-half the total series 
impedance Z is placed in each arm of the T and the total shunt admit- 
tance Y in the staff. For the nominal II as showm in Fig. 1(c), the 
total series im[)edan(:e Z is placed in the architrave of the IT and one- 
half the total shunt admittance Y in each of the pillars of the 11. 

Equivalent T or 11. The equivalent T or II can be obtained from 
the nominal T or II by applying' correcting factors as indicated in 
Figs. 1^) and (e). The correcting factors are hyperbolic functions 
of \/ZY which de[>end upon frequency, length of line, and line 
constants. In addition to the correcting factors indicated in 
Hgs. 1 (d) and (c), cosh Vz K is also used in transmission calculations. 


Cosh VZKand the correcting factors 


sinh\/ZF 


tanh 


VZY 


and 


VZY 


are 


complex numU^rs wdiich may be calculated or read from charts^’^’^. 
The calculation of complex hyj)erbolic functions by the use of mathe- 
matical tables of hyperbolic and circular functions is discussed later 
and illustrated in Problem 3. An alternate method is by substitution 
of Z and Y in following series,* 


2 24 720 

sinhVZK ZY Z^Y^ 

VzY 6"'' 120 '*■ 5040 


tanh 


\^ZY 


VZY 

'2 


= I _ ^ + ^11 ^ nz^Y* 
12 120 20,160 


[II 

[21 

[3] 


^ A Short TaNe of Integrals, by B. O. Peirce, equations 796-792, Ginn and 
Company. 
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Length of line, frequency, and required degree of precision determine 
the number of terms which must be retained in the above series. In 
many problems, only the first two terms need be used. If more than 
three terms are required, the method illustrated in Problem 3 will be 
found less laborious. 

Hyperbolic Ftmctions from Charts. Figures 2(a) and (b) of this 
chapter, taken from reference 3, give the real and imaginary parts of 
the hyperbolic functions of listed in [1H3). Let 


cosh VZF = A — [i4| /4>a = Oi + ja 2 


sinh VZF 

VZF 


tanh 


VZY 

2 


VZY 


0 — 1/^! / ^0 = + j02 

= 7 = i>l = 7i + jyi 


2 


14] 

(5J 

(61 


\A\, l/Sj, and I 7 I in [4H6] are the magnitudes of the hyperbolic func- 
tions when expressed in polar form ; 0o, 0^, are the corresponding 
angles. Expressed in complex form, ai, fix, yi are the real parts and 
a 2 t 02* and 72 the corresponding imaginary parts. (The subscripts 1 
and 2 have no connection here with positive and negative sequence.) 
The total series impedance Z can be written 

Z = f (r + » = jtx (1 - J ^) = (l - j (71 


With leakance g neglected, the total shunt admittance Y becomes 
Y = jfb = jlwfiC. Then 

VzY = j2T/f v/Zc yj^ [81 

From [8], y/ZY and the hyperbolic functions of V^ZF in [41-{6l are 
functions of : 

(1) /f, the product of frequency in cycles per second and length of 
line in miles. 

(2) r/x, the ratio of resistance to reactance. 

(3) VlC, the square root of the product of inductance and capaci- 
tance. 
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The curves of Figs. 2(a) and (l>) are based on a constant value of 
LC == 30 X which is a representative or average value of the 

product of the positive-sequence inductance L and the positive- 
sequence capacitance C of conventional overhead lines, where L is in 
henries per mile and C in farads t)er mile. The parameter is r/x. To 
make the curves applicable to all values of the product LC, whether 
of positive or of zero sequence, an abscissa labeled (/f)' is used which 
is the product of frequency in cycles per second, length of line in miles, 
and a factor determined as follows. Hqiiation [8] may be rewritten 

VFk = V30 X ^ 1 - ^ [ft ^0 [9] 


= jin-v ’.U) X i<r 



(Jt)' 


(101 


From (9| and jlO| 

4- X Hr'- 


b 


/f 


lirj Inf 
30 X 



[HI 


In terms of an ecjuivalent 6()-r>cle circuit, in which LC = 30 X 10 
or xb - 4.26 X 10“ ^, 


(ft)' ^ 60f 


jxblif 
\ 4.26 


[12] 


w^here .v = InJL and b - 2nfC, and /is the given frequency. 

In Figs. 2{(i ) and (b), (ft)' is abscissa. The real parts of the hyper- 
bolic functions ui. 3i. and 7 i are given for several values of the parame- 
ter r/x, and may \ie read directly corresponding to calculated values 
of r/x and (ft)'; the imaginary parts aa, ^ 2 ^ and 72 are determined from 


02 


r/x 
by r/x. 


r/x 


and » read directly corresponding to (/f )^ and multiplied 
r/x 


Problem 1. Find A and the positive-sequence correcting factors 0 and y for 
a three-phase. 60-cycle transmission circuit, 250 miles in length; si » 0.12 -f 7O.8O 
ohm per mile; yi « j5.1 X 10”® mho per mile. 

0 12 

Soliatoft. ~ 0.15; from (12], 


X 0.80 

(ft)' » 60 X 250 


1^0.8) (i t) 
V 4.26 


IS.OOO X 0.98 - 14,700 




Scale fo 



013 g 

0.11 : 
0.10 <0 1 


(fl)'= Product of length of line in miles and 

Fig. 2(a). Complex hyperbolic Junctions defined in |4l-|6l. x is inductive reactance in ohms per mile, and h is capa- 
citive susceptance in mhos per mile, at the given frettuency. 


Scale for Curves 







Scale 4>r Curves ai and 0| 



2Q000 

(fl)‘ = 


25000 3Q000 35.000 ^ . 

Product of length of line in miles and 


0 

40.000 


Fig. 2{b). Complex hyperlwlic functions defintnl in (4}~(61. x is inductive reactance in ohms 
per mile, an<l b is capacitive susceptance in mhos per mile, at the given fre<|uency. 
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Read from Fig. 2(o) with r/x — 0.15 and (Jt)' “ 14,700, 

A - oi + jat « 0.875 + j(0.1220 X 0.15) - 0.875 + j0.0183 - 0.875 /1.3* 

P ~ Pi ^iPi « 0.958 +j(0.0415 X 0.15) = 0.958 + j0.0062 - 0.958 /0.4* 

y 4-772 = 1.022 -7(0.0225 X 0.15) * 1.022 - 70.0034 « 1.022 /o.2“ 

In this problem, LC = 28.7 X 10~^^ for the given line — not 
30 X 10“^^, the value upon which the curves of Figs. 2(a) and (6) 
are based. Yet the correcting factors ^ and y for the positive-sequence 
network would have but slight error if read at the value of/f ( = 15,000) 
corresponding to the actual product of frequency and length of line. 
Except for very long lines, the correcting factors and y correspond- 
ing to the actual value of ft are approximately correct for positive and 
negative sequence. 

Zero-Sequence Equivalent Circuit. The curves of Hgs. 2(a) and 
(b) can be used to determine the correcting factors 0 and 7 to be used 
in the equivalent T or n to replace the transmission circuit in the zero- 
sequence network. The correcting factors, as for the positive- 
sequence network, are functions of Vz K, where Z and Y are the total 
zero-sequence series impedance and shunt admittance, respectively. 
But, w'hereas for the positive-sequence network LC = 30 X 10““*^ is a 
representative value, for the zero-sequence network this is not the case. 
The zero-sequence inductance of overhead transmission circuits varies 
approximately from two to four times the positive-sequence inductance, 
while the zero-sequence capacitance may be less than half or approxi- 
mately 75% of the positive-sequence capacitance. However, if r/x 
is calculated as the ratio of the zero-sequence resistance to reactance, 
and (ff)^ is determined from [12], using zero-sequence inductance and 
capacitance, the curves of Figs. 2(a) and (6) are applicable. 

Problem 2. Given a three-phase, 60-cycle transmission circuit, 250 miles in 
length; Zq =■ 0.40 -j-j2.2 ohms per mile; y© — 73.12 X lO""* mho per mile. Find 
the zero-sequence correcting factors /3 and y from Fig. 2. 
r 0.40 

Solution, - «* -jy * 0.18; from [12], 

{/f )' - 60 X 250 - 19,000 

V 4.26 

Read from Fig. 2(a), with f/x — 0.18and (/t)' “ 19,000, 

p - 0.930 +>(0.068 X 0.18) - 0.930 + >0.012 - 0.930 /O^ 
r - 1.037 - >(0.039 X 0.18) - 1.037 - >0.007 - 1.037 /o.4* 

In Problems 1 and 2, the imaginary parts 02 and ts of the correct- 
ing factors are small, resulting in small angles with 0 and y in polar 
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form. The error in neglecting 02 and 72 Fig. 2(a) is small. For the 
longer lines given by Fig. 2(b), the imaginary parts become larger 
relative to the real parts. For values of (fi)^ higher than those given 
in Fig. 2(6), or where greater precision than that obtainable from 
reading curves is desired, the correcting factors can be calculated 
either from the series given in [2] and [3] or from hyperbolic and circu- 
lar functions. The latter method, illustrated in Problem 3, is simpler 
for very high values of (ft)'. 

Cable Circuits. The curves of Figs. 2(a) and (b) may also be used 
to determine the correcting factors to be used in the equivalent T or 11 
to replace cable circuits in the sequence networks if leakanoe can be 
neglected. The prcxredure is then analogous to that used for the zero- 
sequence network illustrated in Problem 2. If leakance g cannot 
be neglected, the correcting factors can be calculated with Y = 
Hi +j2rfC). 

Capacitive Impedances versus Admittances in Equivalent Circuits. 
In analytic calculations, as contrasted with calculations on an a-c 
calculating table, it is convenient to replace capacitive admittances by 
capacitive impedances. In the nominal T of Fig. 1(6), Y — jtb is 

replaced by Zc == ; in the nominal 0 line of Fig. 1(c), "T = 

r z £ 


is replaced by 2Ze 


In these equations Xc = 


, . c j ^ ^ 2x/C 

Ze and 2Zc are divided by the correcting factors 0 and 7, respectively, 
to obtain the equivalent T and II of Figs. 1 (d) and (e) with capacitive 
impedances replacing capacitive admittances. 

Nominal versus Equivalent T or n. There are many problems in 
which capacitance is appreciable but correcting factors need not be 
applied, the nominal T or 11 being adequate. The degree of precision 
required in calculations will determine whether nominal or equivalent 
circuits should be used. A glance at Fig. 2 shows the error in neglect- 
ing positive-sequence correcting factors. With ft = 12,000 (corre- 
sponding to a 200-mile line at 60 cycles, a 240-mile line at SO cycles, or 
a 480-mile line at 25 cycles), the error in neglecting 0 is approximately 
3%, and in neglecting 7 less than 1.5%. With ft = 30,000 (500-mile 
line at 60 cycles), the dei>arture of 0 and 7 from unity is pronounced: 
01 « 0.832; 7i = 1.099. Comparing 0 and 7 in Problems 1 and 2, 
the error in neglecting correcting factors in the zero-sequence network 
is larger than in the positive for the same conventional transmission 
circuit. 


Sometimes in analytic calculations, and more frequently in calcula- 
tions on the a-c network analyzer, it is convenient to replace a tong line 
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by two or more equal sections of such length that each section can be 
represented by its nominal T or n without correcting factors. This 
method of representation has the advantage of providing points along 
the line at which currents and voltages can be calculated or measured. 


Equations for Currents and Voltages in Symmetrical Transmission 
Circuits with Uniformly Distributed Constants 


The following equations* in which Er and represent voltages to 
neutral or to ground and Ir and I, line currents at the circuit terminals 
R and S, respectively, positive direction for currents being from 5 to R, 
are applicable to voltages and currents in the positive-, negative-, and 
zero-sequence networks of symmetrical three-phase transmission cir- 
cuits at constant frequency /. 


Er cosh ^ + /r ^ 

/“sinh 6 

113 ) 

If cosh d Er y 

J- sinh 0 

114 ] 

Et cosh 0 It y 

sinh 6 

Sly 

[IS] 

It cosh $ — Et y 

J- sinh 0 

( 16 ) 


In 113H16], 


0 = ta = hyperbolic angle of the line 

a = = normal attenuation constant per unit length of line 

= surge impedance to neutral or to ground 

With mile as the unit of length, 

a — ■>/ (r -f jx) (g -h jb) = ai -h ja 2 
» normal attenuation constant per mile [17] 


- r - I- 

y/y yig 


+ Jx 




Normal attenuation occurs when the impedance of the load is equal to 
the surge impedance. The read part at determines the attenuation in 
magnitude of volt^ and current per mile along the line, while aa 
determines the attenuatirm in phase. The distance in which the nor- 
mal phase attenuation amounts to 360° or 2r radians is one wave 
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length X. WithXa 2 - 


The wave length X = miles 
«2 

The apparent velocity of propagation v — fk 


«2 


miles per second 


[18] 


The surge im|KHlance /.s “ zly is indep end ent of length of line. 
It may be written Vztiyt = VZ/'Y = ZjVZY, where zf and yt are 
replaced by 7, and Y, the total impedance and admittance, respectively, 
per phase of t miles of line. Likewise, the surge ad mittan ce Vy/z 
may be written Y/\^ZY; and 6 may be written Vtzty =VZY. 
Making thesi? suf)stitutioiis, equations (lvS]-( 16 ] become 

sinh 


E, ~ Er cosh 


+ IrZ 


VzY 


ErA + IrB 


/. = E ««)sh VZY + ErY = ED + ErC 


/V = /<:. c<.sh EZ 


VzY 

sinh VTk 

\/Yy 


= E,D - EB 


E = I. cosh VZY - E,Y~^^^ = EA - E,C 

VZY 


[19] 

120 ) 

121 ] 

[ 22 ] 


The circuit constants A, B, C, D for symmetrical transmission circuits 
used in the construction of circle diagrams^ are 

A = D = cosh VZK = cosh 0 = oi + jaj 


B = Z 


sinh VZK 
-v/ZK 

sinh VzP 
VZF 


Sinh 0 rm f ^ ^ \ r ^ Mm. ^ 

Z — : — = Z{Pi + j/Sa) [23] 


e 

. sinh B 


TO+ift) 


The above equations on a per phase basis apply to either positive- 
(and negative-) or zero-sequence systems. As the positive- and zero- 
‘ sequence line constants are different, their surge impedances, hjrper- 
bolic angles, wave lengths, and apparent velocities of propagation are 
different. 
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Third Method of Determining Complex Hyperbolic Functions. 
Expressed in complex form, 

e =« VzF = + j02 


With dt and 62 in radians, the following equations* are applicable 
cosh 6 = cosh 01 cos + j sinh sin 02 
sinh 0 — sinh 0 i cos 02 + j cosh 0 i sin 02 
^ ^ 0 cosh ® — 1 _ sinh 0 

2 “ sinh0 “ cosh 0 + 1 


( 24 ) 

1251 

1261 


The application of these equations is illustrated in the following prob- 
lem, in which tables of circular! functions to hundredths of a degree, 
and of circular and hyperbolic! functions to thousandths of a radian, 
are used. 


Problem 3. A three-phase Hne 65 miles long is used to transmit signals at 600 
cycles. The positive-sequence impedance and admittance per mile at 600 cycles 
are s = 0.8 -hjS.O ohms and y =» 0 jS2 X 10“* mho, respectively. Calculate 
Zs, a, $, X, V, and the hyperbolic functions to be used in equations (19H22| and in 
the correcting factors defined in [5] and [6]. 

Solution, 


Zs 


a 


ai 


X 




10 ’ 




040 /84.294» 
52 /90“ 


393 /2.8S“ ohms 


= 10-’ -s/(0.8 + j8.0)(j52) » 20.447(10"’) /87.1«“ 
= 10"’ (1.0177 -f-i20.422) 

1.018 X 10"’: at « 20.42 X 10"’ 

Si 4* * f (oi 4* 2<*i) 0.06615 4“ 71.3274 


308 miles; v 185, (XK) miles per second 


The surge impedance of a conventional transmission line has a small negative 
angle which depends upon resistance. The magnitude of the surge impedance is 
but slightly affected by resistance and frequency; it is approximately equal to 
VlJc. The real part a I of the normal attenuation constant is influenced by 
resistance, but at is approximately equal to 2wf VTc’, and v to l/VTc. From the 
Smithsonian Tables, 


cosh 0.06615 * 1.0022; sinh 0.06615 « 0.06620 
cos 1.3274 - 0.2410; sin 1.3274 « 0.9705 


• A Short Table of Integrals, by B. O. Peirce, equations 660, 661, and 668, Ginn 
and Company. 

t Five Place Table of Natural Trigonometric Functions to Hundredths of a Degree, 
by Amelia DeLella, John Wiley and Sons. 

t Smithsonian Mathematical Tables — Hyperbolic Functions, prepared by George F. 
Becker and C. £. Van Orstrand, Washington, D. C., pubibhed by the Smithsonian 
InttttutioQ, 1909. 
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Substituting these values in [24) and [25], 

A «= cciah S cosh V^F - 0.2415 + j0.0642 
sinh 0 *!= sinh V^F — 0.01595 -f"j0.9726 
sinh 0 sinh F 

^ Vzv 


0 


- 0.7320 + 70.0245 


From (261. knowing cosh 0 and sinh 0, 


y 


0 

tanh ^ 


0 


^ 

cosh 0 -f I 


Read from Fig. 2 (6), with r/x 0.1 and (//)' 


1.178 -70.0215 

50 X 65 \/(8 X 52)/4.26 


A « 0.241 -f 70.0642 
0 - 0.732 +70.0244 
7 * 1.177 -70.0215 


38,500 


Comparing the calculated correcting factors with those read from Fig. 2(b), the 
differences are only those resulting from the scale used in plotting the curves. With 
the curves plotted to a larger sailc, the agreement to any desired degree of precision 
can be ohtaine<l. 


As a check on the calculation of and $ = 0i + j02 (and for tho^ 
who prefer rectangular ccx)rdinaLes to polar) the following equations 
may be useful: 


j2| = V?’ + 


Let <t> = co!f.~' .v/i'si ; then* 



and 



r 

v'2|zl(izl + x) 


The surge impedance Z, 





/N 

b 


4> 


cos - — ; sm 
2 




: + a: 


-J 


2b \/2bi\z\ + x) 

The hyperbolic angle -f- jOi — 

= ty/\^b ^sin ^ + J cos ^ 

“(' 4 . 


[271 


'2(|zi +x) 


+ 


j,j^) 


128] 


• A Short Table of Inletrais, by B. O. Peirce, equations 576-578, Ginn and Company. 
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Calculation of Currents and Voltages in Systems with Appreciable 
Capacitance 

There is an important difference to be noted between the paralleling 
of two inductive impedances or two capacitive impedances and the 
paralleling of an inductive impedance and a capacitive impedance. 
For example, if Za = and = 78, ZaZhKZa + Zh) — jl.6. The 
impedance of and —78 in parallel is —jT.b. But, if Z® = ]2 and 
Zh = -78, ZaZhKZa + Zt) = 16/(-76) =7*2.667; if Za = -j 2 and 

= 78, their parallel value is -"7*2.667. The equivalent impedance 
of an inductive and a capacitive impedance in parallel has the sign of 
the smaller of the two impedances and is larger in magnitude than the 
smaller. If Za = j 2 and Zh = —72, their parallel value is infinite. 
The following problem illustrates the effects of capacitance upon 
system calculations. 

Problem 4. Figure 3(a) shows a large three-phase 60-cycle power system, replaced 
for purposes of calculation by a single equivalent synchronous machine A, The 
positive sequence subtransient reactance of the large system viewed from F, based 
on 100,000 kva and 110 kv in the line, is 10%. The negative- and zero-sequence 
reactances are 10% and 5%, respectively. Power is supplied to a second power 
system over one 110 kv three-phase transmission circuit, 200 miles in length. The 
line constants are 

*1 = 0.235 4- 70.79 ohm per mile; 61 = 5.35 X lO""® mho per mile 

to = 0.515 4- 72.65 ohms per mile; bo = 3.20 X 10“® mho per mile 

Loads are supplied from the 110-kv line at various points through A-A transformer 
banks with synchronous condensers at some of the stations to regulate line voltages. 
At the time of a line-to-ground fault at F, the system was lightly loaded and only a 
15,000-kva condenser at C was in operation. The voltage at F before the fault was 
110 kv. The positive- and negative-sequence transient reactances of the condenser 
at C viewed from the line through the A-A transformer bank are approximately 
30% based on its rating, or 200% based on 100,000 kva. The equivalent per unit 
excitation voltage Ea of. the condenser (voltage behind transient reactance) is 0.85. 
The condenser is underexcited to prevent voltage rise at F. The sequence networks 
and their connection for a line-to-ground fault on phase a at Fare shown in Fig. 3(6), 
with loads neglected. The negative-sequence network is the same as the positive 
with Ea and Ea equated to zero. The zero-sequence network is open at P. The 
positive- and negative-sequence equivalent circuits for the transmission line are 
equivalent II lines. The equivalent T-line is used in the zero-sequence network. 
The choice of a T or n is arbitrary. For this particular problem, T-linet in all 
three networks would be preferable. 

The positive- and negative-sequence equivalent n lines shown in Fig. 3(6) with 
impedances in per unit are determined as follows: 

'' 0-235 / 0.79 X 5.35 . . 

X * Q 79 * ** 12 , 000 ^ » 12,000 approximately 
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From Fig. 2(a), neglecting fit and yt, fi » 0.972 and y - 1.014. 

fiZ - 200(0.235 -f j0.79)0.972 « 45.7 +>153.5 ohms 

Y 

7 y - 100(;5.35 X 10~*)1.0!4 « >544 X 10“® mho 




h ic;. 3. (a) One-line sysiem diagram, {b) Connection of sequence networks of 

(a) for a iine-to-grouiul fault at F, Inqjedances are in per unit based on 100,000/3 
kva t^r pha.He and a bask? line-to-neutral voltage of llO/v^S kilovolts in the trans- 
mission line, f.oads are neglected. 

To express imfiedances, given in t»hms, in |x*r unit based on 100,000/3 kva per 

phase and a line-to-neutral voltage of 110/ V3 kv (see (271, Chapter 1), the multi- 
plier is 100,000/(110® X 10®) « 0.826 X 10“®. 

fiZ ■■ (45.7 +>153.5) X 0.826 X 10''® =» 0.38 + >1.27 per unit 

2 

■■ — 7 I 84 O X 0.826 X 10“ * » —>15.2 per unit 


The xero-se<iuence equivalent T-line is determined as follows: 


f 

X 


0.515 

2.65 


0.194; iffy 


12.000 X 3.20 


4.26 


17.000 
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From Fig. 2(o), neglecting fix and fi » 0.944 and y •• l.OJ. _ In per unit, 

■r| - 100(0.515 -f j2.65)1.03 X (0.826 X 10"*) - 0.438 +j2.26 

_L _ 10* X (0-826 X 10~*) . _ .j3 7 

fiY“ 200(^3.20) X 0.944 “ ^ 

Determine the initial symmetrica! rms current in the fault and voltages to ground 
at the fault on phases h and c (with the circuit breaker at B closed). Assume as 
subtransient reactances for the condenser the given transient values. 

Solution. The equivalent excitation voltage Ea is not given nor is it required, 
as the prefault line-to-Iine voltage at F is given. The line-to-neutral voltage V/ * 
110 kv/VX In per unit with K/ as reference vector, 

V/ = 1 /O^. 

The positive- and negative-sequence subtransient impedances viewed from F 
are equal and are determined by paralleling the impedances viewed from the fault 
in the two directions. The impedance Z\ to the left of F is 7O.IO; that to the right is 


0 


j2.00(~jl5.2) 

j(2.00~15.2) 


-f 0.38 -f j\ 


.27j(-il5. 


2 ) 


(0.38+;3.57)(-;15.2) 


(j2.30 + 0.38 + jl.27) - jl5.2 
(3.60 /83.9°)(15.2 


Z, - Z, - 


11.64 /88.1'’ 
Z,' X Zj' 


0.38 -;11.63 
4.70 /82.0‘' - 0.654 + j4.65 


(j0.10)(4.70 /»2.0 °) 


. 0.098 /89.9° - 0.00 + j0.098 


Z[ + Zi" 0.6.54 + j4.75( -4.79 /82.1°) 
per unit positive- or negative-sequence impedance viewed from the fault 


Viewed from F in the zero- sequence network, 
zi - 70.05 and Zi' = 0.44 + 72.26 - 713.7 = 0.44 - 711.44 - 11.45 /slF 


ZjZ 
Zi + Zo' 


(0.05 /90*) (11.45 /87.8°) 

= -7==^ “ 70.0502 

0.44 - il 1 .39 ( - 1 1 .40 / 87 .8° ) 


per unit zero-sequence 
impedances viewed 
from the fault 


It will be noted that Zo viewed from the fault is not appreciably affected by the 
impedance Zo'' because of its high magnitude relative to Zq jO.05. Z\ Zt is 
likewise but little affected by paralleling Zi with Z[ » jO.lO. The impedances 
viewed towards the large system in this problem determine conditions at the fault. 
In cases such as this, where it is apparent that exact values of the sequence im- 
pedances in one direction are unimportant, they may be roughly estimated. Using 
tiansient reactance instead of subtransi^t for the synchronous condenser at C has 
n^tgible effect on the impedances Zi and Zq viewed from the fault. 
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SubMituting V/, Zi, Zt, and Zo in the equations of Table I, Chapter IV, with 


lal - /«* - lao “ p 

If ^ 3 IaO * — 7I2.I8 


-74. 06 


« -0.398; r„u - -/oo/o - -0.203; V'«i - -(1^2 -f I'oo) =* 0.601 
Vi, « -0.305 - jOM6 - 0.920 109.4^ 

- -0.305 -f /).866 - 0.920 109 4 ’ 

Vh and Ve are lM)th below normal line to-neutral voltage. 


Zero-Sequence Voltages at Points Distant from the Fault. In a 

system when* all reactances are inductive, the zero-sequence voltage 
has its highest value at the fault. In circuits with capacitance this 
may not Ik' the cast*. In Problem 4, the zero-sequence voltage Pao 
at F is —0,203. Applying this voltage in the zero-sequence network 
between F and the z<*ro-potential bus for the network, the zero-se- 
quence voltage at P (neglecting resistance) is 

^'„0 (at P) --- = -0-2« 

/(2.26 ~ 13./ ) 


The zero-sequence voltage at P is appro.xirnately 20% higher than at F, 

A Ground-Fault Neutralizer (^Petersen Coil). When, because of 
lightning or other causes, a flashover t)etween a conductor and tower 
occurs, the arc offers a relatively low imfxjdance to fundamental-fre- 
quency currents, which will lx* inductive or capacitive, depending upon 
whether the system is o|x*rated with grounded or ungrounded neutral. 
A ground-fault neutralizer is a reactance, placed between neutral and 
ground in a system otherwise ungrounded, of such magnitude that 
the fundamental-frequency zero-sequence capacitive currents in a 
ground fault are neutralized by zero-sequence inductive currents 
passed by the ground-fault neutralizer. With little resultant funda- 
mental-frequency current in the arc, it rapidly dies out, and switching 
operations are unnecessary. 

A reactance in the neutral has an effective value of three times its 
actual value. (See equation [7], Chapter III.) Placed between the 
neutral of Y-connected transformer windings and ground, with its 
effective reactance 3Xi plus the transformer reactance Xt equal to the 
system capacitive reactance (neglecting resistance and line reac- 
tance). the zero sequence imjjedance viewed from any system point 
will be infinite. 

jVXi+xi)(^JXc) 


0 


00 
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Actually, resistance is present, and the effects of line reactance may be 
appreciable. But as a first approximation in determining the required 
neutral reactance, the total capacitive reactance Xc of all the lines is 
equated to 3Xi + Xt. Thus, 

SXi + xt^Xc and Xl ^ ^{Xc - Xt) 

When a line-to-ground fault occurs and Zq = , the zero sequence 

voltage at the fault is — Fa» the voltage of phase a before the fault. 
(See Chapter III, equation [32] and Fig. 9.) No fundamental-fre- 
quency current will flow in the positive and negative sequence net- 
works; but, with Vao = — Fa at the fault, both capacitive and induc- 
tive currents will flow in the zero-sequence network. In the fault 
these currents neutralize each other, except for their comp)onents 
resulting from resistance and imperfect tuning. 

A neutralizer, in tune for a fault at one system point, is in tune for 
faults at other points as well. Therefore, the problem of locating the 
neutralizer on the system becomes that of determining the position 
where it will not be disconnected during system disturbances. Some- 
times a system can be subdivided into areas, and each area provided 
with its own neutralizer. With this arrangement, the areas can be 
interconnected or separated and the system as a whole will still have 
protection. 

When some of the lines are long, and the voltage high (110 kv or 
above), a rise in zero-sequence voltage at points distant from neutral- 
izer may occur during ground faults, as explained in the above section. 
The use of two or more coils judiciously placed in the system will 
limit this voltage rise to a reasonable value. 

CHARTS OF FUNDAMENTAL FREQUENCY LINE-TO-GROUND 
VOLTAGES DURING A LINE-TO-GROUND FAULT 

During a line-to-ground fault, the voltages of the two unfaulted 
phases may be higher or lower than normal, dep)ending upon the system 
impedances. Figures 4(a) and (6), taken from a paper® by Messrs. 
Hunter, Pragst, and Light, show the magnitudes of the fundamental- 
frequency voltages to ground of phases b and c, respectively, at the 
fault (on phase a) in terms of the positive- and zero-sequence system 
impedances viewed from the fault. The positive- and negative- 
sequence impedances are assumed equal, and the effects of corona and 
saturation are neglected. 

The curves give only the fundamental-frequency dynamic voltages. 
Harmonic voltages resulting from unbalanced currents in synchronous 
machines with unequal reactances in the direct and quadrature axes 
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and transient voltages from switching and arcs to ground are not 
included. Only the voltages to ground which exist at the point in the 
system where the ground fault is located are given. In general, it may 
be stated that the voltages will 1^ lower or higher at other points on 
the system, depending ut>on whether the system neutrals are grounded 
or isolated. The notation used is 

- Z 2 = Ri +jXi 
^0 = Rq "f" jXo 

where Xq may tn* positive or negative. In an ungrounded system, the 
zero-s<?queru‘e impedanre viewed from the fault is a capacitive imped- 
ance, and A'o is intrinsically negative. For an assumed ratio R\/X\ = 
R 2 /X 2 with as parameter, XofXi is varied from —10 to +10 

and the voltages of phast‘s b and c plotted in per unit of F/, the pre- 
fault line-to-neutral voltage at the point of fault F. With Xq/Xi 
extend(^tl to + or — » , and Fc in per unit of normal line-to- 
neutflal voltage iH^comc 1.73. When the system neutral is grounded 
through a ground-fault neutralizer, the ratio of Xq/Xi is very high, 
approaching infinity with the neutralizer tuned to the system. 

Kciuations for Vb and Vc in terms of V/, Z\, and Zq without fault 
resistance can be obtained from Table 1 of Chapter IV if Z/ is equated 
to zero and Z 2 is replaa*d by its equivalent Zi. 

Fault Resistance. The curves of Figs. 4(a) and (6), as drawn, do 
not include fault resistance. In general, fault resistance, except in 
low'-resistance systems, has a tendency to reduce the magnitude of the 
unbalanced voltage over that which would be obtained if the fault 
resistance were zero. The voltages that exist with resistance in the 
fault can l>e ol>tained from the curves by making the following sub- 
stitutions: 

The equations for the unbalanced voltages during a line-to-ground 
fault in Table I, Chapter IV, which include fault resistance may be 
written 


V = t^/(3/g/) 

“ {2R[ K) + j{2Xi + X^) 

V = H' 

‘ ' (2R', + l?i)+i(2X, + Xo) 

V ~aV - - Ri) - A-,)l 

* ^ {2R{ + R^)+ji2Xi-^Xo) 
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where 

R[^ Ri + Rf 
R!) ^ Ro + R/ 

Rf — fault resistance 

The curves are expressed as functions of the positive resistance R\ 
and the zero resistance Rq. However, if values of R\/Xi and Rq/Xx 
are obtained and reference is made to curves of R\/Xx and Rq/Xx 
which are numerically equal to those values obtained with fault resist- 
ance, these particular curves will give the voltages to be expected with 
resistance in the fault. 

The curves of Figs. 4(a) and (6) not only are useful in reducing cal- 
culations, but they also indicate clearly the relative voltage trend 
under different conditions of system grounding. The voltages which 
occur during ground faults are of particular interest to application and 
operating engineers because they have a direct influence on the service- 
ableness of system insulation and connected apparatus and on the size 
of the neutral grounding impedance to be used. One example of this 
is the selection of the correct lightning arrester for a given system. 
These protective devices have a maximum permissible line-to-ground 
voltage rating which specifies the voltage across the arrester that must 
not be exceeded if arrester troubles are to be avoided. As most 
arresters are connected between the line conductors and ground, the 
dynamic voltage rating of the arresters should not be lower than the 
voltages that exist during ground faults at the proposed arrester loca- 
tions. 

Use of the Curves of Figs. 4(a) and (b). In Problem 4, with con- 
nection of the sequence networks for a line-to-ground fault at F, the 
positive- and zero-sequence impedances viewed from the fault are 
Zi = 0 -f j0.098 and Zq = 0 + ^'0.050, respectively. 

”■ Xa “ ~ ^ Xx " 0.098 “ 

From the first of the curves in Fig. 4(a) and in Fig. 4(6), and Vc are 
both less than normal. 

Problem 5. In Problem 4, and Fig. 3(a), assume that the breakers at B are open 
but the line-tO'ground fault at F remains on the system. Determine the voltages 
to ground at F of phases 6 and c, assuming that the condenser does not lose syn- 
chronism with the large system while the breakers are closed and therefore its speed 
is not appreciably different from synchronous speed at the instant the breakers are 
opened. It will be assumed further that the transient reactance of the condenser 
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and the voltage •» 0.85 behind this reactance can used to calculate rms sym- 
metrical voltages, immediately following the opening of the breakers. 

Solution. The diagram of Fig. 3(5) can be used if the three networks are all 
opirned at B. There are two ways of deternnning the fault current and voltages 
Ffc and One way is to deterniine the jxisitive-sequence voitage I / of phase a 
at F with the fault removed and the voltage I’ a ~ condenser behind 

transient reactance. 'I he fault is then applierl ^nd calculations are made as in 
FVoblcm 4. A second method is to replace the fault in the positive sequence net- 
work by an equivalent circuit with impedance /o + ^2 between F and the zero- 
potential bus of the fx>sitive*s<*quence network. Figure 3(6) with the circuit breakers 
open at B satisfies this condition. The fcritier method will be used; the latter is 
reserved for a problem. (See I’roblem 14. 

The positive-sequence impedance viewed from the condenser neutral with the 
fault rrmoved and the breaker open is 


15.2(0. ^8 ~./13.‘M; . 

~ - 0^0 - p.2« 

ITie current / in the shunt .it F with Ea - 0.85 0° is 

/ ” - X - = 0.00 +;0.084 

O.tU - p.2H 0.38-j20.13 


'I he voltage at F is 

1/ (~7l5.2)(jO 084; « 1.27 per unit 


At P the voltage is 1.17. With the breaker open and no fault, there is a voltkge 
rise through the condenser and along the line because of charging current flowing 
through reactance. 

The sequence imfx'dances viewtd from the fault w ith the breaker open are Zj' 
and calculated in l*robh'm 4. 


/i 

Zo 

A'l 


/j 0 345 i ;4.0‘^; A, = 0.345; A'l « 4.67 
0.44 ~ >11.44. Rv - 0.44; A’., - -11.44 

A'o A'u 

U.U74 r -0.094: — - ~3.45 

A j A 1 


Read roughly from the curves of Figs. 4(a) and ib) with Ai, A'l * 0.2 (an approxima- 
tion) and Ao/A i ^ In'tween 0 and 0.5, l»ut w'iih A'o/AT = —2.45, l b is higher than 
3K/, and higher than 41/, where 1/ as calculated above is 1.27 times normal 
line-to-ncutial voltage. Ihese are the approximate voltages w'hich would exist 
at the fault if there were no corona on the line and no saturation in the A-A trans- 
former hanks along the line. 

V'oltages c.^Iculated with corona and saturation neglected if appre- 
ciably above corona starting voltage for the line (see Fig. 8. Appendix 
B) or rated voltages across transformer windings along the line, even 
though too high in magnitude, serve to indicate conditions and loca- 
tions where high voltages are to be expected. This is the case for the 
system discussed in Problem 5. The calculations made in this prob- 
lem indicate definitely that voltages to ground above Vs times line-to- 
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neutral voltages will occur. To determine exactly how high the volt- 
ages will be requires a more comprehensive study or, preferably, field 
tests. 

It is interesting to note the effect of zero-sequence resistance from 
Figs. 4(a) and (fc). With Ri/Xi = 0.2, Rq/Xi = 5.0, and X^/Xi = 
— 2.45, although in the resonance region of the curves, 1^6 = 1.5 and 
V, = 2.0. 

EQUIVALENT CIRCUITS FOR PARALLEL THREE-PHASE TRANSMISSION 

LINES 

In Chapters XI and XII methods of calculating the self-inductive 
impedance and capacitive admittance of each line alone and the 
mutual inductive and capacitive impedances between parallel lines, 
taken two at a time, are discussed and equations given for determin- 
ing them. Lines with and without ground wires are considered. 
Mutual impedances, both inductive and capacitive, between two 
parallel lines in the positive- or negative-sequence system are small 
relative to self-impedances and depend upon the arrangements of the 
phases of the two circuits in their tower positions. Unless a high 
degree of precision is required, each circuit can be replaced by its 
equivalent T or 11 in the positive- or negative-sequence network with- 
out mutual coupling with parallel circuits. If it is desired to include 
mutual coupling, equivalent circuits similar to those which will be 
developed for use in the zero-sequence network can be used. 

Zero-Sequence Equivalent Circuits. By definition, zero-sequence 
line currents and voltages to ground in the three phases at any system 
point are equal in magnitude and phase. Zero-sequence mutual 
impedances are therefore independent of the arrangements of the 
phases of the two circuits in their tower positions. 

Circuits with Negligible Capacitance. Zero sequence mutual imjjed- 
ances between parallel lines on the same or adjacent towers may be as 
high as 50% or more of the self-impedance of either circuit alone. 
Except in special cases, zero-sequence mutual impc^dances betwwn 
parallel lines cannot be neglected. Figures 9{b) and (r), 11 (fr), and 
12(c) of Chapter I, which show equivalent circuits to replace two 
mutually coupled circuits, are directly applicable to two parallel 
transmission lines with negligible capacitance, bussed at both ends, at 
one end, and at neither end, respectively. For three parallel lines 
bussed at one end, the equivalent circuits of Fig. \i{b) or (c) of 
Chapter I are applicable, the former if two of the mutual impedances 
are equal and the latter if all three are equal. For three unequal 
mutual impedances, the four-terminal equivalent circuit, Fig. 5(a) , 
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may be used. This equivalent circuit is similar to Fig. 13(6) of 
Chapter I except for the mutual coupling l)etween circuits B and C 
introduced because Z^c ^ The mutual im|X"dance (Z^c — Zac) 

is intrtxiuced Ixtwcen circuits B and C by means of the mutual cou- 
pling circuit of Fig. 12(r), Chapter I. except that the positions of the 
terminals at one end are reversed. Figure 5(a) can lye checked by 



Flu, 5. Kcjuivalcni circuits for paralU l lines of negligible capacitance bussed at one 
end P for use in analytic calculations, ui) Three lines with unequal mutual im- 
pedances I>efween them. (6) Four lines w'ith but other mutual impedances 

unequal. 

following the curp-nt in each line with the other lines open to see if it 
meets an innx*dance equal to its self -impedance and induces the 
required vintages in the open lines. With negligible capacitance, a 
line is ojxned at any point by o^HUiing it at a terminal, without other- 
wise changing the equivalent circuit. W ith circuits A and C open at 
terminals A and C, the current flows through Zac + {Zah — Za^ + 
(Zu Zab) - Zib. h has two paths, both of zero impedance, 
through the equivalent circuit which couples circuits B and C through 
the mutual imjxdance {Zbc “* Zac)> h induces a voltage drop 
h(Zac + Zab — Zac) = IbZab in. circuit A in the direction of h- In 
circuit C the induced voltage drop is hiZac + Zbc - Zac) = IbZbc- 
The equivalent circuit used in Fig. 5(a) can be extended to four or 
more parallel lines bussed at one end with unequal mutual imped* 
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ances between them. For the case of four parallel circuits on the 
same right-of-way. if Zac = Z^d but the other mutual impedances are 
unequal. Fig. S(b) can be used. If Zac ^ an additional mutual 
coupling circuit would be required to insert the mutual impedance 
{Zhd ““ Zac) between circuits B and D. 

When parallel lines are not bussed but are supplied through trans- 
formers connected A~Y, grounded on the line side, the transformers 
may be included in the zero-sequence self-impedances of the lines, and 
the lines plus transformers considered to have a ground point in com- 
mon. The equivalent circuits for two, three, and four parallel lines 
discussed above can then be used in the zero-sequence network. The 
only limitation to such equivalent circuits is that zero-sequence volt- 
ages at the transformer terminals cannot be obtained directly; but 
they can be calculated from the transformer impedances and the zero- 
sequence currents flowing through them. 




Zbb*Zqb 


^b 


msi 


*■ 
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A 
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Fig. 6. Equivalent circuits for parallel lines with negligible capacitance for use on 
an a-c network analyzer, (a) Two lines, (d) Three lines. 


Equivalent Circuits for Use with An A-C Network Analyzer • In 
equivalent circuits used on the network analyzer, mutual coupling 
transformers are usually employed to secure mutual coupling between 
circuits. The ideal mutual coupling transformer has infinite exciting 
impedance, zero resistance, and zero leakage reactance relative to tte 
analyzer impedance units. 

Figure 6 and Fig. 8(d) with the capacitive shunts to ground omitted 
show zero sequence equivalent circuits for two, three, and four parallel 
lines in which capacitance is n^ligible. If the circuits are so design 
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nated that Zac and Zad* with three and four parallel lines, respectively, 
have the lowest resistance components of mutual impedance, there 
need be no negative resistances in the equivalent circuits. In Fig. 6(a) 
the mutual impedance Zab is inserted in one circuit (here circuit A ) 
with the terminals of one winding of a mutual coupling transformer of 
1 : I turn ratio connected across it. the other transformer winding being 
connected in series with circuit B. The impedance met by la is 
Zaa - Zah + Zah == The voltagc drop induced in circuit B by 

la is laZab in the dir<?ction of Ia- 
in Fig. 6(6), two I : 1 turn ratio transformers are required to couple 
the three lines through a common mutual impedance Zae^ An addi- 
tional transformer is required to obtain the correct mutual imped- 
ances between circuits A and B, and another for the correct mutual 
imf^edance between circuits B and C. In Fig. S(d) the method used in 
p'ig. 6(6) has Ijeen extended to include four parallel lines. The 
method can l>e extended to include any numljer of parallel circuits, 
being limited only by the number of coupling transformers avail- 
able. 

Parallel Lines with Appreciable Capacitance. There are tw^o ways 
in which the zero-se(|uence cap.icitances associated with parallel trans- 
mission lines may be defined. \\ iih each three-phase line represented 
on a i)er phase basis, the capacitive admittance to ground of any line and 
its mutual admittances with the other lines may be determined wdth all 
other lines grounded or with all other lines open. By the first method 
of determining the capacitive admittances of a line, the voltages of all 
other lines are equated to zero. By the second method, the currents 
in all other lines are eipiattxl to zero. The admittances of a line, deter- 
mined with all other lines grounded, correspond to driving-point and 
transfer admittances defined in Chapter I under equation [33]. The 
admittances of a line, determined with the other lines open, are analo- 
gous to self- and mutual admittances between inductively coupled 
circuits. To av’oid confusing capacitive admittances defined in two 
different ways, self- and mutual capacitive impedances instead of admit- 
tances will be use<l in this chapter w'hen capacitances associated with 
a transmission line are defined as the capacitances determined with all 
other lines o\yen. 

Consider two three-phase circuits A and 5, f miles in length, which 
for the purpose of this discussion wall be assumed symmetrical, with all 
conductors of each circuit equidistant from the conductors of the 
other circuit. (Unsymmetrical transmission circuits are discussed in 
Chapters XI and XII.) Three equivalent circuits are showm in 
Figs, 7(a), (6), and (r), each constructed on a per phase basis. Fig- 
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ure 7 (a) is a capacitive admittance equivalent circuit in which ftaa is the 
self-capacitive susceptance per mile of circuit A with circuit B 
grounded, 655 the capacitive susceptance per mile of circuit B with 
circuit A grounded, and bab is the mutual capacitive susceptance per 
mile between circuits A and J5, determined with either AotB grounded. 
Figure 7(6) is a capacitive impedance equivalent circuit in which Xaa 
and are the self-capacitive reactances in ohms-miles of circuits A 
and By respectively, each determined with no current in the other cir- 
cuit; Xab is the mutual capacitive reactance in ohms-miles between 
circuits A and 5, determined with no current in one of the circuits. 



( 0 ) (b) (c) 

Fig. 7. Nominal equivalent capacitance circuits for two parallel lines of length/. 
(a) Admittance A; {b) Impedance Y; (c) Admittance Y. 


Although calculated in different ways, either of these circuits may be 
obtained from the other, and either may be used in determining equiva- 
lent circuits for two parallel transmission lines. 

Figure 7 (c) is a capacitive admittance Y-connected circuit, obtained 
from Fig. 7(6) by replacing its capacitive impedance branches by 
reciprocal capacitive admittances. In an equivalent circuit composed 
of static branches, the impedances of all branches may be replaced by 
their reciprocal admittances to obtain an admittance circuit; likewise, 
an admittance circuit may be converted to an impedance circuit. 
Figure 7(a) may be obtained by converting the Y of Fig. 7(r) into a 
A, or directly from Fig. 7(6) by means of the following equations, 
determined by inverting the fractions on the right-hand sides of equa- 
tions [40], Chapter I, and simplifying: 




hb 


Xga 

XaaXbb 


tab 


Xab 

- xSi 


( 29 ] 
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Figure 7(6) may be obtained from Fig. 7(a) by means of the equa- 
tions 

^ 

baabbt “ 


Xbb 


^aa^bh 




'ah 


Xab = 


bab 


baabhh 




'ah 


(30) 


With one transmission line only, assumed symmetrical, the capaci- 
tive admittance jif in mhos and the capacitive impedance — j(x/f) in 
ohms are reciprocals of each other. With two parallel lines, Xaat X^f 
and Xab are noi the reciprocals of ^66. and bah as may be seen from 
equations (29) and Also, by definition, baa is determined with 

circuit B grounded, while \/xaa is determined with circuit B open. 

With ground wires or more than two parallel transmission lines, 
self- and mutual ca[)acitive impedances are more easily calculated 
than capacitive admittances. Curves are given in Chapter XII, from 
which the self-capacitive impedances of each circuit and the mutual^ 
capacitive impedances l)etween circuits taken two at a time can be 
obtained. Capacitive impedances are also more convenient in devel- 
oping equivalent circuits for three or more parallel lines than capacitive 
susceptance. and will be used in the work which follows. 

Nominal II Equivalent Circuits. Figures 8(a) and (6) show equiva- 
lent circuits for two parallel lines not bussed at either end represented 
by their nominal l\-lines. Figure 8(a) is for use in analytic calcula- 
tions; Fig. S{b) may be used on the a-c network analyzer. The archi- 
traves of the n’s consist of the inductive self-impedances Zoa and Zhb 
of the two circuits mutually coupled through the mutual impedance 
Zab> Twice the self- and mutual capacitive reactances are used in the 
capacitive impedance Y’s at the terminals of the lines. These imped- 
ance Y’s can be conv'erted to admittance Y’s or A’s as explained above. 

TTie nominal equivalent circuits of Figs. 8(a) and (6) for two paral- 
lel lines can be extended to three or more parallel lines if the self-capaci- 
tive impedances of each line alone and the mutual capacitive imped- 
ances between lines, taken two at a time with the other lines open, are 
given. Figure 8(c) shows a nominal equivalent circuit for three paral- 
lel lines bussed at one end ; in this equivalent circuit, two of the mutual 
inductive impedances and also two of the mutual capacitive imped- 
ances arc equal. Figure 8(d) shows the nominal equivalent circuit fexr 
use on an a-c calculating table fex four parallel lines in which the idea- 
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tity of the terminals of the four lines is retained. In this circuit all 
mutual inductive and capacitive impedances are assumed unequal. 

The nominal equivalent circuits of Fig. 8 are combinations of equiva* 
lent circuits. The self- and mutual inductive impedances of the system 






Fig. 8(a and 8). Nominal equivalent ctrcuiU for purallel lines in which each line is 
represented by its nominal n with inductive and capacitive mutual impedances 
between them, (a) and (b) — Two parallel lines. 

are represented by an equivalent drcuit between the two ends of Uiies> 
constructed vrith capacitance n^[lected. Self- and mutual capacitive 
impedances to ground are represented by equi^ent drcuits at the 
^fuls of the lines* constructed with inductance neglected. As half the 
capadtance is in each shunt circuit, self- and mutual capadtive imped* 
anoes are multiplied by two. With sdf-capadtances to grotmd and 
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mutual capacitances between circuits expressed in terms of capacitive 
impedances, the construction of the equivalent capacitance circuits 
between circuit terminals and ground is similar to that of inductively 
coupled circuits. 



Fig. S{c), Nominal ufiui valent circuit for three parallel lines bussed at one end P 
in which /or - /hr and —jXae - --jXbe* 


A fault on one of hvo or more parallel transmission lines may be con- < 
sidered to divide the |>arallel lin* s into two sections, each of which 
may be replaced by its equivaU iit circuit, the fault being located on 
the given circuit at the junction of the equivalent circuits. 

NORMAL OPERATION OF A SYMMETRICAL THREE-PHASE TRANS- 
MISSION CIRCUIT 

With the fXJwer to be transmitted and the distance of transmission 
given, the choke of transmission voltage and number of circuits are 
influenced by (1) the voltage drop in the line, (2) the power loss under 
normal operating conditions, and (3) the requirements for power sys- 
tem stability during steady-state operation and under specified tran- 
sient conditions. The subject of power system stability is not covered 
in this volume. 

At a specified voltage, the choice of conductors is influenced by (1) 
the diameter of the conductors required to avoid corona under normal 
operating conditions and (2) the allowable temperature of the conduc- 
tors when carrying maximum load current. Figure 8 of Appendix B 
gives approximate corona starting voltages versus geometric mean 
q>acing between conductors for copper and A.C.S.R. conductcNs used 
in overhead transmission circuits. Figures 9 and 10 of Appendix B 
give temperature rise above ambient temperature versus current in 
the conductors for copper and A.C.S.R. conductcxrs, respectivdy. 
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i, and the identities of all terminals are retained. 
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During normal operation, the currents and voltages in a symmetrical 
three-phase power system are positive-sequence currents and voltages. 
The conditions in the transmission circuit at specified terminal cmidi- 
tions can be calculated from [13]~(16l of this chapter when positive- 
sequence resistance, reactance, and capacitive susceptance are known. 
Resistances and internal reactances of commonly used conductors are 
given in the wire tables of Appendix B ; positive-sequence reactances 
and capadtive susceptances can be obtained from the curves of 
Appendix B. 

Problsm 7, Solve Problem 4 with the two a-Y transformer banks un- 
grounded. 

ProMsm 8. Approximately what value of reactance in ohms placed in the neutrals 
of the transformers in Fig. 3(n) would neutralize the zero-sequence capacitance 
and keep the line from being cut out of service during a line-to-ground fault at B 
caused by lightning? Wouhl it require more or less reactance with reactors in the 
neutrals of l)oth transformers, or in the neutral of one transformer with the other 
neutral ungrounded? What would be the kva rating of the ground-fault neutralizer 
(or neutralizers), based on normal line-to-neutral voltage and the maximum current 
it would be require<l to carry during line-to-ground faults? 

Problem 9, In Fig. 2, Chapter IV, consider that the per unit impedances in the 
sequence networks are based on a three-phase kva base of 100,000 kva and base 
Itne-to-line voltage of 115 kv in the transmission circuit. The lines A and B ar€ 
identical, and are 50 miles long. The frequency is 60 cycles. The positive- and 
zero-sequence line constants for cath line, determined with the other line open, arc 

ii 0,278 -f jO.794 ohm per mile; yi « j5.2 X lO”"* mho per mile 

to - 0,55 4- j2.40 ohms per mile; y© “ 72.85 X 10~® mho per mile 

The positive-sequence mutual inductive and capacitive impedances are negli- 
gible. The zero-sequence mutual impedance Sab * 71.30 ohms per mile. The zero- 
sequence mutual capacitive impedance (determined with one circuit open) is 
•“7*«k ■■ — 7 O.I 25 X 10® ohm-miles. 

Construct a nominal equivalent circuit for the two parallel lines, (a) not bussed 
at either end, (5) bussed at the sending end only, (c) bussed at both ends, (The 
capacitive admittance y© given for one line alone can be changed to capacitive im- 
pedance by taking its reciprocal, which is required in determining a capacitive 
impedance Y-connccled circuit.) 

^ Determine the fault current with a line-to-ground fault on phase o at B, as in 
Fig. 2 of Chapter IV. neglecting resistance. Compare this current with that ob- 
Uined by using the sequence networks given in Figs. 2 (6), (c), and (d) of Cliapter IV, 
with capacitance neglected. 

Problem 10, Assume that the transformer bank at C in Fig. 2 (a). Chapter IV, is 
ungrounded and that circuit breakers at B have opened, leaving a line-to-ground 
fault on phase a of one of the lines at its sending end t^mmals. The equivalefit 
exettatkm on machine JV is 100% of base voltage referred to the tine ride of the 
Using the equivalent circuit for the two ptrallel lines determined 
in Problem 9, find the voltages to ground at B of the two unfaiilted nei^mg 

rcststance* 
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PiroMem 11. Conatnict the equivaleiit n’t for ute in the positive- and aero- 
sequence networks for a transmission line 400 miles long operating at 50 cydes. 

Si « 0.12 + jO.67 ohm per mile; y\ * j4.40 X lOr® mho per mOe 

so * 0.60 -f il.S0 ohms per mile; yo * i2.40 X 10^* mho per mile 

Problem 12. Construct an equivalent circuit consisting of two sectionsi each 
200 miles long, using si and yi given in Problem 11. By transformations reduce 
this equivalent circuit to a single n and compare with the positive-sequence n of 
Problem 11. 

Problem 13. Derive the equivalent T and n given in Figs. 1 (d) and (e) for a line 
with distributed constants from equations [13H161. (Problem for mathematicians 
only.) 

Problem 14. Solve Problem 5 by the second method discussed in Problem 5. 
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CHAPTER VII 


SIMULTANEOUS FAULTS ON SYMMETRICAL THREE- 
PHASE SYSTEMS — ANALYSIS BY THE METHOD 
OF SYMMETRICAL COMPONENTS 

The term " fault " is here used to denote an accidental departure 
from normal operating conditions. A short circuit or an open con- 
ductor constitutes a fault. When a fuse opens one end of a short- 
circuited conductor without clearing the short circuit, the short circuit 
and open conductor are simultaneous faults on the same conductor. 
Simultaneous faults niay consist of two or more short circuits on the 
same or on different circuits, open conductors in two or more circuits, 
or any combinations of short circuits and open conductors. Since 
each fault affects the voltages and currents resulting from the other, 
simultaneous faults cannot be treated independently. Simultaneous^ 
short circuits and a short circuit and open conductor on the same phase 
of a symmetrical three-phase system are discussed in this chapter. 
Simultaneous faults are further discussed in Chapter X. 

TWO SIMULTANEOUS SHORT CIRCUITS 

As with one short circuit, system currents and voltages during two 
simultaneous short circuits may be determined analytically or by 
means of a calculating table. Both methods will be given here. As 
the faults may occur on the same or on opposite sides of a A-Y trans- 
former bank, both cases will be included. Grounded and ungrounded 
systems will be considered. 

Grounded System — No A-Y Transformer Bank between Faults 

Let the two fault points be C and D, with the conductors at C indi- 
cated by a, b, c and those at D by A, B, C, where A and a are of the 
first phase, B and b of the second phase, and C and c of the third phase 
in the order of their normal time sequence. Let Vo, Vs, V« and V,i, 
Vb% Vc indicate the voltages to ground of conductors a, 6, c at C and 
A, B, C at D, respectively, with the emresponding currents flowing 
from the ccmductors into dm fault indicated by la, h, and I a, Ib, ^c, 
rei^pectively. Figure 1 shows two faults at different peunts C and D, 
udth the conduettM- vedtages to ground and currents flowing into die 
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fault indicated by their assigned symbols. Positive directi<m for 
currents and their components is taken into the faults, as indicated by 
the arrows. 

The symmetrical components of Va and la at C are Vai, Vaa, Fao 
and lai, Iai> ToOt respectively. The symmetrical components 
and I A at D are Vai, Va2, Vao and Iau Ia2, Iao, respectively. With 
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Fig. 1. Simultaneous short circuits at points C and D<Aa. symmetrical 
three-phase system. 

phase a as reference phase, these are the twelve unknowns to be deter- 
mined. It will be shown that there are twelve independent equations 
connecting these twelve unknowns: three for each fault point, and two 
relating components of fault currents and voltages in each of the three 
sequence networks. These twelve equations are required in an analy- 
tic solution. When a calculating table is available, the sequence net- 
works are connected to satisfy the equations which relate symmetrical 
components of currents and of voltages at both fault points; as 
explained later, the connections may be direct, through coupling trans- 
formers, or through phase shifters. As the six equations relating the 
components of voltage or current at the two fault points are required 
in both analytic solutions and in solutions on a calculating table, they 
will be developed first. 

Equations Relating the Components of Fault Voltage or of Fault 
Current of Different Sequences. Although simultaneous short cir- 
cuits cannot be treated independently, each may be conridered sepa- 
rately to determine the equations relating the symmetrical components 
of current flowing into the fault, or of voltage to ground at the fault 
of the reference phase a. Such equations are determined in Chapter 
III fix one short circuit involvii^ various phases. Where there is only 
(me fault on a symmetrical three-phase system, its l(x:ation with reqiect 
to the referen(x phase may be arbitrarily chosen. With two faulte, the 
locaticm of (me oi them may be arlntrary, but that kA tiw other will 
depend up(m given fault omulitions. For examide, let it be stated 
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that a double luie<to^ound fault occurs at point C, and a single line* 
to*ground fault at point D on the normally leading phase of the two 
phases invcdved in the fault at point C; then, if the double line-to- 
ground fault at point C is arbitrarily located on phases b and c, the 
location of the line-to-ground fault at point D is of necessity on phase b 
(conductor B) for the assumed phase order abc. 

TABLE I 

Fault Equations ExriiEssiNc Relations between the Symmeteical 
Components or and V, 

Phase a is reference phase, /a is current flowing into the fault 
and Va is voltage to ground at the fault. 

Cast A. Line-to-Ground Fault 
(a) Phase a 


/«0 ** 

hi * hi 

P.I = -(P.0 + P.*) 

{b) Phase b 



/«0 • 

hi * ahi 

P.i * -(oP.o + a>P.,) 

[c) Phase e 



/•o • «/al 

hi ^ a^hi 

P.i - -(o*P.o + aP.,) 

Case B, Line- to- Line Fault 



(a) Phases b and c 



/.o - 0 

hi * *“/«! 

P.S - P.I 

(b) Phases a and c 



ho - 0 

hi • 

P.S - oP.i 

(e) Phases a and b 



ho » 0 

hi * — a*/oi 

P.f - «*P.i 

Case C. Double Line-to-Ground Fault 


(a ) Phases b and c 



h\ * ~ (/«o + /«i) 

P.6 = p.l 

P.1 - P.1 

ib) Phases a and c 



hi * — (rt/aO "f a^hs) 

P .0 - o*P., 

P.1 - «P.i 

(f) Phases a and b 


• 

hi ■■ — (a*ho + «/«i) 

P.0 - «P.| 

P.1 - «*P.i 

Case D. Three-Phase Fault 



(a) Phases a, b, and c 



lea *■ 0 

P.I -0 

P.1 -0 

(b) Phases a, 6, c, and Crousid 



V.i-0 

Prt-O 

P.0 “ 0 


Table I gives three equations connecting the symmetrical c om po- 
nents of current flowing into the fault or of voltage to ground at the 
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fault for short circuits involving various phases, j^ase a being refnienoe 
phase. The equations given under cases A (a), B(a), C(a), D(a), and 
D(b) are derived in Chapter III. Derivation of other equations of 
Table I is given in the following development : 

Line-to-Line Fault between Phases a and b. The conditions at the 
fault are Va = = —h\ It - 0. From these equations and 

those of Chapter II, 

Fa - n = F„i + + V,o - (o*F„ + aF,a + V^) 

= (1 -a*)Fa, + (1 -a)Faa = 0 
lax = \{Ia + ah + o’/a) = ^hH - o) (H 

/«2 = ^(/« + o*/6 + ah) = Ihil - o») 
ho = ^(/o + /fc + h) = 0 

From {!], the relations between the symmetrical components of F* 
and of h are 

Faj = - F„, = - F„,(l + o) = a»Fai (2) 

1 — a 

hi = -o’/«i [31 

Line-to-Ground Fault on Phase b. The conditions at the fault are 
Ffc = 0; /a == 0; /« = 0. It therefore follows that 

Fft = fl^Fa, + flFaj + Foo = 0 

hx = h(ah) 

hi = iia^h) ' ' 

laO = i(/») 



Double Line-to~Ground Fault on Phases a and c. The conditions at 
the fault are Fo = 0; F* = 0; h * 0. From the fault equations, 


F. - F« = Fa, + F,2 + F.0 - (oF„ + o»F.j + Foo) 

» (1 - o)Fa, + (1 - 0 »)Fa 2 - 0 
F, + F. = F„ + Fa 2 + F .0 + (oF.i + o’Faa + ^o) (81 

- (1 + o)Fa, + (I + o’)F., + 2F,0 - 0 
h ■= o*/,, + o/«a + /^o “ 0 
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From [8], 

VofaVai (91 

Vao » a® Fa, [10] 

/o| “ — fl^oO [H] 

The relations between the symmetrical components of F* and /« 

for a line-to-line fault on phases a and c, a line-to-ground fault on 
phase c, and a double line-to-ground fault on phases a and b can be 
determined from (Ij, (4), and [8], respectively, if a and a* are inter- 
changed in these equations. 

The three equations connecting the symmetrical components of /« 
or of Va at [)oint C for various types of short circuits can be taken 
directly from Table I. If a, b, and c in Table I are replaced by A, B, 
and C, respectively, three equations relating the components of Ia 
or of Va at point D are also obtained. Table I furnishes the six 
equations required when solutions are made on a calculating table. It 
also provides six of the twelve equations required in an analytic solu- 
tion. These six equations give relations between the components of 
fault current or of fault voltage of different sequences and are inde- 
pendent of system impedances. ^ 

The other six equations needed in an analytic solution give relations 
between fault currents and voltages of the same sequence, and there- 
fore depend upon the impedances in the three sequence networks of the 
symmetrical three-phase system. 

Equations Relating Components of Fault Voltage and Fault Current 
of the Same Sequence. Equations [l)-[3] of Chapter IV express 
components of fault voltage in terms of components of fault current 
and the sequence impedances viewed from the fault, when there is but 
one short circuit. With two short circuits, there are two components 
of fault voltage and two components of fault current in each of the 
three sequence networks. If each sequence network is replaced* by 
an equivalent A or Y between the two fault points and the zero-pot3en- 
tial bus for the network, two equations relating the components of fault 
currents and voltages of each sequence can be written (as explained 
below), thereby giving the six additional equations required in an 
analytic solution. 

Zero-Sequence Nehoork. In a symmetrical system, there are no 
generated zero-sequence voltages. The equivalent Y of the zero- 
sequence network between fault pt^ts C and D and the zero-potential 
bus for the network, here indicated by S, is diown in Fig. 2(o). The 
three brandies <rf the equivalent Y are labded Co. Dp, and ^ and are 
represented as inductive impedances. (Tins is true also for the equiva- 
lent Y’s repladng the nqiative- and positive-aequmioe networia in 
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Figs. 2(6) and 3, respectively.) This is not intended to exclude capaci- 
tive impedances, ot negative resistances which may result from the 
reduction of the sequence networks to equivalent Y’s or A's. 




Fig. 2. Equivalent Y’s to replace the sequence networks between fault points C and 
D and the zero-potential bus for the network, here indicated by 5. (a) Equivalent 

Y of zero-sequence network. (6) Equivalent Y of negative-sequence network. 

In Fig. 2(a), the zero-sequence impedance viewed from C, with no 
fault at D, is Co + 5o’, that from D, with no fault at C, is Do + So- 
With positive direction for currents towards the faults, lao and Iao 
flow from the zero-potential bus 5 through So, then Jao flows through 
Co and Iao through Do- Before the simultaneous faults occurred 
there were no currents and no voltages in the zero-sequence network. 
Superposing the zero-sequence voltage rises from S to C and from S 
to D on the voltages at C and D, respectively, before the fault (or 
subtracting the voltage drops from zero), Faoand Vao^^ 

VaO =s 0 — (/oo + Iao)So ~ laoCo = —laoiCo + So) — IaoSo 112] 

Vao = 0 — (/oo + Iao)So — IaoDo = —laoSo ~ Iao{Do + So) [13] 

Equations [12] and [13] expre^ the zero-sequence components of volt- 
age at the two points of fault in terms of the two zero-sequence cur- 
rents flowing into the faults and the branch impedances of the 
equivalent Y which replaces the zero-sequence network between 
C, D, and 5. 

Solving [12] and [13], the currents lao and Iao are expressed in terms 
of Vao and 


, „ ^0 + So So 

« "oo . + Vao . 

[14] 


[15] 



Ao CoDq 4* C9S0 4' DoSo 



sdiere 
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Equations [141 And [15] are not independent of [12] and [13]; there are 
only two independent equations connecting the four unknowns, V^, 
Vao> ^oOt and /^lo, in the zero sequence network. 

Negative-Sequence Network. In a symmetrical system, there are no 
generated negative>sequence voltages. The negative-sequence net- 
work, just as the zero-sequence network, can be replaced by an equiva- 
lent Y or ^ between the points of fault C and D and the zero-potential 
bus for the network, here indicated by 5. The equivalent Y of the 
n^ative-sequence network between points C, D, and 5 is shown in 
JRg. 2(5). The branch impedances are indicated by C 3 , D 2 , and 5a. 
The negative-sequence impedance viewed from C, with no fault at D, 
is Ca + Sa: that from D. with no fault at C, is Da -H 53. 

From Fig. 2{b), with positive direction for currents towards the 
faults, the two negative-sequence voltages in terms of the two nega- 
tive-sequence currents and the impedances of the Y are 

Va2 = — ^ 02(^2 + S2) — IA2S2 [16] 

V A2 — ~Ia2S2 — Ia2{^2 + 53) [17] 

Solving [16] and (17), the currents Ia 2 and Ia 2 are expressed in terms 
ofF^rtandK^a: ^ 

/a2 - F«2 -f Va2 ^ [18] 

Aa Aa 

119] 

a2 A 2 

where 

^2 ~ C2D2 + C2S2 + 

Equations [18] and (19] are not independent of [16] and [17]; there are 
only two independent equations connecting the four unknowns, Va 2 , 
Fx*i /aa* and /aa in the negative-sequence network. 

Positive- Sequence Network. The p>ositive-sequence impedance net- 
work without generated voltages, just as the zero- and negative- 
sequence impedance networks, can be replaced by an equivalent Y or 
A between the zero-potential bus for the network, here indicated by 5, 
and the two fault points C and D. The equivalent Y is shown in 
Fig. 3(0) with branch impedances 5i, Ci, and Di. The positive- 
sequence impedance viewed from C, with no fault at D, is C| -f- 5i; 
that from D, with no fault at C, is Di -1- Si. The positive-sequence 
network of a symmetrical system differs from the negative- and zero- 
sequence netwtvks in that there are generated voltages in all synchro- 
nous machines. 

If the system is operating at no load, n^ecting diarging currents. 
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the per unit generated voltj^es and the vdtages at all points in the 
poeitive'sequence network are equal and in phase. Let the voltage 
of phase a be £«. For this case, the internal volts^es of all the ma* 
chines can be replaced by a voltage Ea between the zero-potential 
bus S for the network and the branch impedance Si of the equivalmt 
Y, as in Fig. 3(6). From Fig. 3(6). subtracting the voltage drops 
resulting from the fault from the voltages at C and D before the fault, 

Vai - - laiiCi -I- Si) - IaiSi 120] 

Vai ^Ea- lalSi - Iai(Di + 5,) (21) 



(0) (M («> 

Fic. 3. Positive-sequence equivalent Y’s between the zero-potential bus S for the 
network and the fault points C and D. (a) All generated voltages equated to zero. 
(b) System operating at no load before the fault, (e) System under load with 
voltages V/ and at C and D, respectively, before the fault. 

If the system is operating under load, the voltages and currents 
throughout the S 3 rstem are determined by the given operating con- 
dition. Let the voltages of phase a at C and D before the faults be 
indicated by V/ and Vp, respectively. When the fault occiua, the 
positive-sequence voltages at C and D become V^i and Vau respec- 
tively. The positive-sequence currents flowing from the system at C 
and D before the fault are zero; when the fault occurs, they become 
lai and Iai, respectively. The changes in currents are, therefore, 
/at and Iai- Subtracting the voltage drops (or superposing the volt- 
age rises) caused by the fault currents flowing from the zero-potential 
bus through the network to the fault points from the voltages V/ and 
Vp at C and D, respectively, before the fault occurred, Vai and Vai are 

Vai = F> - hiiCt -1- St) - IaiSi 122] 

Vai •Vp- hiSi - UiiDi + St) 123] 

Equaticms [22] and [23] are satisfied by the equivalent circuit shown in 
F%. 3(c), where series voltages F/ and Vp are inserted between the 
impedances Ci and 2>i, and fault points C and D, reqiectivdy. V) 
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and Vp represent voltage rises in the direction PC and PD, respec- 
tively, as indicated by the accompanying arrows. Figure 3 (r) is an 
equivalent circuit for the positive-sequence network to be used for 
determining positive-sequence voltages at the faults and positive- 
sequence currents flowing into the faults. In this equivalent circuit, 
Foi, Vai, /ai. and Ia\ are unknown quantities which cannot be deter- 
mined from the positive-ssequence network alone; but the voltages Vai 
and Vai in terms of lai, I ax* and the known quantities V/, Vp, Si, 
Cl* Di are given by (22) and (23j. If Vp = F/, [22] and [23] are simi- 
lar in form to [20] and [21], resf)cctively, and therefore Fig. 3(6) can 
be used with V/ replacing Fa- 

Analytic Determination of Currents and Voltages 

It has been shown that there are twelve equations connecting the 
twelve unknown com|K)nents of current and voltage of phase a at the 
two fault points, three for each fault point and two for each of the three 
sequence networks. It is proposed to eliminate the eight unknown 
negative- and zero-sequence components, leaving four equations in 
terms of the four positive-sequence components. Two of these four 
equations will be in terms of the negative- and zero-sequence systepi 
impedances, and will therefore correspond to [4] of Chapter IV for one 
short circuit. The other two equations, given by [22] and [23] or by 
[20] and [21], involve positive-sequence quantities only; they corre- 
spond to [1] of Chapter I\’ for one short circuit. The four positive- 
sequence equations will be solved for the two positive-sequence 
currents flowing into the faults and the two positive-sequence voltages 
at the fault. From the positive-sequence components at the faults 
and the relations between the symmetrical components at the two 
fault points, the negative- and zero-sequence components at the 
faults will be determined. From the symmetrical components of 
currents and voltages at the faults and the sequence networks, the 
symmetrical com|K>nenlsof current and voltage throughout the system 
can be obtained. 

The two positive-sequence equations in terms of the negative- and 
eero-sequence system impedances will be considered for the purpose 
of determining an equivalent circuit to replace the two faults in the 
positive-sequence network. 

Solution of Ten Simulianeotis Equations. The six equations for the 
two fault points from Table I, [12] and [13] from the zero-sequence 
network, and [16] and [17] from the negative-sequence netw<H'k give 
the ten equations needed to eliminate the eight unknowns K« 0 f K 40 t 
/ao. K.S* Va2. /•a. and so that the components (tf voltage 
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Fai and Vai may be expressed in terms of the components of current, 
/«! and Iai, and the known zero- and negative-sequence impedances 
of the system. When the ten equations are linear, the two resulting 
equations can be put in the form : 

Val = klal 4 * mlAi (241 

Va\ — niai + IIai (251 

where k, I, m, and n depend upon the branch impedances of the equiva- 
lent Y’s replacing the negative- and zero-sequence networks and the 
particular combination of conductors involved in the simultaneous 
faults. They are independent of positive-sequence impedances and of 
operating conditions, except as operating conditions affect n^ative- 
and zero-sequence impedances. 

Equations [24] and [25] together with [20] and [21], or [22] and [23], 
give the four equations required for determining lai, I Ah Vai, and Vai. 
Before solving these equations, the constants k, I, m, and n in [24] and 
[25] will be discussed. 

Values of k, /, nt, and n in terms of the branch impedances Cj, Da, 
Sa, Co, Do, So of the equivalent Y’s which replace the negative- and 
zero-sequence networks (determined in reference 1) are tabulated in 
Table II for various combinations of phases which may be involved in 
simultaneous short circuits at two points of a grounded three-phase 
system. For some of the cases^, equivalent A’s and their admittances 
rather than equivalent Y’s and their impedances would have given 
simpler equations and a reduction of work; for consistency, the 
equivalent Y’s with impedance branches are used throughout. 

The reduction of ten equations to two equations of the form given 
by [24] and [25], from which k, m, n, and / can be obtained, is given for 
the following case to illustrate the procedure. 

Line-to-Ground Faults on Conductor A at D and Conductor b at C. 
From T^ble I, the three equations with the fault at D are 


Vai^^ -VAa-VAo [26] 

Ia2 = Iai [21] 

Iao = Iai [28] 

With the fault at C, they are 

Fai = -(a*F.*-l-aF^) [29] 

/os * alai [ 80 ] 

Iao - a*/.i [ 31 ] 


Equations [26H31], together with [12], [13], [16], and [17], are the 
ten equations to be sdved. Replacing Iaz And Iao by I Ah Xas and I^o 
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by a/ai and a*Jai, respectively, in (12), 113), (16), and (17), and then 
substituting (12] and (16) in [29] and (13) and (17) in [26], 

Vai - /.I (Co + So) + alAiSo + Iai(C2 + S2) + 

- htiCo + So + C 2 + S 2 ) + lAiiaSo + a^So) (32) 

Vai - o’/.i5o + lAiiDo + So) + alaiSi + /xi(/?2 + 

* /«i(o*5o + "i" ^Aii^o + 4" D 2 4" 52) (33) 

From (32) and (33) and (24) and (25), 

* - (Ca + Sa) 4- (Co 4- 5o) = sum of negative- and zero- 

sequence impedances viewed 
from C with no fault at D (34J 

I » (£>3 ^ S 2 ) + (Do + So) = sum of negative- and zero- 

sequence impedances viewed 
from D with no fault at C [35] 

V3 

m •» aSo + a^Sz + S 2 ) + (So — Sq) [36] 

V3 

ft » a^5o + dS2 ^ + S2) ’ j (So ^ 2 ) (37] 

^ i 

TABLE II 

Valubs of *, /, m, AND n to be Substituted in Equations (241 and (25J for 
Simultaneous Short C ircuits at Two Points on the Same Side of a A-Y 

Transformer Bank 


Let 2e« • Co -H -So + C* -p 5j; do * CqDq -f- Co5o + DqSq 
Zda » pQ -f 5o -f* Pi “h d; « CzPt + CiSt -h DiSi 

- (Co + Ci)(Z)o t- Dt) 4- (Co -f C2)(5 o -h 5j) + (Do + Dt)iSo + St) 


Cmae A, Single Line to-( around Faults at Two Faints 

(a) Phases a and A (6) Phases 6 and A 

(c) Phases c and A 

* - 2.. 

* - z„ 

* -z.. 

» - 5o + 5s 

n w a*5o 4- ^St 

n * aSo 4- 

m • 5o 4- 

m « aSo 4- a^St 

m 4" ^Sf 

1 - Zi. 

t - Za. 

i^Zi. 

Case B. Lin4-UhLin* Faults at Two Points 

(0) Phasra 6, c and 5, C (b) Phaaea o, c and B, C 

(c) Phaaea a, 6 and fi, C 

* - Ct + 5, 

* « Ct 4- 

k Ct-¥ St 

H *• ^5 

n » aSt 

n “ tt*5a 

m » d'f 

m «■ a*5* 

« ■■ aSt 

I - t** + 5| 

i » Z>t 4- 5t 

l^Dt + S, 
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Case C. DoMe Line-to-Ground Faults at Two Points 


(a) Phases b, c and C 

, ^2(Co 4- So) 4- <lo(C2 4 Si) 


SiSo 4 ^0*^2 

m » 

^cda 

/ A2(/^o 4 So) 4 Ao(/> 2 4 S g) 


{b) Phases a, c and B, C 

At(Co 4 5o) 4 Ao(Ct 4 *S|) 


Zed$ 4 SSoSi 
a*5’oA2 4 aSi^o 
Zcdt 4 35o5i 
a^oA) 4 a*5jAo 
Zcd9 4 ^SoSi 

I „ Aa(Do 4 5o) 4 ^o(Oi 4 5^) 
Zedt 4 ^SoSi 


(c) Phases a, b and B, C: Similar to C {b} with a and a* interchanged in n and m. 

Case D, Three-Phase Faults at Two Points: Jb*a*m«/*=0. 

Case E. Line-to-Line Fault at C and Single Line-to-Ground Fault ai D 

(a) Phases b, c, and A (b) Phases a, c, and A (c) Phases a, b, and A 
^ — Cj 4 *^2 k ^ Ci Si ife »• C| 4 *5* 

« = — 52 n « --aSi n = ~a*52 

m « — 52 w =* -^a^Si m » ^aSi 

I ^Za. I ^Zd. / - Zd. 


Case F. Double Line-to-Ground Fault at C, Single Line-to-Ground Fault at D 


(a) Phases 6, c, and A 

L (^0 4 So){Ci 4 52 ) 

* “ 

So(Ci 4 52 ) 4 52(Co 4 5o) 


{b) Phases a, c, and A 
, (Co 4 5 o)(C2 4 Si) 

‘ r. 

a*5o(C2 4 52) 4 aSi(Co 4 5o) 


5o(C2 4 52) 4 52(Co 4 5o) 


a5o(C2 4 52) 4 a^SfiCo 4 5o) 


I ^Zd,- 


(5o - 52)' 


I ^Zd.- 


Ze% 

5o 4 5 o52 4 A 2 

Ze. 


(c) Phases a, d, and A : Similar to F (6) with a and a* interchanged in it and m. 


Cate G. Thru-Phase Fault at C. Single Line-lo-Ground at D on Phau A 
(a) Three-phase fault. (6) Three-phase fault involving ground. 


ib » n m 0 


/ • Do 4 5o 4 4 


Cf 4 52 


h m n » m 0 

* C, + 5, ^ ^ C, + 5, 
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The impedances k and I in [24} and [25] are effective self-imped- 
ances met by /«| and Iai, respectively, flowing from the positive- 
sequence network into the faults; m and n are effective mutual imped- 
ances associated with Iai and hi, respectively. From a study of 
Table II, it may be seen that, with a line-to-line or a line-to-ground 
fault at one fault point, k or I At the other fault point is the equivalent 
circuit which would replace the fault in the positive-sequence network 
at that point if there were but one fault. (See equations [34) and 
(35).) With a double line-to-ground or a three-phase fault at one fault 



Fig. 4. Connection of the positive-, 
negative-, and zero-sequence equiva- 
lent Y*s of a system operated at no 
load for a three-phase fault at C not 
involving ground and a line-to-ground 
fault on conductor A at D, 

The effective self-impedance / 
calculated from Fig. 4, is 


point, k or I at the other fault point 
is not so simply determined. In 
the solution of ten simultaneous 
equations, the conditions relating 
to negative- and zero-sequence cur- 
rents and voltages imposed by the 
simultaneous faults are satisfied; 
therefore, one of the faults is not 
t^flectively removed by equating Iai 
in (24| or lai in [25] to zero unless 
the corresponding negative- and 
zero-sequence components of fault 
f-urrent also become zero. This 
will be illustrated for the case of 
a three-phase fault not involving 
ground at C and a line-to-ground 
fault on conductor A at Z?. The 
fault equations at C are 

Vax = 0; Va 2 = 0; /ao - 0 [38] 
Those at D are 

Iai = Ia% = /aol 

Vai + Va2 +Vao^0 (391 

Equations [38] and [39] are satis- 
fied by the connections indicated 
in Fig. 4, where the sequence net- 
works are shown as equivalent Y’s. 
met by Iai flowing into the fault, 




C2S2 
C% + S2 


I 


+ + 5o + Do 


[ 40 ] 
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The value of I in [40] is tabulated in Table II, Case G{a). For this 
case, I is not the equivalent circuit which replaces the line-to^round 
fault at D with the three-phase fault removed. 

If the three-phase fault involves ground, from Table I, Koo • 0 as 
well as Va 2 = 0. The additional condition Van = 0 requires that 
point C in Fig. 4 be connected to the zero-potential bus in the zero- 
sequence network. With = 0 and Foo = 0 , 1 At flows through 5b 
and Co in parallel as well as through S 2 and C 2 in parallel, the value of I 
met by Iai being 


I 


C 2 S 2 

C2 + S3 


+ D 2 + 


Co5o 
Co -f 5o 


+ Do 


This value is tabulated in Table II, Case G{b). 

Solution of Four Positive- Sequence Equations and Determination of 
System Currents and Voltages. Equations [24] and [25] express Vat 
and Vai in terms of lai and Iai and k, I, m, and «, which are functions 
of the negative- and zero-sequence system impedances. Equations 
[22] and [23] express Fai and Vai in terms of lai and Ia\, the imped- 
ances Cl, Di, and 5i of the positive-sequence equivalent Y, and V/ 
and Vf the voltages of phase a at C and D, respectively, before the 
fault. Eliminating Vat and Vai from these four equations, 

V/ = /ai(Ci -f 5i -f- ft) -j- /xi(5i -f m) [41] 

V, = /„,(5i -I- «) -f Iai{Di + Si -\- l) [42] 


Solving [41] and [42] for and Iai, 

/«! --= ^ (Z?i + 5i -h /) - X (-51 + "») 143] 

Ai Ai 

Iai = - ^ (5, -h n) ^ (Cl -f- 5, -1- ft) [44] 


where 

^1 = (Cl + 5i + k)(D\ + 5i + /) — (5i + w*)(5i + n) {451 


/.I - ^ (Di + 1 - m) 
Ai 

Iai * ~r (^t + k — ft) 


[46] 

[47] 


where Ai is defined by [45]. 
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/«! and Ia\ are given by [43] and (44] or (46} and (47J in terms of 
known voltages and impedances. Knowing lai and J^i. Vat and Vai 
can be obtained from (24) and {25|, respectively; and the negative- 
and zero*sequenoe components from the fault equations and [12], [13], 
[16], and [17]. The phase currents and voltages at the fault are calcu- 
lated by substituting the symmetrical components of la and Va in the 
equations of Chapter 1 1 . The negative- and zero-sequence system cur- 
rents and volt^es are determined by calculation from the negative- 
and zero-sequence components of fault currents and voltages and the 
complete negative- and zero-sequence networks, respectively. The 
changes in positive-sequence system currents and volt^es resulting 
from the faults am be determined from the positive-sequence fault 
currents and the complete positive-sequence network with internal 
generated voltages equated to zero. The currents due to the faults 
superimposed ufxin load currents before the fault give total initial sym- 
metrical rms positive-sequence currents; the voltage drops in the 
system due to the fault currents subtracted from the voltages at vari- 
ous system points before the fault give initial symmetrical rms positive- 
sequence system voltages. 

When the positive-sequence network contains many loops, analytic 
determination of positive-sequence currents and voltages is simplified 
by the use of an equivalent circuit to replace both faults in the positive- 
sequence network. 

Equivalent Circuits to Replace Both Faults in the Positive-Sequence 

Network. Equations [24] and [25] may be written 

Vat ~ (k- n)lax + {lax + I At) + Hax - ht) [48] 

Vax - (/ - m)lAX f (/-I + /x.) + {I At - lat) [49] 

m and n Equal. When m and n are equal [48] and [49] become 

Vat = (A — fn)Iat -f tn(Iat + ^At) [50] 

Vai “ {/ - m)lAt + «(/.! + Iai) [51] 

The relations expressed in [50] and [51] are satisfied if the fault is 
replaced by an equivalent Y in the positive-sequence netwtxrk with 
branch impedances {k — m), (/ — in), and-m, connecting the pmnts 
C, D, and the zero-potential bus, here indicated by N. The equivalent 
circuit and the connection of this equivalent circuit at points C and D 
of the complete positive-sequence netwtx’k are shown in Fig. 5. For 
ttmpUcity, the netwm-k is represented as a rectai^e with one side a 
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heavy line to indBcate the zero-potential bus for the network. The 
intaml genn-ated voltages of all synchronous madlines of the system 
are understood to be present. The fault points C and D are shown as 
pdnts within the rectangle with leads brought out to which the equiva-' 
lent circuit is connected to satisfy fault conditions. 



(0) (b) 

Fig. S. (a) Equivalent Y to replace two short circuits in the positive-sequence 
network for special case of m = n in {24] and 125). (b) Positive-sequence net- 

work with equivalent circuit replacing two simultaneous short circuits when m •• s 

in (24] and (25]. 

The equivalent circuit in Fig. 5 is a function of the negative- and 
zero-sequence system impedances only; and, since these imi}edanoe8 
are substantially the same for initial, transient, or steady-state opera- 
tion, the equivalent circuit is a general one suitable for determining 
positive-sequence currents and . voltj^es during initial, transient, or 
steady-state conditions. 

Solution by Means of a Calculating Table 

When a calculating table is used, it is desirable to set up the com- 
plete positive-, negative-, and zero-sequence networks and to connect 
them so that the relations between the symmetrical components of 
current and voltage of phase a at both fault points are satisfied. These 
relations are given in Table I for various types of short circuits, involv- 
ing various phases. 

Short Circuiis Symmetrical with Respect to the Reference Phase. A 
line-to-ground fault on phase a and a line-to-line or a double line-to- 
ground fault on phases b and c are symmetrical with reinject to the 
reference phase a. For those cases in whidi both faults are sym- 
metrical with respect to phase a, direct amnecticms of the sequcMe 
networks to satisfy the fault equations at one fault pmnt (considered 
alone) can always be made. For the second fault point, direct oonneo- 
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tions can be made only if the three fault equations for both fault points 
are simultaneously satisfied. Direct connection of the sequence net- 
works to satisfy the equations for both faults is illustrated in Fig. 4. 
When one of the faults is a three-phase fault, and also with line-to-line 
or double line-to-ground faults involving the same phases at both 
faults, the connections between the sequence networks made for each 
fault point are those which would be made if there were but one fault. 
These connections, shown in Fig. 6 where each sequence network is 





Ftu. 6. Din-ct coniifctions of the sequence networks for simult.'ineous faults, 
(a) Three-phase faults at C' and D. (6) Line-to-line faults at C and D between 
phases b and c at both faults, (c) l>>uble line-to-ground faults at C and D on phases 

b and c at both faults. 


represented by a rectangle with points C and D within the rectangle 
and the zero-potential bus a heavy line, can be made on either an a-c 
or a d-c calculating table. 

With one of the faults a line-to-ground fault on phase a and the 
other a line-to-ground, line-to-line, or double line-to-ground fault sym- 
metrical with respect to phase a, direct connections of the sequence 
networks to satisfy voltage conditions at both faults may not (and in 
general do not) satisfy current conditions. Expressed in another way, 
voltage restrictions are introduced by direct omnections for both faults 
whi<^ may not be true restrictions. For such cases. Dr. E. W. Kim- 
barh^ represents one fault by connecting the sequence networks 
through 1 : 1 turn ratio mutual coupling transformers; for the other 
fault, direct cminection of the sequence networks is made. F%ure 7 
illustrates the connection of the sequence networks through 1 : 1 turn 
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ratio transformers for a line-to^ground fault on phase a at C, direct 
ccHinecI ion of the sequence network being made for the line-to-ground 
fault on phase a at D. If the connections for the fault at C had been 
made in the same way as for the 
fault at D, the relations V’oi =* 

Va 2 = VA 2 f and F«o « Vao would 
have been introduced. Except for 
fault points symmetrically located 
in all three sequence networks (for 
example, faults involving the same 
phase of two identical parallel lines 
bussed at both ends) these restrict- 
ing equations are untrue. 

One of Two Short Circuits Un- 
symmetrical with Respect to the 
Reference Phase, With the phases loo Iao 

so named that the faulted phase Fig. 7. Connection of the tkHiuence 
or phases at one fault point are networks through transformers of 1 : 1 
symmetrical with respect to phase Line-to-ground fault, at C' 

a, while those at the other point 

are unsymmetrical, direct connections or connections by means of 
coupling transformers between the sequence networks can be made 
for the fault symmetrical with respect to phase a. Because of the 
operators a and in the fault equations of Table I which must 
^ be satisfied, direct connections or connec- 

tions by means of coupling transformers 
cannot be made at the other fault point. 

^ Phase converters capable of rotating fault 

12^ XMoi-i-Ui voltages and currents through 120® and 

gi ^ 240® would be required.^ 

I . 1 An alternate method of solution' is by 

* ll * means of an equivalent circuit which re- 

s ■- 1 places both faults in the positive-sequence 

w network. By this method, the equivalent 

Fig. 8. A-c network ana- Y’s to replace the negative- and zero- 
lyzer equivalent circuit to sequence networks are determined analyti- 
replace two faults in the ^ly ^he calculating table, and i, /, m, 

p«itlve-^uen« network ^ ^ j ^ ^ ^ 

when nin(24]and{2S|. .i. li iV j- * *u 

read from Table ll corresponding to the 

given fault conditions. Figure 8 shows a general equivalent circuit 
to replace the two 8h(»rt circuits in the pontive*8equenra net- 
work when an a-c calculating table is used. This equiimlent dr- 





jloi'*' Ul 



m-n ? 

|I*I "loi 

t J 

2Io< 


when mr* nin [24] and {2S|. 
given fault conditions. 
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cult consists of a Y having branch impedances k — n, I -- m, and 
(m + n)/2 connected between points C, D, and F; and between Fand 
the zero-potential bus N, an impedance (m — n)/2 (or (n — m )/21 
paralleled by an adjustable voltage K.. Equations {48] and [49] will 
be satisfied if current {/41 - /«i} is made to flow through the imped- 
ance (m — n)/2» or if current ~ Iai) flows through the impedance 
{n — m)/2. If the voltage. is adjusted in phase and magnitude 
until the current through it is double lai, the current entering the fault 
at C, then the current (Iai hi) will flow in the impedance 
(m — n)/2. If the im|)edance (n ~ m)/2 is used, K. must be adjusted 
until the current through it is double Iai. the current entering the 
fault at D. (See reference 4.) 

When a d-c calculating tabU is used and a direct connection between 
the sequence networks tumnot be ma<le for b<ith faults, the equivalent 
circuit shown in Fig. 5 can replace lK>th faults in the positive sequence 
network for those cases where m « n. 

A study of Table II shows that with resistance and capacitance 
neglected, k and / have no resistance com|K>nents, but are positive 
reactive impedances larger in magnitude than m and n. When m and 
fi are equal, they also have no real conqK)nents. but are positive or 
negative reactive impedances: w « w « ±:jx. When m and n are 
unequal, they have real compof tents which are equal in magnitude and 
opposite in sign, while their reactive coriqwnents are equal in magni- 
tude and of the same sign: m « ±r ± jx, n - ± jx. The error 

made by neglecting the real com^xments of m and n will ordinarily be 
no greater than the error made by neglecting line resistances and 

cafiactLinces. When the real components of 
m and fi arc neglected, (w — n)/2 « 0, and 
the equivalent circuit in Fig. 8 becomes an 
impedance Y connecting C, D, and the zero- 
potential bus N with branch impedances 
(k - n), (/ -- m) and (m -f »)/2, as in 
Fig. 9, The impedances (k — n), and (/ -- m) 
will be positive reactive impedance and 
therefore can be represented on the d-c cal- 
culating table, while (m + fi)/2 may be either 
pomtive or negative; if podtive, it can ^ao be 
represented cm the d-c tabte. If (m -f n)/2 is 
negative, the following procedure is suggested : 
The brandi impedance {m + n)/2 which is 
connected to the zero-potential bus for the positive-sequence net- 
work (as are the neutrals of the generators) h in series srith tl^ genera- 



Fig, 9. Approximste 
cqatvalcfit ciroiit to re- 
place two fsttUs in tlie 
posit ivo^sequence net- 
work when M n in (24| 
and (25]. 
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tor reactances. If there is but one generating source, (m n)/2 may 
be combined with its reactance. With several synchronous machines, 
or groups of machines, (m 4- n)/2 between P and N in Fig. 9 can be 
set to zero and the distribution of currents obtained, these currents to 

be increased by the ratio Xp/ ^ , where X, is the equiva* 

lent impedance between generator neutrals and P, and is found by 
dividing generator voltage by total current when P is shorted to N. 

Simultaneous Faults on Opposite* Sides of a A-Y Transformer Bank 

A A-Y transformer bank usually divides the zero-sequence system 
into two parts which have no connection with each other in the zero- 
sequence network. The positive- and negative-sequence equivalent 
circuits for three-phase power systems, used in analytic calculations 
or on a calculating table, are based on equivalent Y-Y transformer 
banks. With any circuit selected as reference circuit and any voltage 
or current vector in that circuit (or referred to that circuit) as refer- 
ence vector, the positive-sequence currents and voltages in a circuit 
separated from the reference circuit by a A-Y transformer bank ere 
correctly determined in magnitude and in phase relative to each 
other, but their phases relative to the system reference vector are 
given for an equivalent Y-Y transformer bank and not for the actual 
A-Y bank. To refer them to the system reference vector, a phase 
correction must be applied. This is true also for negative-sequence 
currents and voltages. The phase correction to be applied to negative- 
sequence currents and voltages to refer them to the system reference 
vector is not the same as that for positive-sequence currents and volt- 
ages. As explained in Chapter III, and illustrated in Figs. 19(a) and 
(6), Chapter III, there are two possible connections of a A-Y trans- 
former bank. With either connection, the positive-sequence phase 
correction can be determined from the angular displacement at no 
load with magnetizing current neglected between the voltages to neu- 
tral of the reference phases on the two sides of the bank. Conrider the 
transformer connection diagram given in Fig. 10(a). This diagram 
may also be used as a positive-sequenoe no-load voltage vector dia- 
gram. Let the circuit at the transformer terminals D with phases 
labeled ABC be arbitrarily chosen as the reference circuit, and phase A 
the reference phase. In the drcuit at transformer terminals C, the 
{rfiase to be selected as reference phase (that is the phase which deter- 
mines the positive-sequence phase correction for the A-Y bank) jm 
arbitrary; any one of tlw three may be chosen. Following the con- 
vention adopted in Chapter 1 1 1, the reference phase is designated o and 
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SO chosen that the Une>tO'neutrai voltage at no load and no faults 
IS 90* out ai phase with the line-to-neutral voltage V^i- Whether K,i 
leads or lags Kai is determined from the transformer connection dia* 
gram. In Fig. 10(c), V., lags by 90*; and. as shown in Chapter 
fll, F«a leads V/^ by 90® for this connection. Positive-sequence 




(bl 

hia. 10, (It j i unnrct Ktn <1 Ytrantfornirr bank with line-togruund fault* 

(m conclitctom ,4 anti a it iniiicatrd {b) Connf^iiont of the sequence networks for 
•ottttbn on an a c network analyzer, I aiie< to-ground faults as indicated in (o). 
Ctrcyil P is reference circuit. There is no connection between the zero-sequence 
inipe<iancri viewed from C and D. 

currents and voltages in circuit C. determined from the poaittve-ae* 
quence network Ixiised on equivalent Y~Y transformers writh the circuit 
at i!) as reference circuit, are therefore to be turned backward through 
multiplied by — j to be referred to the system reference vector. 
Negativen^quence currents and voltages in circuit C determined from 
tha^ n^ative*sequence network are to be turned forward throivh 90^ 
or multii^ied by j. In calculating system currents and vedtages by 
meant ctf symmetrical cmnpcments when there is a ringte fault* the cir* 
cult in wlucli the fault occurs is selected as the refeiWMe circuit and tl^ 
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sequence networks connected to satisfy fault equations. Positive* and 
n^ative-sequence currents and voltages throughout the system are 
determined in magnitude and phase based on equivalent Y-Y trans* 
former banks. Before combining the components of current and volt* 
age in circuits separated from the reference circuit by a A-Y trans* 
former bank, it is necessary to apply the phase corrections resulting 
from the presence of A-Y transformer banks. This has been explained 
in Chapter III and illustrated in Problem 6 of that chapter. 

With simultaneous faults at points C and D in circuits separated by 
a A-Y transformer bank, the positive* and n^ative*sequence equiva* 
lent circuits based on equivalent Y-Y transformer banks may be used, 
with either the circuit at D or that at C as reference circuit . With the 
circuit at D arbitrarily chosen, the equations at the fault point D can 
be taken from Table I, with subscripts ABC replacing abc, respec- 
tively, in these equations. Assuming the connection diagram of 
Fig. 10(o), let Kai. Vo3, Yao be the components of Y« the voltage to 
ground of conductor a at the fault point C and /at. las, and lao the 
components of current la flowing into the fault, alt referred to the 
reference vector for the system. Let these same symbols primed be the 
components of fault current and voltage at C referred to the circuit 
at D; i.e., the primed components are components which appear in the 
positive- and negative-sequence networks based on equivalent Y-Y 
transformer banks. With no connection between the zero sequence 
impedances viewed from C and D, 

Vai - -jV:,; /., - -j/i, 

Vai’-jVU: u~fla 1521 

VaO » V'ao\ /-O “ I'aO 

Line-to-Ground Faults on Conductor a at C and Conductor A at D. 
The fault equations are given by Case A {a) of Table I . At £7, 

Iai “ Ia2 ” /ao 1531 

*^41 + Va2 + Yao - 0 (Ml 

The equatimu at C are the same with the Kibscript A replaced by a. 
Rdoring the components at C to the circuit at D by means of {52], the 
fault equations at C beoMne 

-//Ii -i/- - 
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Multiplying by j, 

lal ^ — ^a3 ~ “ j^aO [ 5^1 

Vii - 7^2 +jK> = V^t - +jVao = 0 156] 

Equations [S3]-[56] are satisfied on an a-c network analyzer by the 
connections given in Fig. 10(5). Coupling transformers are used to 
satiny llie fault conditions at C, and direct connections of the networks 
are made at D. A comparison of Fig. 10(6) with Fig. 7 shows that the 
connections to the negative-sequence network in Fig. 10(6) made 
through a mutual coupling transformer are the reverse of those in 
Fig. 7. As the circuit at Z) is the reference circuit, the components of 
current and voltage at D are given directly. Components at C re- 
ferred to the system reference vector are obtained by substituting 
values obtained from Fig. 10(6) in equations [52]. The fault current 
in the zero-sequence network at C in Fig. 10(6) is jJao and the fault 
volti^e is jFoo- Zero-sequence currents and voltages at C are ob- 
tained by multiplying the values obtained from Fig. 10(6) by —j. 

\^th a Une-to-ground fault on conductor A at D and a line-to-ground 
fault on conductor 6 at C, the fault equations at D are given in [53] 
and [54]. Those at C from Table I, case A (6), are ^ 

U = a^/«2 = a/ao [57] 

Vai + o^Faa + cF„o = 0 [58] 

Replacing the components at C in [57] and [58] by their values from 
[52], and multiplying the equations by j, 

lU = -a^l'a2 ^ jal'o [59] 

F'i-a*F^2-HiaF^o = 0 [60] 

Equations [53] and [54] are satisfied by direct connections of the 
sequence networks. Equations [59] and [60] require phase converters 
to turn n^ative-sequence currents and voltages through — = / 60“, 

and zero-sequence currents and voltages through ja = / 150“. When 
there is no connection between the zero-sequence networks at C and D, 
the phase converter for the zero-sequence network may be omitted. 
Zero-sequence currents and voltages at C read on the a-c calculating 
table are then multiplied by —ja^ to obtain Vao and /o6 at C. 

In an analytic solution, the components of fault currents and voltages 
referred to circuit D are calculated as for faults on the same side of a 
A-Y transformer bank, except that equations [59] and [60] instead of 
[57] and [58] are used. With /ia, F^, 7^, and VU replacing laa, 
F«a, /oo. mid Foo, respectively, equatitms [12] and [13] apfdy to the 
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zero-sequence network, and [16] and [17] to the n^ative-aequeoce 
network* If 7^2. T^itoi I'tat and TJo in these equations are replaced by 
their values in terms of I ax and lii given in [53] and [59], and VAt 
and F^o then substituted in [54] and F^ and F^ in [60], the fdlomng 
equations will be obtained : 

V'ai = KliCo + 5o + Ca -I- 52) + lAiUaSo - a^Si) [61] 
Vai = lii(-Ja^So - aS2) + Iai(I>o + 5 o + 2>2 + 52 ) [62] 

Comparing these equations with [24] and [25], with Vai and I at replaced 
by Fii and lU- 

k — Co + 5o H” Ca + Si 
I = D(f + 5o + Di + 52 [63] 

ni = jaSo — a*5a 
tt ” ™^{x^ 5 o ^ (1S2 

When there is no connection in the zero-sequence network between the 
zero-sequence impedances viewed from C and D, So in the above equa- 
tions disappears. 

lai and Iai can be calculated from [43] and [44], or [46] and [47], if 
Ea is referred to circuit D and 7»i replaces lai in these equations. 
Knowing lii and Iai, the other components at the faults and in the 
system referred to circuit D are obtained. The components of cur- 
rents and voltages at C referred to the reference vector for the system 
are obtained by substituting the components referred co circuit D in 
[52]. 

The procedure outlined above can be applied to faults of any t 3 q)e 
involving any phases. When the equivalent Y’s representing the 
sequence networks can be obtained by inspection, an analytic solu- 
tion is not difficult. Consider the system in Fig. ll(o). The equiva- 
lent Y’s of the sequence networks are shown in Figs. 1 1 (6), (c), and (d) . 
For this case, no calculators are required to obtain the equivalent 
Y’s. Each equivalent Y has one branch of zero impedance: 
Cl = C 2 = 5o = 0. In Figs. 11(5), (c), and (d), the components of 
fault currents and voltages at C are primed, indicating that they are 
referred to the circuit at P,-i.e., based on an equivalent Y-Y trans- 
former bank. 

Ungrounded System — Simultaneous Ground Faults 

In ungrounded systems of appreciable capacitance, ciurents and 
voltages resulting from two simultaneous faults can be determined 
just as in groimded systems. In the zero-sequence network the 
impedance to ground viewed from dther fault point is a capadtiye 
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impedance, usually high relative to the inductive impedances of the 
system — but finite. * 

In ungrounded systems of negligible capacitance, there is little or no 
fault current during a single ground fault. In the equivalent Y repre- 
senting the zero-sequence network, 5o = Qo . With two simultaneous 




Fig. 11. (a) Three-phase system with Une-to-ground faults on conductor A at D 
and on conductor hat C^D and C on opposite sides of a A- Y transformer bank. (6) , 
{c)^ and (d) Per unit equivalent Y’s representing the positive-, negative-, and zero- 
sequence networks, respectively, based on an equivalent Y-Y transformer bank, with 
circuit D the reference circuit. 

ground faults, there is a path for zero-sequence currents, out of the 
system into the ground at one fault point and from the ground back to 
the system at the other fault. The zero-sequence impedance, in terms 
of the impedances of the equivalent Y of the zero-sequence network, 
is Co + Do- In an ungrounded loop, the impedance met by zero- 
sequence currents is the zero-sequence impedance of the two paths 
between C and D in parallel. Representing the zero-sequence imped- 
ance between C and D by Zo» the following equations replace [12] and 
[13] in the zero-sequence network: 

VaQ = F^o = F^o + 

where Zo = Co + Do and 5o = « . 


164] 

[65] 
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The equations given in Table I are applicable to ungrounded as well 
as grounded systems. The equations in Table II are also applicable, 
but are indeterminate with 5o = <». If fe, /, «*, and » from Table II 
are substituted in [43] and [44], or [46] and [47], these equations can be 
evaluated for 5o = <» . The procedure is to divide both numerator 
and denominator of fractions containing powers of So by So to the 
highest power appearing in the denominator after simplification. 
Then, letting So = <*>, simple expressions for the two positive-sequence 
components of fault current are obtained. Components of fault cur- 
rent and voltage, and positive- and negative-sequence currents and 
voltages in the system are obtained as for grounded systems. In the 
zero-sequence system, equations [64] and [65] are used instead of [12] 
and [13]. 

Solution by Means of an A-C Network Analyzer. The diagrams 
showing connections between the sequence networks for simultaneous 
ground faults on grounded systems are also applicable to ungrounded 
systems of negligible capacitance, provided the zero-sequence imped- 
ance network in these diagrams has no direct connections to the zero- 
potential bus for the network. For example, in Fig. 6(c), which repre- 
sents double line-to-ground faults on phases b and c at both faults, the 
rectangle enclosing C and D in the zero-sequence network is to be dis- 
connected from the zero-potential bus to represent an ungrounded 
system. As in ground systems, zero-sequence voltages are referred to 
the zero-potential bus for the network, and positive direction for cur- 
rents is from the network into the fault. In diagrams in which coup- 
ling transformers of 1 : 1 turn ratio are used, these transformers may 
be retained. To make Fig. 7 applicable to an ungrounded system, 
the rectangle enclosing C and D in the zero-sequence network must be 
disconnected from the zero-potential bus, but the coupling trans- 
formers of 1 : 1 turn ratio remain connected as for the grounded 
system. An alternate method which eliminates one transformer is 
to reverse connections to the fault point and the zero-potential bus in 
the zero-sequence network and replace zero-sequence currents and 
voltages by their negative values. Representing zero-sequence com- 
ponents of negative tigns by primed symbols, let 

/ao = -lU', = -V^o; Im = -/^o; Vm = -V’ao 

With line-to-ground favUs at C and D on the same phase (pha^ a) of aja 
ungrounded loop, 

lal — Ia2 = —laOt ^At = Ia2 = “ 2^0 

Vai + Vai - 7^0 * 0; Vai + Va% - Tio * 0 
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These equaticms are satisfied by the connections shown in Fig. 12. 
The connections to the zero-potential bus and fault points in the 
zero-sequence network made in Fig. 7 for the grounded system 
are reversed in Fig. 12. The zero-potential busses for the posi- 
tive- and zero-sequence net- 
works in Fig. 12 are directly 
connected, providing a refer- 
ence for Fad and Vao- Actual 
zero-sequence currents and 
voltages are those obtained 
from the calculating table 
turned through 180®. 

Simultaneous faults in un- 
grounded systems are further 
discussed in Chapt^ X, where 
solutions for other cases are 
given. 

Fault and Open Conductor &i- 
Tolving the Same Phase 

Assume a line -to -ground 
fault at C and an open con- 
ductor at D, both involving 

Fig. 12. Connections of the sequence net- P^ase O as in Fig. 13(a). The 
works for line-to-ground faults at C and D feult conditions at C from 
both on phase a of an ungrounded system, Table I are 
showing reversal of the connections to the r ^ T ^ T r#;/;! 

zero-sequence network for use on an a-c 

calculating table. Vai + Va 2 + ^ 0 [67] 

The fault conditions at D from [40] and [41] of Chapter IV are 

tUl = VA2 = Vao [68] 

Iai + Ia2 + Im = 0 [69] 

Here v denotes series voltage drop across the opening and l! line cur- 
rent flowing across the opening. 

With no A-Y transformer bank between C and D, the a)nnections 
diown in Fig. 13(6) for use on an a-c calculating table satisfy equa- 
tions [66]-[69]. The direct connections of the sequence networks at D 
is the same as that in Chapter IV, Fig. 14(<;). The mutual coupling 
^unsforma:s used at C are connect^ just as in Fig. 7, although this 
may not be apparent at first glance. In Fig. 13(6), impedance is 
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indicated between points C and D-, the portions of the S 3 ^teni to the 
left of C and to the right of D are represented as equivalent sjmchro- 
nous machines. 

If C and D are on opposite sides of a A-Y transformer bank and there 
is no connection between the zero-sequence impedance viewed from C 
and D, the method of representing the open conductor in Fig. 13(&) 
may be retained. For the fault at C on phase a, referred to the circuit 
at D, the connections given in Fig. 10(&) can be used. 


a i 

A 

b 1 

B 

f 

c : 

C 

1 

1 



(a) 



Fig. 13. (a) Line-to-ground fault and open conductor on the same phase, (h) 

Connections of the sequence networks to represent a fault and open conductor on the 
same phase for solution on an a-c network analyzer. 

For all cases of simultaneous faults, where the positive- and nega- 
tive-sequence impedances of rotating machines can be assumed equad, 
sipipler soluticHis can be obtained by the use of a, and 0 comptments. 
These compcments are discussed in Chapter X and applied to the scdu-, 
ti(Hi of problems involving simultaneous dissymmetries. 

Problem 1. Check the equations of Tables I and II. . 

Problems. Drawathree-linedi^liamdiowii^peruoitpiiaiemiiiehtsandYott- 
iqies to ground in the system diown in F%. life) iritb faults as mdkated 
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Problem 3. A conductor breaks and one end falls to ground, the other end is iso- 
lated. Develop an equivalent circuit to replace^ the fault and open conductor in the 
positive-sequence network Suggestion: ^t up an assumed equivalent Y between 
points Cf D, and the zero-potential bus, where C and D are system points at the 
terminals of the double fault. 
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CHAPTER VIII 


UNSYMMETRICAL THREE-PHASE CIRCUITS — ANALYSIS 
BY THE METHOD OF SYMMETRICAL COMPONENTS 


In a symmetrical three-phase system with balanced generated volt- 
ages, the currents and voltages under normal operation are balanced. 
During faults, symmetrical components of current flowing in a sym- 
metrical circuit produce voltage drop of like sequence only. The 
impedances offered to currents of a given sequence are the same in the 
three phases and therefore each of the sequence systems can be repre- 
sented by an equivalent circuit which has no mutual coupling with the 
equivalent circuits of the other two sequences. In an unsymmetrical 
three-phase circuit, the voltages and currents are unbalanced under 
normal operation. If the unbalance is small, it may be relatively 
unimportant. On the other hand, since it exists during normal opera- 
tion, its effects may be serious. An example is the heating in a rotat- 
ing machine resulting from double-frequency currents in the rotor 
induced by negative-sequence armature currents. Overheating is 
most likely to occur in the solid rotor of a turbine generator when 
supplying an unbalanced three-phase or a single-phase load. It is 
important that the nega- 
tive-sequence current in a 
rotating machine does not 
exceed its allowable safe 
limit. (See Problem 2.) 

Unsymmetrical circuit^ 
between two points in an 
otherwise symmetrical sys- 
tem, and unsymmetrical 

circuits connected at one < Ground or Neutrql Conductor) 



point only of the system, Fig. 1. Three-phase series circuit between 1» 

will be considered. The sim- ^ negligible capacitance and no inter- 
, . ^ nal voltages, 

plest type of the unsymmet- v 

rical three-phase series circuit is one which provides a direct metalltc 
connection between the two symmetrical parts of the system. In^this 
type of circuit, phase currents flowing between the two syfnmetri<»l 
parts of the system enter the unsymmetrical circuit at one terminal P 
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and leave at the other terminal Q widiout change in ms^itude or 
phase, as illustrated in Fig. 1. Examples of this type of circuit are an 
unsymmetricai three-phase transmission line, with capacitance n^lec- 
ted, and any three series injpedances, such as series reactors, which 
happen to be unequal. Other types of unsymmetricai series circuits 
indude unsymmetricai transformer banks with exciting currents 
n^lected, where the connection between the two parts of the system is 
by electromagnetic induction rather than by direct metallic connection. 

The amplest t 5 q)e of the unsymmetricai three-phase circuit, con- 
nected at one point only of an otherwise symmetrical system, is an 
unsymmetricai Y-connected drcuit. The currents in the three phases 
of the Y are line currents which flow from the symmetrical part of the 
system into the Y-connected drcuit or from the Y into the system, 
depending upon whether the unsymmetricai Y-connected drcuit is 
receiving or delivering power. The uns 3 mmetrical Y-connected dr- 
cuit may be treated as a special case of the unsymmetricai three-phase 
metallically connected series circuit, obtained by connecting the termi- 
nals of the three phases at P or Q in Fig. 1 and disconnecting these 
terminals from the system. Unsymmetricai Y-connected generators, 
motors, and impedance loads belong in this class. Other uns 5 mmetri- 
cal drcuits connected at one point only of the system include unsym- 
metricai A-connected circuits and single-phase loads. 

Sequence Impedances of the Three Phases of an Unsymmetricai 
Three-Phase Circuit. The impedances offered to positive-sequence 
currents in the three phases of a circuit will be deflned as the ratios of 
the voltage drops in the three phases to the corresponding phase 
currents, with only positive-sequence currents flowing in the drcuit. 
The impedances to positive-sequence currents in phases a, b, and c will 
be designated by Zai, Zn, and Zei, respectively. In a given circuit, 
they may be determined by causing positive-sequence currents only to 
flow in the circuit, or they may be calculated by assuming that only 
positive-sequence currents are flowing. Positive-sequence currents 
only 'can be made to flow in an unsymmetricai three-phase drcuit 
without internal voltages by suitable adjustments of series imped- 
ances in the three phases, with positive-sequence voltages applied. 
The voltage drops in the three phases of the unsymmetricad drcuit 
do not include the voltage drops through the adjustable impedamces. 
A dmilar procedure can be used to cause only n^ative- or only zero- 
sequence currents to flow in an unsymmetricai three-phaise drcuit. 
Then, by definition, 
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\t^ere Jai, /»i, and lei are positive-sequence currents and V(, and 9t 
the series voltage drops in the three phases resulting from the flow of 
positive-sequence currents only in the circuit. Similarly, the imped- 
ances of the three phaises to negative- (or zero-) sequence currents will 
be defined as the ratios of the voltage drops in the three phases to the 
corresponding currents with only negative- (or only zero-) sequence 
currents flowing in the circuit. The negative-sequence impedances, 
of the three phases will be designated by Za 2 , and Ze 2 , and the 
zero-sequence impedances by Zao, and Zco- 

The definitions of the sequence impedances of the three phases of an 
unsymmetrical circuit given here are based on the flow of positive-, 
negative-, and zero-sequence currents in the circuit and the unbal- 
anced voltage drops resulting from them. 

The sequence admittances of the three phases, which will be defined in 
terms of applied positive-, negative-, and zero-sequence voltages and 
the resulting unbalanced currents are discussed later in this chapter. 
It is there pointed out that except in a symmetrical three-phase circuit, 
or in a solidly grounded unsymmetrical three-phase circuit which offers 
the same impedances to currents of all sequences, the sequence admit- 
tances of the three phases are not the reciprocals of the corresponding 
sequence impedances. 

Reference Phase and Designation of Conductors. In a symmetri- 
cal circuit, the reference phase is conventionally designated a and may 
be any one of the three phases; when a fault involving one or more 
phases occurs, it is assumed to be located on the phase or phases which 
results in the simplest expressions for the sequence currents and volt- 
ages. In an unsymmetrical circuit, any phase may be designated the 
reference phase a; but with phase a specified, the fault or other dis- 
symmetry must be located on the phase or phases relative to phase a 
which are actually involved. In the work of this and subsequent chap- 
ters where circuits are unsymmetrical, the reference phase a will be so 
selected as to simplify calculations. 

Unsymmetrical Tbee-Phase Series Circuit without Internal Volt- 
ages. Let Fig. 1 represent a general three-phase series circuit with- 
out internal voltages which provides a direct electrical connection 
between points P and Q of the system. Currents J«, h, and in 
pliases o, b, and c, respectively, enter the uns 3 mimetrical drcuit at P 
and leave at Q, positive direction for curreit flow being from P to Q, a$ 
indicated by arrows. If the three phases are connected at P, Fig. 1 
can represent currents flowing out of an unsymmetrical Y-connected 
circuit; if at Q, current flowing into such a drcuit; if connected at 
neither P nor Q, current flowing in an unsymmetrical series circuit. 



228 


UNSYMMETRICAL THREE-PHASE SYSTEMS [Ch. VIII] 


Only the three phases and a return path for zero sequence currents 
are indicated in Fig. 1; but additional circuit elements can be under- 
stood to be present, so that the circuit will represent the desired three- 
phase circuit. 

Phase voltages at any point in a grounded system are referred to 
ground at that point. If there is a neutral conductor and no ground 
on the system, phase voltages may be referred to the neutral con- 
ductor. Let Fo, Vbj and Vc be the phase voltages at P referred to 
ground (or some other reference for voltages) at P, and Fa» Vh^ and 
Vc those at Q referred to ground (or some other reference for voltages) 
at Q, Let the voltage drops between P and Q in the three phases be 
indicated by Vay Vhy and Vc ; then 

Va= Va- F' = Ft - Ft' = Fc - F^ 

If the resistances and inductances associated with the circuit are 
constant, superposition can be applied (see Chapter I) and the volt- 
age drop in each phase written as the sum of the voltage drops resulting 
from the phase current replaced by its symmetrical components. 
Replacing la by (Jal + Ia 2 + lao), h by (a^Ial + CLla 2 + Iao)» Ic by 
(dial + (i^Ia2 + Iao)y with Currents of each sequence in each phase 
meeting their respective impedances, the voltage drops are ^ 

Va Fa = laiZal “b ^a2^a2 “H ^aO^aO 
Vb = Vb — Vb = a^IalZbl + ala2^b2 + laO^bO [1] 

Vc = Vc — Vc = alalZcl + d^Ia2Zc2 + ^aO^cO 


where Vay Vby and Vc are series voltage drops in phases a, 6, and c, respec- 
tively, iri the direction PQ. The lower-case letter v is here used to 
indicate a series voltage drop as distinguished from a voltage-to- 
ground, indicated by V. It is important to note that the voltages as 
defined are voltage drops, not voltage rises. (See Chapter 1.) 

Resolving Vay Vby and Vein [1] into their symmetrical components by 
[10H12], Chapter II, 

_ T7 T7' 1/ ^ IN T + a^Zbi + aZci 

VaO = VaO — VaO = 3 (^^a + 2^6 + Vc) = lal 1 


, T + CLZb2 + (l^Zc2 , r -^“0 + ZbO + Z^O 
-r ia 2 ; h ioo 1 


»«! = Fai - F'l = i(»a + avi + a\) = U [2] 

I r •^<*2 "F + 0'Zc2 , ^ 7o0 + + 0*7.0 

■r io 2 ; h ioo 


3 t 


3 
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Va2 = Va2 ^ Va2 = ^(Va + + dVc) = la 


Za\ + dZhl + d^Zcl 


, r ^0.2 + Zh2 + 2,c2 , r + d^^bo + dZcO 

-h Ia2 T ioO 


With positive-sequence currents only flowing in the circuit, Ia 2 and 
lao are zero, and equations [2] become 

r ^al + d^Zbl + dZci 
^aO -lal ^ 


Va\ — la 


^al + - 2^61 + Zei 


Va2 


Zal + dZbl + d^Zci 


Equations [3] show that, with positive-sequence currents only flowing 
in the circuit, voltage drops of all three sequences will occur between P 
and Q unless the coefficients of lai are zero. Likewise, with only nega- 
tive- or only zero-sequence currents flowing in an unsymmetrical cir- 
cuit, voltage drops of all three sequences may be obtained. 

Sequence Self- and Mutual Impedances in Terms of the Sequence 
Impedances of the Phases. When currents of a given sequence pro- 
duce voltage drops of unlike as well as like sequence, equations for the 
sequence voltage drops in the circuit are conveniently expressed in 
terms of sequence self- dnd mutual impedances. Replacing the coeffi- 
cients of the currents in [2] by Z'^ with two subscripts,* the first sub- 
script referring to the sequence of the voltage drop given by the equa- 
tion and the second to the sequence of the current associated with the 
coefficient, 

Val = Va\ — lal^n + Ia2^l2 + ^aO^lO W 

Va2 — Va2 ■” Va2 = I 01^21 + Io2^22 + -^o0^20 [5] 

VaO = VaO V'aO = + Ia2^02 + ^aO^OO [6] 

where the coefficients are defined below in [7]. 

^11 = + Zbi + Z el) = self-impedance to positive-sequence 

currents 

Z 22 = ^(Za 2 + Zb 2 + Zc 2 ) == self-impedance to negative-sequence 

currents 

* Notation and expression ** non-reciprocal,” suggested by Dr. E. W. Kimbark's 
letter to Editor, Electrical Engineering, October, 1938, p. 431. 
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Zoo “ \iZaio + ZiQ + Zeo) = self-impedancc to zero-sequence 

currents 

= i(i^o 2 + a^Zm + aZe 2 ) = ratio of the positive-sequence volt- 
age drop produced by Ia2 to Ia2 

Zio = aC-^oo + aZbo + O'^Zco) = ratio of the positiversequence volt- 
age drop produced by lao to lao [7] 

Z21 = iiZai + aZbi + a^Zei) = ratio of the negative-sequence 

voltage drop produced by lai to lai 

Z20 = aiZao + a^Zbo + aZto) = ratio of the negative-sequence volt- 
age drop produced by lao to lao 

Zoi = ^(Zai + a^Zbi + aZci) = ratio of the zero-sequence voltage 

drop produced by lai to lai 

^02 *= i(^a2 + (iZb2 + 0'^Zc2) = ratio of the zero-sequence voltage 

drop produced by Ia2 to Ia2 

Equations [4]-[6] express the symmetrical components of voltage 
drop in an unsymmetrical three-phase series circuit in which there are 
no internal voltages in terms of the symmetrical components of current 
flowing through the circuit and the sequence self- and mutual impdJ- 
ances defined by [7]. Self-impedances aie indicated by Z with two like 
subscripts, mutual impedances by Z with two unlike subscripts. Zn, 
222> Zqq represent the positive-, negative-, and zero-sequence self- 
impedances, respectively, of the circuit and are the impedances met by 
currents of positive, negative, and zero sequence flowing in their 
respective networks. 

In an unsymmetrical circuit, positive-sequence current flowing in 
the positive-sequence network meets the positive-sequence self- 
impedance Zn of the circuit and produces negative- and zero-sequence 
voltage drops in the negative- and zero-sequence networks. The posi- 
tive-sequence network is therefore coupled with the other two sequence 
networks. The mutual or coupling impedances in the positive- 
sequence network are Z21 with the negative-sequence network and Zqi 
with the zero-sequence network. The negative-sequence voltage drop 
produced in the negative-sequence network by lai is Z2ilai and the 
zero-sequence voltage drop produced in the zero-sequence network by 
Ia\ is Zoi/ai- Negative-sequence current flowing in the negative- 
sequence network meets the negative-sequence self impedance Z22 of 
the circuit and produces positive- and zero-sequence voltage drops in the 
positive and zero-sequence networks equal to Zi2/a2 and Zo2/a2» re- 
spectively. The mutual or coupling impedances between the negative- 
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sequence network and the positive- and zero-sequence networks are Z 12 
andZo 2 . respectively. Zero-sequencecurrent flowing in the zero-sequence 
network meets the zero-sequence self-impedance Zoo of the circuit and 
produces positive- and negative-sequence voltage drops in the positive- 
and negative-sequence networks equal to Zio/ao and Z 2 o/ao» respec- 
tively. The mutual impedances between the zero-sequence network 
and the positive- and negative-sequence networks are Zio and Z 201 
respectively. 

It is of interest to note that Z 12 and Z 2 i, as defined in [7], are not 
equal in the general case. This means that, except in special cases, the 
ratio of the positive-sequence voltage drop to the negative-sequence 
current producing it is not the same as the ratio of the negative-sequence 
voltage drop to the positive-sequence current producing it. Also 
Zio and Zqi, Z 20 and Z 02 , except in special cases, will be unequal. The 
mutual impedances between the sequence networks resulting from an 
unsymmetrical circuit are therefore non-reciprocal in the general case. 

Unsjrmmetrical Three-Phase Series Circuit with Unbalanced Gen- 
erated or Induced Voltages. Let £a, Eh, and Ec be the internally 
generated, or externally induced, voltage' rises in phases a, 6, and c, 
respectively, of Fig. 1 in the direction PQ. These internal voltages, 
if unbalanced, can be resolved into their symmetrical components of 
voltage by [1], Chapter III. If the components of voltage drop in 
[4]-[6] are subtracted from the symmetrical components of voltage rise 
Eai, Ea 2 y and £aOi respectively, the resultant components of voltage 
rise from P to Q are given by the following equations : 

Val = Ea\ — lalZll — -fa2^12 laO^lO 

Va2 = Ea2 ~ Ial^2l Ia2^22 ~ ^a0^20 [^1 

VaO = EaO lal^Ql ^o2^02 “ laO^OO 

where the sequence self- and mutual impedances are defined in [7]. If 
the applied voltages are balanced, Ea 2 and Eao 
in [8] are zero. 

An unsymmetrical Y -connected synchronous 
machine^ with its neutral grounded through an 
impedance Zn, is represented by Fig. 1 if the 
three phases are connected at P and grounded 
through an impedance Zn, as in Fig. 2. P then 
represents the neutral of the machine and Q 
its terminals. The symmetrical components 
of the voltage to ground of phase a at the 
terminals of the machine, with positive direc- 
tion for line currents from neutral towards the terminals, are given 



Fig. 2. Y-connected 
synchronous machine 
with neutral ground 
through Zn. 
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by [8] if Vai, Va 2 , and V^o replace Vai, ha, aflrf VaO W these equations. 
If represents the zero-sequence self-impedance between neutral 
and terminals, then 


Vai == -Eal lal^ll “ Ia2^12 laO^lO 
Va2 = ^a2 ““ “ Ia2^22 ~ I 00^20 

VaO = EaO “ lalZoi — /a2-^02 “ + 3Zn) 

~ EaO lal^Ql Ia2^02 laQ^OO ” 1 “ Vn 


[9] 


where Vn = — I aoi^i^n) is the voltage above ground of the neutral. If 
the neutral is solidly grounded, Zn = 0 and Vn = 0. 

If the machine neutral is ungrounded, Zn — ^ and /ao = 0. If the 
zero-sequence impedances in the three phases between terminals and 
neutral are finite, as is the case in a Y-connected machine, the zero- 
sequence impedances Zqo, Z\q, and Z 20 in [9] are finite, and these equa- 
tions become 


Yol = Eal — lalZli — Ia2Zi2 

Va2 = Ea2 “ IalZ2l ~ ^02^22 [10] 

VaO = -EaO “ lalZoi — Ia2Zoi + Vn 


t 

where Fao and Vn, the zero-sequence voltages at the machine terminals 
and neutral, respectively, can be determined for a given problem when 
the zero-sequence diagram for the rest of the system is known. 

Equations [9] and [10] give components of voltage to ground at the 
terminals of a synchronous machine in terms of the symmetrical com- 
ponents of line current flowing /rom the machine; if /oi» Ia 2 , and /ao 
are components of line current flowing into the machine, the negative 
signs in [9] and [10] become positive. 

In an unsymmetrical static load with a path for zero-sequence cur- 
rents, the symmetrical components of phase voltages to ground at the 
load terminals are given in terms of the positive-, negative-, and zero- 
sequence line currents flowing into the circuit and the sequence self- 
and mutual impedances of the circuit viewed from its terminals by the 
following equations: 


Vai = lalZii + /d2^12 + laoZio 

Va2 = IalZ2l + /o2Z^22 + IaoZ20 [11] 

VaO = lalZoi + /o2^02 + laoZoO 


where the sequence self- and mutual impedances in [11] depend upon 
the characteristics of the unsymmetrical static load. 

If the load is Y-connected with neutral ground through an impedance 
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Zn, equations [11] can be written 

Val = + Ia2Zi2 + laO^io 

Va2 = J^al-2^21 + -^a2^22 + •^a0^20 [lltt] 

= -fal^Ol + Ia2Zo2 + -^aoC-^oO + 3Zn) 

= /alZoi + Ia2Zo2 + -^oO^OO + 

where Fn = Iaoi?Zn) is the voltage of the neutral of the load above 
ground, and Zqo is the zero-sequence self-impedance between terminals 
and neutral. 

If the load is Y -connected with neutral ungrounded, lao = 0* With 
finite zero-sequence impedances in the three phases between termi- 
nals and neutral, [11a] becomes 

Val = lalZii + Ia2Zi2 

Va2 = IalZ21 + /a2^22 [H^] 

FaO = lalZoi + -^02^02 + Fn 

^-connected loads are discussed under A-connected circuits. 

Determination of Sequence Self- and Mutual Impedances from Cir- 
cuit Impedances 

The sequence self- and mutual impedances in [4]-[6] are defined in 
[7] in terms of the sequence impedances of the three phases. The sequence 
impedances of the phases have been introduced to simplify calculations. 
It is the sequence self- and mutual impedances that are required, the 
sequence impedance of the phases being merely helpful in obtaining 
them. In certain unsymmetrical circuits, the sequence impedances 
of the phases can be obtained by inspection. This is the case in three- 
phase circuits with unequal self -impedances in the phases and no 
mutual impedances between phases or with other circuits. With 
static circuits having unequcd^ circuit self- and mutual impedances, the 
introduction of the sequence impedances of the three phases allows the 
sequence self- and mutual impedances associated with the currents of 
each sequence to be calculated separately. This is especially useful in 
the calculation of zero-sequence impedances of overhead transmission 
lines with ground wires. (See Chapter XL) 

^ To avoid confusing the two different types of self- and mutual imped- 
ances and the two different types of impedances associated with the 
phases, these impedances will be redefined: 

Sequence self- and mutual impedances refer to the self-impedances in 
the sequence networks (Zn, Z22> and Zqo) and the mutual impedances 
between these networks (Z 12 , Z 21 , Zio, -^oif ^ 02 )- 
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Sequence impedances of the three phases refer to the impedances in the 
three phases to the sequence currents, when currents of each sequence 
are applied separately (^^i, ^^51, Zc\\ •^o2» ^c2» ^6o» ^co)* 

Circuit or conductor self- and mutual impedances refer to the self- 
impedances of the elements or conductors of the actual circuit 
(Zoa, Zhb, Zccj • * • Znn) and the mutual impedances between elements 

(Zaht Zbrt ’ * ‘ Zen)- 

Three-Phase Static Circuit with Neutral Conductor — Presence of 
Earth Neglected. Let Fig. 1 represent an unsymmetrical, reciprocal, 
static circuit between P and Q in which capacitance is negligible, there 
are no internal voltages, and the return path for zero-sequence currents 
is through a neutral conductor with the presence of the earth neglected. 
Let the self-impedances of phases a, 6, c be Zaa, Z^^y Zee, respectively, 
and the self-impedance of the neutral conductor n be Znn- Let the 
mutual impedances between phases be Zab, Zac, Zbc, and between phases 
and neutral conductor be Zan, Z^n, Zen- In a reciprocal static circuit 
Zab = Zba, Zbn = Znb, etc. (Formulas for the self-impedance of a 
linear conductor and the mutual impedance between two parallel 
linear conductors are given in Chapter XI, equations [1] and [2].) 

The voltages referred to the neutral conductor of phases a, &, c at P 
are Va, Vb, Vc\ at 0 they are F5, F'. The phase voltage drops 
in the circuit are Va = Va — F^; ^5 = Fb — F^; Ve = Ve F^. If 
the three phases of the circuit are shorted to the neutral conductor at 
Q, Ffl = Ffr = Fc = 0 and the voltage drops in the three phases 
between P and Q are the voltage drops in the three loop circuits, each 
consisting of a phase conductor with neutral conductor return. Short- 
ing all three conductors at one terminal of a circuit to the reference 
point for voltages at that terminal is a convenient way of determining 
its impedances. The neutral conductor return is included because the 
voltages at P and Q are not referred to the same point of the neutral 
conductor. 

The voltage drops in the three loop circuits, each consisting of a 
phase conductor and neutral conductor return, are 

Va — Va Fa= {^laZaa “t“ ^bZab "b IcZac ZnZan) 

+ (InZnn “ laZan IbZbn ““ IcZen) 

Vb ~ Fft F 5 = {laZab IbZbb "h leZbc ZnZbn) \12\ 

"h {ZnZnn ZaZan ZbZbn ZcZen) 

Ve Vc — Ve = {laZac + IbZhc + IcZec ““ InZen) 

"h {ZnZnn Z^Qn ZbZbn ZeZen) 


where + Zb + /c* 
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There are two ways of determining the sequence self- and mutual 
impedances of the circuit defined by [12]. The first method, already 
described, consists of determining the positive-, negative-, and zero- 
sequence impedances of the three phases of the circuit in accordance 
with their given definitions, and from them the sequence self- 
and mutual impedances using [7]. In the second method, 
after I„ has been replaced by la + h + Ic in [12], the proce- 
dure is to replace the phase currents by their symmetrical 
components of current (/« = lai + -Tos + laoJb — a^Iai + alaz + loo. 
Jc = alai + o,^Ia 2 + -foo) ! then to resolve Vi, and Ve into their 
symmetrical components of voltage by [10]-[12], Chapter II; and 
finally to equate the coefficients of loi, laa, and /ao in the resultant 
equations for Vai, VaSi and Vao to the corresponding coefficients in 
[4]-[6], obtaining the sequence self- and mutual impedances in terms 
of the self- and mutual impedances of the conductors. 

By the first method, the self- and mutual impedances of each se- 
quence are determined separately. This tends to simplify the equa- 
tions, but increases their number because of the introduction of the 
sequence impedances of the three phases. When the second method 
is used, the sequence impedances of the three phases are not required 
as the self- and mutual impedances of the sequence networks are ex- 
pressed directly in terms of conductor self- and mutual impedances. 
The notation is therefore simpler and the number of equations less; the 
equations, however, are longer. The first method is employed in the 
following development. The second is reserved for an exercise (see 
Problem 7). 

With positive-sequence currents only flowing in the three phases, 
la = lai, Ib — le = dial, and /» = 0. Substituting these 

values in [12], 

Va=Va- V'a 

= Ial(,^aa "t" Ial(,^an "f" O^^bn "f" O^en) 

Vb=V,- Vi • 

= laliZab + + aZbe) -» lali^an + d^Zbn + dZen) 

Vc=v,- Vi 

= Ial(,^ae "H O^Zbe d" O^cc) ^ali^an “I" d^^bn dZ^n) 

The positive-sequence impedances of the three phases by definition, 
using the above equations, are 

Zal = 7^ = (,^aa + d^Z^b + dZae) — {Zan + + dZ^,^ 

■*al 



236 


UNSYMMETRICAL THREE-PHASE SYSTEMS [Ch. VIIIJ 


^bl = " 2r + d^Zbe + dZab) “ d{Zan + Ct^Zbn H“ dZen) 

d lal 

Zcl = I = {Zee “f” d^Zac “1" dZbe) d^{Zan *4“ d^Zbn 4" dZen) 

dial 

Similar equations can be written for the voltage drops with only 
negative- and only zero-sequence currents flowing in the three phases 
and the negative- and zero-sequence impedances of the three phases 
determined. 

The nine sequence impedances of the three phases of a static circuit 
with return for zero-sequence currents through a neutral conductor 
with the presence of the earth neglected are given in the following 
equations in terms of the self- and mutual impedances of the con- 
ductors: 

Zal — {Zaa 4“ d^Zab + dZac) {Zan 4“ d^Zbn 4“ dZen) 

Zbl “ {Zbh 4“ Zbc 4" dZab') d{Zan 4" d Zbn 4“ dZen) 

Zcl “ {Zee + d^Zac 4" dZbc) — d^{Zan 4" d^Zbn 4* dZen) 

Za2 = {Zaa 4" dZab 4" d^Zac) ” {Zan 4“ dZbn 4~ d^Zen) 

Zb2 = {Zbb 4" dZbc 4” d^Zab) *” d^{Zan 4" dZbn 4“ d^Zen) [12^] 
Zc2 {Zee 4- dZae 4" d^Zbe) “ d{Zan 4“ dZbn 4“ d^Zen) 


ZaO = Zaa 4“ Zab 4“ Zac — 3Zan 4" 3Znn 
Zbo = Zbb 4- Zab 4- Zbe — 3Zbn 4" 3Znn 
ZcO = Zee 4“ Zac 4“ Zbc — 3Zcn 4* 3Znn 


{Zan 4“ Zbn + Zen) 
{Zan 4" Zbn 4” Zen) 
{Zan 4“ Zbn 4- Zen) 


The sequence self- and mutual impedances of a reciprocal three- 
phase static circuit with no internal voltages, having a return path for 
zero-sequence currents through a neutral conductor with the presence 
of the earth neglected, obtained by substituting [12a] in [7], are 

Zii = Z 22 == i(Zaa 4“ Zbb + Zee) — ^{Zab 4" Zae 4" Zbe) 

Z^OO == ^{Zaa 4- Zbb 4“ Zee) 4" f 4" Zac 4" Zbc) 

4~ SZfin 2 (Zan 4" Zbn 4” Z^cn) 

Zl2 = ^{Zaa 4“ d^Zbb 4“ dZee) 4” ^{dZab 4" d^Zae 4“ Zbc) 

Z2I = ^{Zaa 4“ dZbb 4“ aZZec) 4" ^{d^Zab 4“ dZac 4“ Zbe) [13] 

Zio = Z 02 = ^{Zaa 4“ dZbb 4- d^Zee) — ^(a^Zab 4“ dZae 4“ Zbc) 
{Zan 4" dZbn 4“ d^Zen) 

Z20 = Zqi = f (Zaa 4“ d^Zbb 4“ dZec) — ^{dZah 4" d^Zac 4“ Zbc) 

~ {Zan + d^Zbn 4“ dZen) 
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Equations [13] are evaluated in terms of circuit dimensions in Chap- 
ter XI, equations [12]-[14] and [7H9]. 

XJnsymmetrical Static Y-Connected Circuit with Mutual Impedances 
between Phases. If the three-phase circuit with mutual impedances 
between phases has a return for zero-sequence currents through a 
neutral grounding self-impedance Zn and the length of the ground path 
is insignificant, the mutual impedances Z^n, -Zftn, and Zen in [12] and 
[13] disappear and Znn becomes Zn in these equations. 

Symmetrical Three-Phase Static Circuit. In a symmetrical three- 
phase static circuit, 

Zna “ ^hh ~ -^cci ^ah ~ ^ac “ ^6c» Z^an ~ ^hn “ ^cn 

The sequence impedances of the three phases from [12] are 

Zai = Zbi = Zei = (Zoa ^ab) “ 

Za2 == Zb2 ~ ^e2 “ (-^aa ^ab) == Z^2 [1^1 

^aO “ ^bO ” ^eO ~ Z^aa 2Za6 "f" 3Znn ” Zq 

The sequence self- and mutual impedances from [13] are 

Zii = Z22 = (Zaa — Zob) = Zi = Z2 

Zoo = Zaa + 2Za6 + 3Znn ““ 6Zon = Zo [15] 

Zi2 = Z 21 = Zio = Z 02 = Z 20 = Zoi = 0 

Substituting these impedances in [4]-[6], 

^ai “ -^olZi 

i'a2 = Ia2^2 [16] 

^aO ~ T^aoZo 

From [14], in a symmetrical static circuit, the impedances to currents 
of a given sequence are the same for the three phases, and the imped- 
ances to positive- and negative-sequence currents are equal. From 
[15] and [16], there is no mutual coupling between the sequence net- 
works of a symmetrical circuit and currents of a given sequence pro- 
duce voltage drops of like sequence only. If 'voltages of a given 
sequence are applied to the circuit, currents of like sequence only will 
flow. This follows because the voltage drops must equal the applied 
voltages, and voltage drops of a given sequence in a symmetrical cir- 
cuit can be produced only by currents of that sequence. 

Eqiml Self-Impedances in the Three Phases and MtUiial Impedances 
of Two Phases Equal, If Zaa = Zhb = Zee, Zab = Zac, and Zbn = Zen, 



238 


UNSYMMETRICAL THREE-PHASE SYSTEMS [Ch. VIII] 


the sequence self- and mutual impedances from [13] are 
Zii = Z 22 = Zaa — ^{Zbe + 2Zab) 

Zoo ~ Zaa “h §(Zbc, -p 2Zab) "f“ 3Znn 2{Zan ”1“ 2Zbn) 

Zi2 = Z21 = f (Z5c — Zab) 

ZiQ = Zqi = Z 20 “ Zq2 = \^Zbc Zab) (Zan ^6n) 


[17] 


In [17] the mutual impedances between the sequence networks are 
reciprocal. 

Self-Impedance Circuits. When the impedances of the three phases 
of the circuit are unequal self-impedances without mutual coupling 
between phases or with other circuits, the impedance of any phase to 
positive-, negative-, and zero-sequence currents is the same. Let the 
phase impedances be Za, Zb, and Zc\ then Za\ = Za 2 = ^ao = Za\ 
Zbi = Zb 2 = Zbo = Zb; Zci = Zc 2 = Zco = Zc- The self- and mutual 
impedances defined in [7] for use in [4]-[6] become 

Zii = Z 22 = Zoo = \{Za + Zb + Zc) 

Z 12 = Z 20 = Zoi = 3 (Zo + a^Zb + aZc) 

= \\za- -j^ (Zb - Z,)] [ 18 ] 

Z\Q == Z 21 = Z 02 = 3(Zo + aZb + a^Zc) 

= (Zb - Zc)] 


In the general self-impedance circuit, Z12 5^ Z21, Zio 5^ Zoi, 
Z 20 7 ^ Z 02 , and therefore the mutual impedances between the sequence 
networks are non-reciprocal. 

Self-Impedances Equal in Two Phases. If the self-impedances of 
two of the phases are equal, let these phases be b and c. Then Zb = Z® 
and [18] become 

Zii = Z22 = Zoo = i(Zo + 2 Zb) 

Zi 2 = Z21 = Zio == Zoi = Z20 = Z02 = 5 (Za — Zb) [ 19 ] 

In the special case of two equal circuit self-impedances, the sequence 
mutual impedances are reciprocal. 


Umqrmmetrical A-Connected Circuits with Unbalanced Generated 
Voltages 

Figure 3 shows two unsymmetrical A-connected circuits with 
unbalanced generated volti^es. In part (o), line current flows from 
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the A ; in part (b) , towards the A. In each case it is required to express 
the positive- and negative-sequence voltages to neutral at the circuit 
terminals in terms of the positive- and negative-sequence line currents 
and the sequence impedances of the A-connected windings. There 
are no zero-sequence components of current flowing from the A into 




Fig. 3. General unsymmetrical A-connected circuits with unbalanced generated 
voltages, (o) Line currents flowing from the A. (6) Line currents flowing towards 

the A. 

the line or from the line into the A, but there may be zero-sequence 
currents circulating in the A. There are no zero-sequence components 
of voltage in the line-to-line voltages (since their sum is zero) but there 
may be zero-sequence voltages in the voltages to ground at the circuit 
terminals. 

A currents and voltages will be indicated by V and I, respectively, 
with two subscripts, the voltages by Vbe = Vc — Vb, Vea = Va — Ve, 
and Vab = Vb — Va, the currents by he, lea, and lab or hb, he, and 
he, where positive direction of current flow is from the point indicated 
by the first subscript towards th 6 point indicated by the second. 

Ebe, Eea, and Eab are the generated voltage rises in the three phases 
of the A in the directions be, ca, and ab, respectively. The positive- 
sequence impedances of phases be, ea, and ab are Zbei, Z^ai, and Zabi, 
respectively; the negative::sequence impedances are Zbe2, Zca2, 

Zab2, respectively: the zero-sequence impedances are Zbeo, Zcao, and 
Zabo, respectively. The positive-sequence impedances are defined as 
the ratios of voltage drops in the impedances in the three phases to the 
corresponding phase currents with only positive-sequence currents 
flowing. The negative- and zero-sequence impedances are similarly 
defined. With Vbe — Ve — Vb as reference phase, 

Vbei, Veal = a^Vbei, Vab\ = oVbei are the positive-sequence 

line-to-line voltages of the A 

Vbe2, ^^co2 = 0^6*2, Vab2 = are the n^ative-sequence 

line-to-line voltages of the A 
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The notation for the positive- and n^ative-sequence currents corre- 
sponds to that for the voltages. The zero-sequence circulating current 
in the A will be indicated by hco^ 

If superposition can be applied, the phase voltages of the A which 
are line-to-line voltages will be the generated A voltages minus the 
voltage drops caused by the symmetrical components of current flowing 
through their respective impedances. From Fig. 3(a) or 3(6), 

Vhc ~ -Eftc Ibcl^hcl Ibc2^hc2 ^bcO^bcO 

V ca ^ ^ca (^^IbcX^caX 0,Ibc2^ca2 ^bcO^eaO [20] 

Fab = -Eab O'lbcl^abl (^Ibc2^ab2 IbcO^abO 


Resolving the line-to-line voltages into their symmetrical com- 
ponents of voltage, by equations analogous to [10]-[12] of Chapter II, 
the resultant equations are 

Vhel = i(Fbc + dVca + d^Vab) = ^bcl — hcl^Ml ~~ Ibc2^^12 
— IbcO^MO 

Vbe2 ~ zi^bc 4” CL^Vea “h ^Fab) = ^bc2 ^hcl^A2l Ibc2^A22 

— IbcoZA20 < 


FbcO = i(Fbc + Fca + Fab) = 0 = EbcO “ -fbcl^AOl hc2^ii02 
— IbcoZ^oo 


where 


and 


-Ebcl = i(^bc + dEca + d^Eab) 

^bc2 “ zi^bc 4" O^Eca 4" dEab) 
-EbcO = §(-Ebc 4- Eca 4“ -Eab) 

Zaii = ^(^bcl 4“ Zeal + Zabl) 
Za22 = ^(^bc2 + Zca2 4" Zab2) 
ZaoO ~ '3(^bc0 4” ZcaO 4" -^^obo) 
Zm2 = i(^bc2 4- d^Zca2 4" dZab2) 
Zmo = ^{ZbeO + dZcaO 4“ d^Zabo) 
Za21 = i(Zbcl 4" dZeal 4“ d^Zabl) 
Za2Q = ^(^bcO 4" d^ZcaO 4” C^^abo) 

ZaqI = 3(^bcl + d^Zeal 4" dZahl) 

Za02 = l{Zbc2 4“ dZea2 4“ d^Zab2) 


[ 22 ] 


[ 23 ] 
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Equations [21] express the positive-, negative-, and zero-sequence 
components of the phase voltages of the A, or the line-to-Iine voltages 
across the A, in terms of the sequence components of voltages generated 
in the A, the sequence components of currents flowing in the A, and the 
sequence self- and mutual impedances of the A-connected circuit. 
Equations [22], which define the sequence generated A voltages in 
terms of the voltages generated in the three phases of the A, are similar 
to [1], Chapter III. Equations [23] are similar to [7], the sequence 
impedances in the three phases of the A replacing the sequence imped- 
ances in the three phases of the series circuit. The A impedances in 
[21], defined in [23], have an additional subscript A to indicate that 
they are the impedances of a A-connected circuit. 

Solving the last equation of [21] for /^co* 


Ihcd = 


-^AOO 


(EbcO — Ibe2^^02) 


[24] 


Substituting Ihco from [24] in the first two equations of [21], 

Vu, - (eu, (z„. - 

\ ^AOO/ \ ^AOO / 


r I ^ ^A10^A02\ 

— Hc2 I ^M2 ] 

^AOO / 




[25] 


F6c2 


\ ^Aoo/ 


r ( ry -2^A20-2^A0i\ 

^hcl \ •^A21 ,7 j 

\ / 


- h 


ry , ^A20-^A02\ 

bc2 \ ^^22 ^ j 

^AOO / 


0 


If currents, voltages, and impedances are expressed in amperes, volt- 
ages, and ohms, respectively, or in per unit on common kva and volt- 
age bases, from [53], Chaptei^I, 


Fftcl = j^Val 

Vbc2 = -iV3t^«2 


[26] 


With direction of line currents away from the A as in Fig. 3(a), from 
[60], Chapter III, 

y j^al 
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Substituting [26] and [27] in [25] and [27] in [24] and simplifying, 
Vai and Fo 2 , the positive- and negative-sequence components of phase 
voltage to ground at the A terminals, and heo> the zero-sequence 
current in the A in the direction bca, are expressed in terras of lai and 
Jo 2 , the positive- and negative-sequence components of line current 
flowing from the A terminals, the A-generated voltages, and sequence 
self- and mutual impedances of the A by the following equations: 


T7 - ~U V J7 T -Zaio-ZaoA 

Val 3 


32aoo / 


j /Zai2 2 aio-2^ao2 \ 

+ 3 3Zaoo / 


[28] 


Tr J / ^ A2o\ , t /^A 21 ^A 20 ^AoA 

ya2= “7= I ^bc2 — -^bcQ j I 

V3\ -^Aoo/ \ 3 3 Zaoo / 


Y / ^A 22 Za 20 ^^A 02 \ 

- 3Zaoo / 


^beO “* ^ (-^bcO 
-^AOO \ 


\ 3 

I 3 I 

V3‘ 




[29] 

[io] 


Vao is indeterminate but can be evaluated in any given problem when 
the zero-sequence network for the system is known. If the generated 
line-to-line voltages are balanced, Ei,c 2 = .Etco = 0- With per unit 
quantities based on a common leva base, but base voltages in the A 
and line in the ratio of Vs to 1 , the factors l/Vs and 5 , which change 
line-to-line generated voltages and A impedances to line-to-neutral 
voltages and impedances, respectively, disappear in [28]-[30]. 

nns]rmmetrical A-Connected Synchronous Machine with Unbal- 
anced Generated Voltages. Equations [28]-[30] give the positive- 
and negative-sequence components of line-to-neutral voltage at the 
machine terminals in terms of the positive- and negative-sequence 
components of line currents flowing from the A, the sequence self- and 
mutual impedances of the A-connected dreuit, and the symmetrical 
components of generated A voltages. (See Fig. 3(a).) If Jai and Ja 2 
are components of line current flowing towards the A, as in Fig. 3(6), 
the signs of the coefficients of lai and /02 in [28]-[30] are reversed. 

Unsymmetrical A-Connected Static Circuit. If the generated volt- 
£^es in [28]-[30] are equated to zero and the signs of 7ai and Ia 2 
reversed, the following equations apply to the unsymmetrical A-con- 
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nected static load: 

„ , Z^ioZ^Qi\ ^ (Zuiz 

n. - - 

K, . + I.. 

T J / T ^^01 r ^A02 \ 

i6co = ~7=v ^ai "Z -^02 j 
V3\ -^Aoo/ 


-^A10^A02 \ 

3Zaoo / 

__ ^^20-^A0 2 

3-^aoo 




[311 

[32] 

[33] 


where /ai and /a 2 are the symmetrical components of line current 
flowing towards the A, and Ihco is the zero sequence current circulating 
in the A, in the direction bca. 

Equations [31]-[33], as well as [28H30], apply where currents, volt- 
ages, and impedances are expressed in amperes, volts, and ohms, 
respectively, or in per unit on common kva and voltage bases. With 
all quantities in per unit based on a common kva, but base voltages in 
the A and line in the ratio of V3 : 1, the factors f in [31] and [32] and 
l/Vs in [33] disappear. 

A-Connected Self-Impedance Circuit. For a self-impedance A-con- 
nected circuit without mutual impedances between phases, Zbci = Zbc 2 

~ ZchO “ Zbc\ ^ca\ ~ ^ca2 ” ^coO ~ ^cal Z^ahl ~ ^ab2 ~ ^ahO “ ^ah 

From [23], 

^All ~ ^A22 ~ ^AOO “ 3’(^6c "1“ ^ca "4" ^ab) 

Zm2 = -Za 20 = -^AOl = ii^bc + + d^ab) [34] 

^A21 “ ^AlO ~ ^A02 “ ”1“ dZca H" d Zab) 

For the A-connected self -impedance circuit, [34] may be substituted 
in [31]-[33], or an equivalent Y can replace the A-connected self- 
impedance circuit for calculating current and voltage conditions at its 
terminals. (See [39], Chapter I.) The first two equations of [116] 
then apply, where the sequence self- and mutual impedances Zn, 
Z 22 f ^i 2 » and Z 21 are defined in [18] in terms of the self-impedances of 
the equivalent Y. It should be noted that it is the self-impedance A 
only which can be replaced by a single equivalent Y. The zero-se- 
quence current circulating in the unsymmetrical A cannot be deter- 
mined from the equivalent Y, but the total currents in the three 
branches of the A can be obtained by dividing the calculated line-to- 
line voltages at the terminals of the equivalent Y by the correspond- 
ing phase impedances of the A. One-third the sum of these A currents 
is the zero-sequence current which circulates in the A. 
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DETERMINATION OF CURRENTS AND VOLTAGES IN A SYSTEM CON- 
TAINING AN UNSYMMETRICAL CIRCUIT BY MEANS OF EQUATIONS 

As pointed out, the mutual impedances between the sequence net- 
works are non-reciprocal for the general unsymmetrical circuit. This 
is true for the general unsymmetrical circuit with mutual impedances 
between phases (see [13]) and also for the general unsymmetrical cir- 
cuit composed of self -impedances only (see [18]). With non-reciprocal 
mutual impedances between the sequence networks, there is no equiva- 
lent static circuit to replace the actual circuit in these networks. 
Solution, however, can be obtained by means of equations. On an 
a-c network analyzer, a phase shifter is required. Equations will be 
developed from which the currents and voltages can be determined 
in a system, symmetrical except for (1) a general unsymmetrical 
static series circuit, (2) a general unsymmetrical circuit connected at 
one point only of the system. When the mutual impedances are 
reciprocal, equivalent circuits can be developed to replace the actual 
circuit in the sequence networks. Such circuits will be developed for 
special unsymmetrical series and shunt circuits. 

General Unsymmetrical Series Circuit. When the system except 
for the unsymmetrical series circuit is symmetrical and the parts ^f 
the system on the two sides of the unsymmetrical circuit are con- 
nected only through that circuit, the system can be represented as in 



Fig. 4. Unsymmetrical series circuit between points P and Q in an otherwise sym- 
metrical system in which symmetrical parts of the system are represented as equiva- 
lent synchronous machines. 

Fig. 4, where the points P and Q divide the system into three parts. 
The parts of the system to the left of P and to the right of Q are sym- 
metrical, the three phases offering the same impedances to currents of 
a given sequence, while the part between P and Q is unsymmetrical. 
The symmetrical parts of the system can be replaced by equivalent 
machines with sequence impedances Zi, Z 2 , Zq and Z^, Z 2 , Zq, which 
are the sequence impedances of the symmetrical parts of the system 
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viewed from P and Q, respectively, with the unsymmetrical series 
circuit open. £«» and Ea, a^E'a, aEa are the balanced inter- 

nal voltages of the two equivalent machines replacing the symmetrical 
parts of the system. They are the balanced voltages which would 
exist at P and Q, respectively, if the three phases were opened at P 
and Qf all rotors on the system retaining their relative angular posi- 
tions. Ea and £« depend upon operating conditions. For example, if 
the unsymmetrical circuit is supplied at P through a transformer bank 
with kva rating so small relative to the kva capacity of the system to 
the left of P in Fig. 4 that the voltages on the primary side of the bank 
remain balanced, Zi, Z^, and Zq will be the positive-, negative-, and 
zero-sequence impedances of the transformer bank, and the internal 
voltages of the equivalent machine will be the balanced normal oper- 
ating voltages on the primary side of the transformer bank. When 
the current taken at P by the unsymmetrical circuit is appreciable 
relative to the current in the system to the left of P, the balanced 
internal voltages of the equivalent machine at P must be high enough 
to allow for the voltage drop in the symmetrical part of the system 
caused by the unsymmetrical load. In many problems involving 
unsymmetrical circuits, the given conditions are such that Ea and Ea 
are not required. For example, if the positive-sequence current flow- 
ing through an unsymmetrical series circuit in an otherwise symmetri- 
cal system is given and the problem is to find the negative-sequence 
current when the impedance to zero-sequence currents is infinite, it is 
only necessary to determine the ratio of the negative- to the positive- 
sequence current. (See [43].) In cases where Ea and Ea are required, 
they can usually be satisfactorily estimated. For the present it will 
be assumed that they can be estimated or will be eliminated in the 
solution of a given problem. When the symmetrical part of the 
system to the right of Q is a symmetrical three-phase static circuit, 
£' = 0 . ^ 

In Fig. 4, the line-to-ground voltages of the three phases at P will 
be designated by Fo, F 5 , and Fc, and at Q by F^, F^, and F^ and the 
corresponding line currents which flow in all three circuits by /«, /&, 
and /c, positive direction for current flow being from P to Q, as indi- 
cated by arrows. If the symmetrical components of voltages to 
ground at P and 0, Foi, Fa 2 , Fao, and Fai, Fa 2 , Fao, respectively, are 
express^ in terms of the symmetrical components of current flowing 
from P to Q, there will be three sets of equations, two sets in terms of 
the impedances of the symmetrical parts of the system and one set in 
terms of the impedances of the unsymmetrical part. By equating 
symmetrical components of voltages at P and at Q in these equations. 
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the symmetrical components of current can be determined, and from 
them the currents and voltages of the system. 

From the symmetrical part of the system to the left of P, the sym - 
metrical components of voltage at P from [8]-[10], Chapter III, are 

Val = Ea — Ia\Z\ 

Va2 = -Ia2Z2 [35] 

VaO = --laoZo 


From the symmetrical part of the system to the right of 0, the sym- 
metrical components of voltage at Q are 

V'al = IalZ[ + P' 

VU = Ia2Z'2 [36] 

FflO JaoZo 

The sequence voltage drops between P and Q, (Fai — Foi), 
{Val - F' 2 ), {VaO - F'o), are given by [4H6]. 

Substituting [35] and [36] in [4H6], and simplifying, 

Ea ^ Ea = Ial{Zii -j- Zi + Zi) + /o2-Zl2 + laoZlO [37] 

0 = IalZ2l + Ia2{Z22 + -2^2 + Z2) + IaoZ20 [38] 

0 = lalZoi + Ia2Zo2 + ^ao{ZoO + Zq + Zq) [39] 

Using determinants (see Appendix A), the solution of the simultaneous 
equations [37H39] gives 

T — tT? r?f\ (^22 + Z2 + Z2){ZoQ + Zp + Zp) — Z02Z20 

J-al “ \^a ^a) . 


T /17 77/ \ -^21(^00 + Zq + Zq) — Z01Z20 

io2 ”■ \-^a -tLa) ^ 

•^21 (■^00 ~h ■^o Zq) ~ Z01Z2Q 


= -L 


= -I, 


(Z 22 + Z 2 + Z 2 )(Zoo + Zo + Zq) — Zo 2 Z 20 
r (T? 77 ' ^ ■^01 (-^22 + Z 2 + Z 2 ) — Z 21 Z 02 

ioO = ~ K^a — t!‘a) ^ 

Z^Ol (^22 ~t~ Z2 -t- Z2) — Z21Z02 


[40] 


al 


(Z22 + Z2 + Z2) {Zqq + Zq + Zq) — Z02Z20 


where 


A = (Zii + Zi + Z[)[{Z22 + ^2 + ^ 2 ) (^00 + Zq + Zq) — Zo 2 ^ 2 o] 

— Zi 2 [Z 2 l {Zqq + Zq + Zq) — Z01Z20] 

+ Ziq[Z2iZq2 — 2oi(Z22 + Z 2 + Z2)] 
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Equations [40] express lat, Ia 2 , and lao in terms of (£» — -Ei); Ia 2 
and Tao are also expressed in terms of lai- When lai is known or can 
be assumed, Ia 2 and lao are most simply calculated from [40] in terms 
of lal- 

In circuits where the dissymmetry is but slight and therefore the 
negative- and zero-sequence currents are known to be small, the nega- 
tive-sequence voltage drop IaoZ 2 o in [38] produced by lao and the zero- 
sequence voltage drop Ia 2 Zo 2 in [39] produced by Ia 2 can be n^lected 
with but slight error. Neglecting these terms in [38] and [39], and 
solving for /o 2 and lao in terms of lai, 


/o2 = 
laO = 


— lal 


Z21 

T 

Z21 

Z22 

+ Z2 + Z2 


Z22 

-lal 


^01 

r 

ZqI 

Zoo 

+ Zo-{-Z'o~ 

““fal 

Zoo 


[40a] 


where Z 22 and zqo are the negative- and zero-sequence self-impedances 
met by Ia 2 and lao, respectively. Equations [40a] could have been 
obtained from [40] by neglecting the products of two mutual imped- 
ances; when the dissymmetry is slight, these products are small rela- 
tive to the product of one self- and one mutual impedance or two self- 
impedances. Equations [40a] are used in Problems 6 and 7 of Chap- 
ter XI to determine the effect of unsymmetrical transmission circuits 
upon system currents and voltages during normal operation. 

Finite Zero-Sequence Impedances. When Zo, 4, and Zoo are all finite, 
zero sequence currents will flow, and the symmetrical components 
of current are given by [40] or [40a]. The symmetrical compo- 
nents of voltage at P and Q can be obtained from [35] and [36], respec- 
tively, when Joi, /o 2 i and /oo are known. Substituting the symmetri- 
cal components of voltage aftd current in equations [7]-[9] and [19]-[21], 
Chapter II, respectively, line currents and voltages to ground at P 
and Q can be obtained. 

InfinUe Zero- Sequence Impedances, If any one of the zero-sequence 
impedances Zq, Zq, or Zoo is infinite, there will be no zero-sequence cur- 
rents; and /ao^io and I 00 ^ 20 , which represent positive- and negative- 
sequence voltage drops produced by zero-sequence currents, will be 
zero. With /«o = Of [37] and [38] become 


Eo — Ei = ItxiZii -f- Zi -f- Zi) -f- /a2^12 

0 = Ial^21 + Ia2i.^22 + + 4 ) 


[41] 
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Solving these equations for lai and /a 2 » 

T (P ^^22 + ^2 + Z 2 ) 


Ia2 (-Ea -Eo) 


(Zii + Zi + Zi)(Z22 + -^2 + ^ 2 ) — -^21^12 
Z21 


= -lal 


(Zii + Zi + Z()(Z 22 + Z 2 + Z 2 ) — Z 21 Z 12 
Z 21 


Z 22 + ^2 + -^2 


[42] 


[43] 


Knowing lai and /a 2 , the positive- and negative-sequence components 
of the voltages at P and Q can be obtained from [35] and [36], 
respectively. 

With lao == 0 and (Zqo + Zq + Zq) = » , Foo — Fao is indetermi- 
nate. Zero-sequence voltages at P and Q, however, can be determined 
from the zero-sequence diagram of the system. For example : 

If Zoo is infinite and Zo and Zq both finite, the zero-sequence voltages 
at both P and Q, determined from [35]^ and [36] with /ao = 0, are zero. 

If Zoo is finite, and Zo or Zq is infinite, /oo^oo = 0 • Zoo = 0, and 
[6] becomes 

= FaO *“ FoO = + I 02^02 [44] 

where Vao is the zero-sequence voltage drop between P and Q produced 
by positive- and negative-sequence currents flowing in the unsym- 
metrical circuit of finite zero-sequence self-impedance. If there is a 
ground in the part of the system connected at P, but none in the part 
connected at Q, Zq is finite and Zq infinite. With lao = 0 and Zo 
finite, the zero-sequence voltage Fao at P from [35] will be zero. By 
definition, Voo is the zero-sequence voltage drop between P and Q. 
The zero-sequence voltage Fao at Q will therefore be Fao, the zero- 
sequence voltage at P, minus the zero-sequence voltage drop given by 
[44]; with Fao = 0, 

FoO (at Q) = 0 — VaO = — /alZ^Ol "" Ia 2 ^Q 2 [45] 


With no ground on the part of the system connected at Q, the zero- 
sequence voltage at Q will also be the zero-sequence voltage at all points 
in the section of the system where the connection to Q is a direct me- 
tallic one; or stated more comprehensively, at all points where the 
connection to Q is through finite zero-sequence impedance. 

With Zoo finite, and the part of the system connected at Q grounded 
and the part connected at P ungrounded, Zq is finite and Zo infinite. 
From [36], the zero-sequence voltage at Q will be zero and that at P 
will be given by [44]. The zero-sequence voltage at P will also be the 
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zero-sequence voltage at all points in the section of the system con- 
nected at P where the connection to P is through finite zero-sequence 
impedance. 

Unsymmetrical Circuit Connected at One Point Only of the System. 
The procedure for this case is similar to that used for the unsymmetri- 
cal series circuit. If the unsymmetrical circuit is a generator supply- 
ing power to the symmetrical part of the system, the system exclusive 
of the unsymmetrical generator is replaced by an equivalent synchron- 
ous motor with balanced sequence impedances and internal voltages. 
If the unsymmetrical circuit is receiving power from the symmetrical 
part of the system, the system exclusive of the unsymmetrical circuit 
is replaced by an equivalent synchronous generator with balanced 
sequence impedances and internal voltages. In each case, there are 
two sets of equations giving the symmetrical components of phase 
voltages to ground at the junction point of the symmetrical and unsym- 
metrical parts of the system in terms of the symmetrical components 
of line current flowing in both parts of the system. 


p 



Fig. 5. Unsymmetrical Y-connected load with neutral grounded through Zn, sup- 
plied at P from an otherwise symmetrical system, represented as an equivalent 

synchronous generator. 


Y-Connected Static Circuit^^ A Y-connected static circuit grounded 
through a neutral impedance Zn and supplied from an otherwise sym- 
metrical system is shown in Fig. 5. Equating Fai, Fa 2 » and Fao in 
[11a] and [35] and solving for /«!, /a 2 » and /oOi 

r -n. + ^22) (^00 + Zq + 3Zn) — Zo2^20 

•fal = P'a Z 


Ia2 ■” -Ea 


^21(^00 + Zq + SZn) — Z01Z2 



[46J 
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where 

A = (Zi + Zii)[(Z 2 + -^22) (^W) + ^0 + 3 Zn) — <2^02^20] 

— Zi 2 [Z 2 i(Zoo ^0 + 3 Zn) “• Z01Z20] 

+ Zio[Z2iZo2 ~ Zqi{Z22 + ^ 2 )] 

When the symmetrical components of current have been deter- 
niined, the symmetrical components of voltage to ground at P can be 
obtained from either [35] or [11a], the former being simpler. 

Neutral of Load Ungrounded. With the load ungrounded, Fn = «> 
and lao = 0. With the symmetrical part of the system grounded, the 
zero-sequence voltage at P in Fig. 5 from [35] is zero. Equating Foi, 
Va 2 f Vao in [35] and [116] and, simplifying, 

Ea = + Zii) + Ia2^12 

0 = Ial ^21 + ^02(^2 + ^22) 

0 == lalZoi + Ia2Zo2 + Vft 


Solving the above equations for loi, Ia 2 » and Fn 
Ea{Z2 + Z22) 


lal = 


(Zi + Zii)(Z2 + -^ 22 ) -2’i2Z21 

-Ea^21 


[47] 


^21 


(Zi + Zu) (Z 2 + Z 22 ) - Z12-221 -Z 2 + Z 22 


and 


Fn = -Ea 


^^ 01(^2 + ^ 22 ) ~ -^ 02^21 
(Zi + Zii)(Z2 + Z22) — 212Z21 


[48] 


where Fn is the voltage at the neutral of the load. This is the voltage 
rise from P to N caused by positive- and negative-sequence currents 
flowing through an unsymmetrical circuit with finite zero-sequence 
impedance between terminals and neutral. 

The positive- and negative-sequence components of voltage at P can 
be obtained by substituting lai and Ia 2 from [47] in [35]. 

If the neutral of the load is grounded but the system ungrounded^ 
Zo in Fig. 5 is infinite and lao = 0. lai and Ia 2 are given by [47] and 
Fai and Fa 2 by substituting these values of Ia\ and Ia 2 in [35]. The 
positive- and n^ative-sequence currents and voltages at P are the 
same as those for the case of the system grounded and neutral of load 
ungrounded. With the neutral of the load grounded, Fn = 0. The 
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zero-sequence voltage at P, determined from [116], with Vn replaced 
by zero, is 


V aQ — -Ea 


Zoi(Z2 + Z22) ~ ^02^21 

(Zi + Zii)(Z2 + Z22) — Z12Z21 


[48a] 


This is the zero-sequence voltage drop from P to iV caused by positive- 
and negative-sequence currents flowing in the unsymmetrical circuit 
of finite zero-sequence impedance. Vao in [48a] is equal in magnitude 
and opposite in sign to Vn given by [48]. As there is no zero-sequence 
current in the system supplying the load, the zero-sequence voltage 
given by [48a] will exist at P and at all other points in the system 
replaced by the equivalent generator where the connection to P is 
through finite zero-sequence impedance. 

Self-Impedance Y-Connected Circuits. The sequence self- and 
mutual impedances for use in [46] for the grounded Y, and in [47] for 
the ungrounded Y (or the A replaced by its equivalent Y), are given by 
[18] in terms of the phase impedances of the Y. For the special case 
of equal self-impedances in two phases of the Y, the sequence self- and 
mutual impedances in terms of the phase impedances of the Y are 
given by [19]. 

Self-Impedances Equal in Two Phases of the Grounded Y. Assum- 
ing a grounded system and substituting [19] in [46], 


where 


Ia\ — 


(Z 2 + Zii)(Zo + Zii + 3Zn) — Zi2 


Ia2 — E'a 


Zi2iZo + Zxi + 3Z„) - Z?2 


[49] 


laO = -E< 


Z 12 — -2^12 (^2 + Zii) 


A = (Zi + Zii)(Z 2 + Zii)(Zo + Zii -|- 3 Zn) 

— Zi2(-^1 + Z2 + Zo + 3 Zn + 3Zn — 2Z12) 

Zu = + 2 Z 5 ) 

Zl2 == i(Za — Zb) ^ 


Symmetrical components of voltage at P can be obtained by sub- 
stituting /all /o 2 i and lao from [49] in [35]. 

Self-Impedances Equal in Two Phases of the Ungrounded Y, or A 
Replaced by Its Equivalent Y. Assuming a grounded system supplying 
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the ungrounded load, and substituting [19] in [47] and [48], 

j _ „ 9 Z 2 -b SZg + 6Zb 

“ (3Zi + Za + 2Zi)(3Z2 + Za + 2Zb) - (Z„ - Z^)^ 

r ^ 3(Z, - Zt) 

“ (3Zi + Z„ + 2Zi)(3Z2 + Za + 2Zi) - {Za - Z^)^ 
= _r (Zg-Zt) 

3Z2 + Z„ + 2Zi 

V = -E 3(Z, - Zt)(Z2 + Zt) 

* “ (3Zi + Z„ + 2Zi) (3Z2 + Z„ + 2Zfc) - (Za - Zt)^ 


Vau Va 2 i and Vao at P are obtained from [35] by replacing Ia\ and Ia 2 
by their values from [50], and /ao by zero. 

Equal Self-Impedances in Two Phases of the Ungrounded Y and 
Infinite Impedance in the Third Phase. Equations [50] are evaluated 
for this case by dividing the numerators and denominators of the frac- 
tions by 3Zo, and then allowing Za to approach infinity. The follow- 
ing equations are obtained: 


Zi Z 2 2Zh 


Ia2 ~~ 


-Ea 


-^1 4 " -^2 4 * 2 Zb 


= ~/al 


[ 51 ] 


Ea(Z2 + Zb) 

-^1 + -^2 + 2 Z 6 


where Vn is the voltage at the junction of Zb and Zc = Zb\ there is no 
Y and no neutral with Za = ^ and phase a therefore open. 

The following problem illustrates the procedure for determining the 
currents in an unsymmetrical load when the phase impedances of the Y 
are known. 

Problem 1. Given a generator with internal voltage Ea = 1.0 and impedances 
Zi = Z 2 = Zo = 0, i.e., infinite bus, supplying an unsymmetrical resistance load 
connected in Y, Za = 1.0, Zb = 1.5, Zg = 0.5. The neutral of the load is 
ungrounded. Find the three line currents and the voltage to ground at the neutral 
of the load. 

Solution. From [18], 

Zu = 222 = §(1 + 1.5 +0.5) =1 

Zi, - Zoi = §{1 + 1.5a* + 0.5a) = = -iO.289 

Z 21 = Z 02 = §(1 + 1.5a + 0.5a*) = 
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Substituting £« = LO, Zi = Z 2 — 0 and the above self- and mutual impedances in 
[47] and [48], 

lai = 1.091 

Ia2 = -j0.315 

7n = - 0.091 -fiO.315 

/a = 1.091 -i0.315 
h = -0.272 - jO.788 
= -0.819 + jl.l03 

For check: la = ^ = 1.091 - j0.315. 

Faults Considered Unsymmetrical Y-Connected Loads. Line-to- 
line, line-to-ground, and double line-to-ground faults may all be solved 
by applying the equations for an unsymmetrical Y-connected load 
supplied at P by a system represented as an equivalent generator with 
positive-, negative-, and zero-sequence impedances Zi, Z 2 , and Zq, 
respectively, and generated voltage Ea. 




Fig. 6. Faults through zero impedance represented as unsymmetrical shunt loads, 
(a) Line-to-line fault. (6) Line-to-ground fault, (c) Double line-to-ground fault. 


Figure 6(a) represents a line-to-line fault through zero impedance, if 
Zft = Zc = 0 and Za = « . "With Zj = 0 in [51], 


lal = 


Ea 


+ Z2 


and /o 2 = — 


+ ^2 


= -L 


al 


Vn 


EaZ2 

+ ^2 


= n = Fe 


A line-to-ground fault on phase a is shown in Fig. 6(6) as an unbal- 
anced Y-connected load with solidly grounded neutral, and Za — Zn — 
0, Zft = Zc = 00 . The current equations can be obtained from [49] by 
substituting zero for Z® and Zn, then dividing numerators and denomi- 
nators of the fractions by Zj to the highest power found in the denomi- 
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nator after simplification, and finally allowing Zh to become infinite. 
Stated in another way, the fractions are evaluated by neglecting all 
terms except thos6 in the highest powers of Zj in numerator and 
denominator. 

Replacing Zn by fZs and Z 12 by — Zj/3 in [49], 

A = ZiZjZq 4 " Z\\{ZiZi 4 * ZiZo 4 " Z2Z0) 4 " Zii(Zi + Z2 4 * ■ 2 o) 

+ Z?i - 3Z„Z?2 4- 2Z?2 - Z?2(Zi + Z 2 4- Zo) 

= Z 1 Z 2 Z 0 + fZft(ZiZ 2 + Z,Zo 4- Z 2 Z 0 ) 4- 14(^1 + ^2 + Zo) 


With Zj = 00 , 


lax = Y = Z^+^l+Zo 




Ea 


4* Z 2 + Zo 

Ea 


+ Z 2 4* Zo 


The sequence currents in a double Une-to-ground fault can be obtained 
in a similar manner from [49] if zero is substituted for Z,, Zi, and Z*, 
and Zo is allowed to approach <» . (See Fig. 6(c).) 

Open Conductor Considered an Unsymmetrical Series Circuit. 
With conductor a open between P and Q, the part of the system 
between P and Q can be treated as an unsymmetrical series circuit in 
which Zo = <»,Z6 = Ze = 0. From [19], with Zfc = Z« = 0, 


Z\i — Z 22 = Zoo = Z\i = Z 21 = Zio = Zoi = Z 20 = Z 02 = ~ 


Replacing the self- and mutual sequence impedances in [4]-[6] by 
Za/3, 

rr rrt + -^oa + Iao)Za 

®ol = Fol — Kol = - 


Va2 — Fo2 Va2 ~ 


(-fol 4* Ita + Iao)Za 


®oo — FflO Foo — 


(fol + Ia2 + Iaa)Za 


Therefore 
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With Za = 00 , 
Therefore 


lal + Ia2 + -^aO = ^ 


lal 


“’(•fa2 + -foo) 


The above equations check [40] and [41] of Chapter IV. 

The case of two conductors open can be treated as an unsymmetrical 
series circuit between P and Q in which Zh = Zc — oo , Zo = 0. The 
procedure is analogous to that for one conductor open, and the results 
obtained check those given in Chapter IV. 

Impedance of a Single-Phase Line-to-Line Load or Piece of Ap- 
paratus Designed for Single-Phase Operation. When the impedance Z 
of a line-to-line load or a piece of apparatus is given in per unit based 
on its rated line-to-line voltage and a given kva, and this impedance is 
to be used in calculations in per unit on a line-to-neutral voltage base, 
it is necessary to convert the given impedance Z to a line-to-neutral 
voltage base. Let Z' = impedance on a line-to-neutral voltage base 
and the given kva. Then in per unit of base line-to-neutral voltage 
and the given kva per phase, 

2' — z / R^t^d line-to-line voltage V 
xBase line-to-neutral voltage/ 


The three-phase kva base will be three times the given kva of the load 
or piece of apparatus. 

Frequently load is given in terms of kva and power factor or kilo- 
watts and power factor. For example, a line-to-line load of 20,000 kw 
at 0.9 power factor lagging is supplied from a 13.8-kv bus. The kva 
of the load is therefore 22,200 kva. On a line-to-line voltage base of 
13.8 kv and 22,200 kva, the impedance is unity, and the impedance 
angle is the power factor angle, positive for lagging currents, negative 
for leading currents. Thus 

^Z = 1 /25.8° 


where /25.8^ = cos ^ 0.9 lagging. Expressed on a line-to-neutral 
voltage base of 13.8/V3 and 22,200 kva per phase (three-phase kva base 
of 66,700 kva), 

/l3 8\2 

Z' = 1 /25.8° 3 /25.8^ 


Vs. 


On a three-phase kva base of 100,000 kva, the impedance Z' becomes 


Z" 


= 3 /25.8° X 


100,000 

66,700 


4.5 /25.8° 
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A single-phase load between phases in an othenvise symmetrical 
system may be treated as a fault between phases b and c through the 
load impedance Zx, as in Fig. 7 (a). This is represented in Fig. 7 (b) as 

an unsymmetrical Y-connected load with Zf, = Ze = — and Za = 

Applying [51], with Z^ replaced by Zl/2 and the system exclusive of 



(a) Single-phase line-to-line load of 


Impedance Zx, between phases b and c. 


(b) An unsymmetrical Y-connected load, with Zf, = Zc - and Za = «>. 


the single-phase load replaced by an equivalent generator of internal 
voltage £a and impedances Z\, Z 2 , and Zq, 




-2^1 + Z 2 + Zx, 

--Eg j 

- 2^1 + -^2 + 


The above equations for Ia\ and Ia 2 agree with those of Table I, 
Chapter IV, for the line-to-line fault through fault impedance, if Z/ 
(the fault impedance) is replaced by Zx, (the load impedance) and Vf 
by Ea- Symmetrical components of voltage at the fault, line currents 
flowing into the fault, voltages to ground, and line-to-line voltages at 
the fault can also be obtained from this table if Z/ and Vf are replaced 
by Zx, and £«» respectively. It should be noted that F/ is defined as 
the voltage of phase a at the fault point F before the fault occurred; 
Vf could have been measured by a voltmeter. Ea, however, is the 
fictitious internal voltage of an equivalent machine which replaces the 
system exclusive of the single-phase load and is not a measurable volt- 
age. From [1], Chapter IV, £« replacing Vf depends upon the magni- 
tude and phase of the positive-sequence current Ia\ taken by the load, 
the positive-sequence system impedance Zi viewed from the load, 
and the positive-sequence voltage Fai at the load. The voltages and 
currents at the load can be calculated from the equations of Table I, 
Chapter IV, by assuming a value for Ea which replaces F/ in these 
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equations. As currents and voltages vary directly with if the cal- 
culated voltages at the load are higher or lower than normal allowable 
operating voltages, they can be decreased or increased in direct propor- 
tion as Ea is decreased or increased. 

lai and Ia 2 given by [52] will be in amperes if Ea is in volts and 
Z 2 , and Zl in ohms. If per unit quantities are used, Zi, must be 
expressed in per unit based on kva per phase and base line-to-neutral 
voltage which are base quantities in the one-line diagrams of the 
sequence networks. 

The above discussion assumes that the load impedance Zl is given 
directly or can be determined. In the usual case, the kva or power 
taken by the single-phase load and the load power factor are the given 
quantities, with the allowable range of operating voltages at the load 
stated, the problem being to determine the negative-sequence currents 
in a specified generator or an induction motor and the unbalanced volt- 
ages in the system. As stated at the beginning of this chapter, nega- 
tive-sequence currents cause heating in solid rotors of turbine genera- 
tors which may injure them if the negative-sequence currents are 
greater than those which the machine can safely carry. The upper 
limit of negative-sequence current for a three-phase turbine generator 
of normal design is not more than 15% of rated current. An appreci- 
able amount of three-phase foad can be carried with single-phase load, 
not exceeding its allowable limit. Turbine generators designed for 
single-phase operation are equipped with amortisseur windings of low 
resistance and reactance to reduce rotor currents resulting from nega- 
tive-sequence armature currents. 

Negative-Sequence Currents and Unbalanced Voltages Resulting 
for a Single-Phase Line-to-Line Load in an Otherwise Symmetrical 
System. When a single-phase line-to-line load is taken from an other- 
wise symmetrical system, there will be no zero-sequence currents and 
voltages in the system. 'The only negative-sequence current will be 
that resulting from the single-phase load. Let the load be between 
phases b and c; then this case corresponds to that of a line-to-line 
fault through impedance between phases b and c. The following equa- 
tions apply. (See Table I, Chapter IV.) 

la\ = 

h = -j^hi = j^I.2 [53J 

Vcb = 76 - 7c = - 7a2) 

Va2 = ““-^ 02^2 = 

where If, and Veb are the current in the load and the voltage across it. 
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respectively; Ia\ and /02 are the positive- and negative-sequence com- 
ponents of line current flowing into the load; Va\ and Va 2 are the 
positive- and negative-sequence components of voltage to neutral at 
the load. 

The magnitude of the load current in amperes is 

kva of load 
“ \ Vcb\ in kv 


Base line current 


Base kva per phase 
Base line-to-neutral voltage in kv 


Dividing h = by base line current, 


\base line current/ 


Let 


(kva of load) 
base kva per phase 

I Vcb\ in kv 

base line-to-neutral voltage in kv 


-Pl = power in single-phase load in per unit of base power per 
phase ^ 

Veb = voltage across load in per ^unit of base line-to-neutral 
voltage 

Ib == load current in per unit of base line current 

cos 6 = power factor of load. 6 is here arbitrarily assumed positive 
for a load with a leading power factor (for example, an over- 
excited synchronous motor or a capacitive impedance load) 
and negative for lagging power factor (an underexcited 
synchronous motor or reactive impedance load). 


With base kw numerically equal to base kva, 


From [53], 



Pl 

I Vcb\ cos d 


|/al| = \U 


_ Pl 

IV 3 I VsiVcbi cos. 6 


[54] 


Determination of Negative- Sequence Current in Any Given Machine or 
Circuit, When the power and power factor of the load and the volt- 
age across it are known, /a 2 , the total negative-sequence current flow- 
ing from the system into the load, can be obtained from [54J. The 
amount of negative-sequence current in the various circuits of the 
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system can then be determined from the negative-sequence imped- 
ance diagram of the system. It will divide between the paths from the 
zero-potential bus to the load, inversely as their impedances. 

. Determination of Voltages at the Load. From [53], the load current Ih 
lags lai by 90®. Vch lags Ih by the angle ^ if ^ is positive and leads Ih 
by ^ if ^ is negative. With Ia\ as reference vector and $ positive 
(leading power factor), 


Vch = |Fc5| /- e - 90 


From [53H55], 


Va2 — Ia2^2 Ial^2 

V3\Vch\ cos e 

V al ■— J V a2 — "V/^ 


\M 

V3 


(cos B — j sin 6) + Va 2 


[55] 

[56] 


. [57] 


The line-to-ground voltages can be obtained by substituting Vao = 0 
and Vai and Va 2 from [56] and [57] in [7H9], Chapter II; the line-to- 
line voltages, by substituting Vai and Va 2 m [11], Chapter III. 


Problem 2. In a steam station there are two turbo alternators, each rated 60,000 
kva, 13.8 kv, and each having a negative-sequence reactance of 18% on its rating. 
There is a single-phase line-to-line load of 20,000 kw at a power factor estimated to be 
between 0.9 and 0.95 lagging on the line side of a load transformer at the generator 
terminals. There is a hydro station on the system at a distance from the load; its 
negative sequence reactance viewed from the generator terminals is 85% on a three- 
phase base of 100,000 kva. (See Fig. 8.) Find the negative-sequence current in the 
turbo alternators and the voltages at the load. 

Solution. Three-phase loads are not given. It will be assumed that their nega- 
tive-sequence impedances are highj^lative to those of the generators. Calculations 
will be made for a load power factor of 0.9. The voltage across the load is not given ; 
13.8 kv will be assumed. Calculations will be in per unit based on a three-phase kva 
of 100,000 and rated generator voltage. Base voltage is 13.8/VT and base kva per 
phase is 100,000/3. 


Pl 


20,000 

^ 100 , 000 ^ 


power in single-phase load in per 
unit of base power per phase 


Fe6 



B voltage across load in per unit of 
base line-to-neutral voltage 


» 0.9; e « -25.8®; sin^ = -0.436 


CosO 
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From [54], 

\Iai\ = \Ia2\ = “7= = 0.222 per unit current 

V3 X V3 X 0.9 

The per unit negative-sequence reactance of the two turbo alternators in parallel, 
viewed from the load, is 

100,000 

0.18 X ^ 2 0^00 ~ reactance 


^ Turbo 
GeneroTors 




Single Phase Load 
20,000 Kw 

Power Factor 0.90 Lag 


( 0 ) 



Fig. 8. {a) One-line diagram of system described in Problem 2. (6) Negative- 

sequence network for (a). Base three-phase kva = 100,000 kva. 


The negative-sequence reactance of the hydro station viewed from the load is 0.85 
in per unit on the chosen base quantities. 


.0.15 X -0.85 


= j0.128 per unit impedance 


The negative-sequence current in each turbo alternator (see Fig. 8(6)) is 




.0944 based on 100,000 kva 


or 0.158 on 60,000 kva, the rating of each generator. The calculated negative*: 
sequence line current in each alternator is 15.8% of its rated line current. 

From [56] and [57], with /ai as reference vector and 9 ** —25.8®, 

Va2 = IaiZ2 * 0.222 (j0.128) = j0.028 

Fai = (cos e - j sin 0) + Va 2 = 0.900 -f jO.436 -f i0.028 

« 0.900 -f jO.464 
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The iine-to-ground voltages and line-to-line voltages at theload m perunit of IJ.S/Vs 
kvare 

Va = 0.900 +i0.492 = 1.026 /28.7* 

= -0.072 - il.026 = 1.027/86.0* 

Vc = -0.828 + iO.S34 = 0.985 /147.2* 

Via = Va - n = 0.972 + jl,S18 =■ 1.802 /32.6* 

Vd,= Vi - Vc = 0.756 - jl.560 = 1.732/64!^ 

Vac = Vc - Va= -1.728 + j0.042 = 1.728 /178.6° 

The allowable voltages at the load are not given in this problem. If normal 
operating line-to-line voltage is 13.8 kv, the voltage Va is normal, the voltage V^a is 
about 4% above normal, and Vae slightly below normal. Had it been stated that 
maximum allowable line-to-line voltage is 13.8, the calculated negative-sequence 
currents and the voltages at the load would be reduced in the ratio 1.732/1.802, so 
that Vbat the highest line-to-line voltage at the load, would not exceed 13.8 kv. This 
would give about 4% less negative-sequence current in the alternators and reduce all 
voltages at the load about 4%. On the other hand, if the maximum allowable voltage 
is 5% above 13.8 kv, the negative-sequence currents in the alternators and the volt- 
ages at the load should be increased by about 1 %. 

EQUIVALENT CIRCUITS TO REPLACE AN UNSYMMETRICAL 
CIRCUIT IN THE SEQUENCE NETWORKS 

When the sequence mutual impedances of the unsymmetrical circuit 
are reciprocal, as in [17] and [19], the unsymmetrical circuit can be 
replaced in the three sequence networks by equivalent circuits which 
are mutually coupled. These circuits can be used for determining 
current and voltage distribution during normal operation or during 
three-phase faults. 

If the zero-sequence self-impedance of the unsymmetrical circuit is 
infinite and the sequence mutual impedances reciprocal, the positive- 
and negative-sequence networks are coupled through the mutual 
impedance Z 12 = Z 21 . The positive- and negative-sequence voltage 
drops between the terminals P and Q of the unsymmetrical circuit 
given by [4] and [5] become 

Val = Val — Vai = lal^ll + Ia2Zl2 
= Ial(Zii — Z 12 ) + (/ol + Ia2)Z\2 
Va2 = Va2 *” Va2 = ta\Z\2 + Ia2Z22 
= (/al + Ia2)Zl2 + /a2(Z22 ““ Z 12 ) 

Equations [58] are satisfied by the equivalent circuit for the unsym- 
metrical circuit between P and Q in the mutually coupled positive- 
and negative-sequence networks shown in Fig. 9(a), where the positive- 
and negative-sequence diagrams for the rest of the system are to be 
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connected at points P and Q in each of the sequence networks. Figure 
9 (a) can be tested for its equivalency by opening the negative-sequence 
network at P or Q\ then, with Ia2 = 0 in both Fig. 9 (a) and equations 
[ 58 ], the impedance met by lai is Zu — Z12 + Z12 = Zn, the posi- 
tive-sequence self-impedance, and the voltage drop between P and Q 
in the negative-sequence network is »o2 = Ia\Zi2- Likewise, by open- 
ing the positive-sequence network at P or Q, the impedance met by 


Z«ro- Potential Bus For Pesitive-Sdqueftce N^ork 


2irZi2 

Z.2 


iiT 

I al^Zo2 

lol 

l02 


lot 

Zero-Polentiol Bus For Negativs-Sequencs Network 


(a) 


Zero-Potential Bus For Positive-Sequence Network 

Zii ^212 

-Zj2 




-t Q 

^al 


lol 

Z22^Z|2 I 

lot 


Xqz 


Iqz 


Zero-Pottntial Bus For Nsgotivs-Soqusncs Network 
(b) 


Fig. 9. Equivalent circuits to replace an unsymmetrical series circuit between P 
and Q in which Zoo = and the mutual impedances are reciprocal (Z12 = Z21). 

(a) For analytic solutions or for use on a calculating table when Z12 is a reactive 

impedance, (b) Alternate circuit for use on a calculating table when Z12 is a capa- 
citive reactance. 

Ia2 is Z22f and the voltage drop between P and Q in the positive- 
sequence network is Ia2^i2- 

An alternate method of writing [ 58 ], suggested by Mr; R. B. Bodine 
for use on a d-c or an a-c calculating table in cases where Z12 is a 
capacitive reactance (Z12 = —jX), is 

Val = F„1 - Vii = + Z12) + Hal - /. 2 )(- 2 i 2 ) _ 

Va2 = Va2 - = Iai{Z22 + Z^) - Hal - Ia2)i-Zi2) 

Figure 9(b) gives the equivalent circuit corresponding to [ 58 a], 
convenient for replacing the unsymmetrical circuit if Z,, is a capacitive 
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reactance. When an analytic solution is made, it is immaterial which 
of the two circuits is used. When the d-c calculating table is used, 
Fig. 9(a) is applicable if Z12 =7X12, and Fig. 9(6) if Z12 = -/Xia. 
Either circuit is applicable when an a-c network analyzer is used, but, 
because the range of inductances is wider than the range of capaci- 
tances, Fig. 9(6) is usually preferable if Z12 = —jXi2. 

If zero-sequence current flows in the unsymmetrical circuit between P 
and Q, and the mutual impedances are reciprocal (Z12 = Z21, Zio = 
Zqi = Z20 = -2^02)1 then [4]-[6] become 

^al = Val — Vai = + Ia2^12 + laO^lO 

^a2 = Va2 “* Va2 = /al^l2 + Ia2^22 + ^oO^lO 

= VaO — VaO = lal^io + -fa2^10 + laO^QQ 

The above equations may be written 

= laliZii — Z12) + {lal + Ia2 + Iao)Zxo 

+ (lal + Ia2)(Zi2 - Zio) 

Va2 = (-fal + Ia2 + Iao)Zio + (lal + Ia2)(Zi2 “ Ziq) [59] 

+ Ia2{Z22 — Z12) 

VaO = {lal + Ia2 + Ia(l)ZiQ + /ao(^00 -^lo) 
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Fig. 10. Equivalent circuit to replace an unsymmetrical series circuit between P 
and Q in which Zoo is finite and the mutual impedances are reciprocal. (Za = Z12; 

^01 = <^02 = ^20 =*= ^10.) 


Equations [59] are satisfied by the equivalent circuit for the unsym- 
metrical series circuit between P and Q with reciprocal mutual imped- 
ances between the sequence networks given by Fig. 10, where the 
sequence diagrams for the rest of the system are to be connected at P 
and Q in each of the sequence networks. 
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Short Circuits on a System Containing an Unsymmetrical Circuit. 
Three-Phase Faults. When the fault does not involve ground, the con- 
ditions at the fault point F are Vai = 0, Va 2 = 0i lao = 0. These 
conditions are satisfied if the point /^in both the positive- and negative- 
sequence networks is shorted to the zero-potential bus for the network. 
When the three-phase fault involves ground, the additional condition 
Foo = 0 is satisfied by connecting the point F in the zero-sequence 
network to the zero-potential bus for the network. 

Unsymmetrical short circuits on a symmetrical system are satisfied by 
interconnection of the sequence networks at the fault point F. In a 
system containing an unsymmetrical circuit, replaced by an equivalent 
circuit with direct connection between the sequence networks as in 
Figs. 9 or 10, a second direct connection between the networks cannot 
be made with any assurance that it will correctly represent conditions. 

When an a-c network analyzer is available and the mutual imped- 
ances are reciprocal, the sequence networks can be mutually coupled 
through 1 : 1 turn ratio mutual coupling transformers which have 
infinite exciting impedances, zero resistances, and zero leakage reac- 
tances relative to the analyzer impedances. Figures 11(a) and (6) 
are equivalent circuits which satisfy [58] and [58a], respectively, when 
mutual coupling transformers are used. In analytic calculations, tKe 
mutual coupling circuit of Chapter I, Fig. 12(c), can be used instead 
of the directly connected equivalent circuits of Figs. 9 (a) and (b). 

In developing the equations upon which the equivalent circuits for 
the unsymmetrical circuit are based, the reference phase a was arbi- 
trarily chosen to give the simplest equivalent circuit during normal 
operation. With phase a specified, the fault must be located on the 
phase or phases relative to phase a which are actually involved. The 
relations between the symmetrical components of voltage and current 
of phase a at the fault for various types of faults involving various 
phases and ground are given in Table I of Chapter VII. For a line-to- 
ground fault on phase a, a line-to-line or a double line-to-ground fault 
on phases b and c, the sequence networks can be directly connected 
when mutual coupling transformers are used in the equivalent circuit 
for the unsymmetrical circuit. When the relations between the sym- 
metrical components of voltage and current of phase a at the fault 
depend upon the operators a and a^, phase shifters capable of turning 
the sequence currents and voltages at the F through 120® or 240® 
would be required. It should be remembered that equivalent circuits 
and connections of the sequence networks to satisfy fault conditions 
are derived from equations and used for the purpose of simplifying cal- 
culations and permitting a more comprehensive view of the problem. 
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Therefore, when equivalent circuits and connections of the sequence 
network are not indicated by the equations, solutions can always be 
made by means of additional equations. 

The use of equivalent circuits will be illustrated for the open A 
transformer bank, and the Y-A grounded or ungrounded bank in 
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Fig. 11 , A-c network analyzer equivalent circuits to replace an unsymmetrical 
circuit between P and Q in which Zoo is infinite, and the mutual impedances are recip- 
rocal (Zi2 = Z21). 

which one transformer has a different leakage impedance from that of 
the other two. With exciting currents neglected and all quantities 
expressed in per unit, a transformer bank of single-phase units can be 
treated as a self-impedance series circuit. 

Open-A Transformer Bank. An open-A transformer bank consist- 
ing of two single-phase, two-winding transformers connected between 
phases a and 6, and a and c, is shown in Fig. 12(a) between points P 
and Q of the system. The open-A bank may be considered a Y-Y- 
connected bank with both windings of one phase shorted as shown in 
Fig. 12(6). The impedance of the bank to zero-sequence currents is 


Z||*Z|2 

Iqi 


^ 01*^02 

^02^ 


Z22*Z,2 
I 


*02 


j 

T-.. L 






266 


UNSYMMETRICAL THREE-PHASE SYSTEMS [Ch. VIII] 


infinite. Positive- and negative-sequence currents in phases b and c 
meet the transformer leakage impedances in these phases; in phase a 
they meet no impedance. 

With exciting currents neglected, let the leakage impedances of the 
transformers between phases a and b and a and c be Zab and Zoc, respec- 
tively. If Zab and Zac are expressed in ohms, Zb and Zc, the im- 
pedances of the equivalent Y-connected bank of Fig. 12(6) will also 
be in ohms. 




Fig. 12. (a) Open-A transformer bank between P and Q. (b) Open-A transformer 
bank considered a Y— Y bank with both windings of one phase shorted. 

Zab and Zac will ordinarily be given in per cent, or per unit, based on 
rated kva and voltage of the transformers. Their rated voltage ise 
line-to-line voltage. To express Zab and Zac on their rated kva and 
line-to-neutral voltage they must be multiplied by 3. (See [31], 
Chapter I.) For two identical single-phase units connected in open A, 
Zab(7o) = Zac(%) = Zt(%) and 

Zb(%) = Za{%) = 3Z,(%) 

Za(7o) = 0 

where Z^, Zj, and Zc are in per cent based on line-to-neutral voltage 
and a kva per phase equal to the kva rating of one transformer (three- 
phase kva is three times the kva rating of one transformer). 

The same result would be obtained if Zab = Zac = Zt were first 
expressed in ohms and then in per cent based on line-to-neutral voltage 
and a three-phase kva base equal to three times the rating of one trans- 
former. For example: Two single-phase transformers connected in 
open A are each rated SOOO kva, 13,200-2300 volts, and each has a 
reactance of 6% on its rating. From [24], Chapter I, 

Zab (in ohms referred to 13.2 kv side) = - ^ 

^ 5000 

= 2.09 ohms 

Zb — Zc — 2.09 ohms (viewed from 13.2 kv side) 
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On a kva per phase of 5000 kva (three-phase kva base of 15,000 kva) 
and a base line-to-neutral voltage of 13.2/V3 kv, from [26], Chap- 
ter I, 


Z\) — Zc 
Z„ = 0 


2.09 X 15,000 
(13.2)* X 10 


= 18% = ZZt 


If the kva ratings of the two transformers are different, their impedances 
in per cent should be expressed on the same kva per phase before being 
multiplied by 3. Base three-phase kva is then three times the chosen 
kva per phase. 
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Fig. 12. (c) Three-phase positive^nd negative-sequence equivalent circuit for 

open-A transformer bank between P and Q, Z®, Z^, and Zc in per cent are based on 
line-to-neutral voltage and a kva per phase equal to that upon which Zah and Zac are 
based, (d) Equivalent circuit to replace an open-A bank of two identical single- 
phase units in the positive- and negative-sequence networks between P and with 
three-phase base kva equal to three times the rated kva of one unit. Zt is the per unit 
impedance of one transformer based on its rating. 


An equivalent three-phase series circuit to replace the open-A trans- 
former bank between P and Q in the positive- and negative-sequence 
three-phase diagrams is shown in Fig. 12(c). The per unit sequence 
self- and mutual impedances for the equivalent Y, replacing the open-A 
transformer bank, from [18] and Fig. 12(c) with Zah and Zae in per 
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unit, are 

Z\\ = Z22 ~ "t" ^c) “ ^db "I" ^ac 

Z\2 = \{a^Zh + aZc) 

= —^{Zah + Zac) 

^21 “ \(aZi) -f- a^Zc) 

V3 

== \{.Zah *4" Zac) j 2 Zab) 

For two identical single-phase units, Zb = Zc = SZt and [60] 
becomes 

Zii = Z22 = ^Zb = 2 Zt 

Z12 = ^21 = -^Zb = -Z, 

Substituting [61] in [4] and [5] with lao = 0, 

Val = Val — Val = Ial{2Zt) — Ia2Zt 
Va2 = Fa 2 - F '2 = - JalZ, + Ia2i2Zt) 

Rewriting [62], 

t/al = Fai - Fii = laliSZt) + (lal + Ia 2 ){-Zt) ‘ 

l'«2 = Va2 - V'a2 = (lal + Ia 2 )(-Zt) + Ia2(3Z,) 


The equivalent series circuit determined from [63] to replace the 
open-A transformer bank between P and Q in the positive- and nega- 
tive-sequence networks is shown in Fig. 12(d). It can be used for 
determining currents and voltages during normal operation or during 
three-phase faults. Figure 12(<^) is similar to Fig. 9(a), but Fig. 9 (ft) 
can be used if preferred. (Unsymmetrical faults on a system contain- 
ing an open-A transformer bank are also discussed in Chapter X.) 


Problem 3. With balanced voltages applied to the high side of an open-A trans- 
former bank consisting of two identical single-phase units, compare the short-circuit 
currents with those obtained with a complete A-A bank for a (1) Three-phase short 
circuit on the low-voltage side. (2 ) Line-to-line short circuit on the low-voltage side 
between (o) phases b and c and (b) phases a and b. 

Solution. Let Ea == per unit applied voltage of phase a and Zt = per unit imped- 
ance of each of the transformers of the open-A bank, based on its rating. 

Complete Bank: *^e impedance of the equivalent Y-Y bank to replace the com- 
plete A-A bank is the same as that of the A-A bank when 'both are expressed in per 
unit, each on its own voltage base, and the same kva per phase. (See Chapter I.) 

(1) Three-Phase Fault: 


Complete Bank: 



h 


Zt ’ ‘ “ Zt 
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Open- A Bank: With a three-phase fault on the low-voltage side, the open- A bank 
is equivalent to a Y-connected shunt impedance load with ungrounded neutral in 
which Zb ^ Ze = 3Z< and Z® = 0. From [SO], with Zi = Z 2 = 0, 


lal 


2Ea 
3Zt * 


Ia2 “ 2-^al — 


3Zt 


Therefore 




Ic 


Eg 

Vszt 


/150° 


(2) Line-to-Line Fault: 

■p "x/Tt? 

Complete Bank: (a) ^ 


<‘> '--t 


VSEg 

2Z, 


/ao" 


Open-A Bank: The fault currents can be obtained directly from Fig. 12 (^), the 
three-phase equivalent circuit for the positive and negative sequence networks. 
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The following problem illustrates the use of the equivalent circuit 
of Fig. 12(d) for determining negative sequence currents in a system 
containing an open-A transformer bank. 


Problem 4. Power is supplied through an open-A transformer bank of two identi- 
cal single-phase units, each having a leakage reactance of 8 % on its rating (2000 
kva, 66-6.9 kv), to a symmetrical three-phase load on the 6.9-kv side of the bank. 
(See Fig. 13 (o).) The negative-sequence impedance of the load is 16% on-3000 kva 
and 6.9 kv. The negative-sequence impedance of the symmetrical part of the system 
on the 66 - kv side of the open-A transformer bank is 20% on a three-phase kva base 
of 120,000 kva and 66 kv. With 4 ^% positive-sequence current flowing into the 
load, what is the negative-sequence current in the load in per cent of the positive- 
sequence current? 

Solulion. Calculations will be based on a three-phase kva base of 3000 kva, 
1000 kva per phase. The reactance of each transformer is 8 % on 2000 kva or 4% on 
1000 kva. Zt in the equivalent circuit of Fig. 12 (d) is therefore j0.04 on 1000 kva 
per phase. The negative-sequence system impedance is 20% on a three-phase base 
of 120,000 kva, and therefore 0.5% on a three-phase base of 3000 kva (1000 kva per 
phase). The negative-sequence load impedance is 16% on the chosen three-phase 
kva base of 3000 kva. The positive-sequence equivalent circuit of the open-A bank 
with its mutual connection to the complete negative-sequence network is shown in 
Fig. 13(5). Because the negative-sequence current in terms of the positive is 
required, it is unnecessary to consider the complete positive-sequence network. 

From Fig. 13(5), /ai has two paths in parallel; one has an impedance of --j0.04, 
the other is through impedances of the negative-sequence network in series and has 
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the impedance i(0.12 + 0.005 + 0.16) = jO.285. In the equivalent circuit^ the 
current lai divides inversely as the impedances in these two paths. With the posi- 
tive direction of /as indicated by arrows, 

Va2 = i0.16/a2 = i0.026/ai = 2.6% at 0 

The direction of the negative-sequence current is that indicated by arrow in Fig. 13 (6). 
Its magnitude is 16.3% of the positive-sequence current flowing into the load. The 

System Symmetrical Three- 

Open ATrons- Phase Load 

former Bank ' ' 

ii — 

0 

(a) 



Zero-Potential Bus for Positive-Seq. Network 


jO.I2 *10.04 



(b) 

Fig. 13. (d) One-line diagram of system described in Problem 3. (Jb) Positive- 

sequence network between P and Q (the terminals of the open-A transformer bank) 
mutually coupled with the negative-sequence network. Impedances in per unit. 
Three-phase base kva = 3000 kva, 

negative-sequence current resulting from the unsymmetrical series circuit is a circulat- 
ing current which flows through the system, transformer bank, and load in series. It 
differs from the negative-sequence current resulting from an unsymmetrical short 
circuit which flows from the zero-potential bus to the fault through parallel paths. 
If the negative-sequence impedances of the system or load are lower than the values 
shown, the negative-sequence current will be higher. 

Transformer Banks of Dissimilar Units. Assume the turn ratios of 
the three units to be equal, but their leakage impedances unequal. If 
exciting currents can be neglected, the transformer bank may be con- 
sidered an unsymmetrical self-impedance series circuit. The phase 
impedances of this unsymmetrical series circuit are conveniently 
determined by viewing the bank from one set of terminals with the 
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other set shorted to ground. For the Y-Y bank with the neutrals of 
both Y’s solidly grounded, or the solidly grounded Y-A bank viewed 
from the Y side, the leakage impedances of the three units are the 
phase impedances Z®, Zj,, and Zc to be substituted in [18] or [19] to 
give the sequence self- and mutual impedances. If the Y-A bank is 
grounded through Zn, 3Zn is added to Zqo in [18] or [19]. The A-A 
bank may be replaced by an equivalent ungrounded Y-Y bank, or the 
positive- and negative-sequence self- and mutual impedance can be 
obtained directly from equations [31] and [32] in terms of the leakage 
impedances of the A-connected units. For the A-Y bank there is a 
shift in phase of positive- and negative-sequence line currents and volt- 
ages to neutral in passing through the bank. (See Chapter III, Fig. 19, 
and Problem 6.) In problems where the magnitude only of negative- 
or zero-sequence currents is of importance, the shift in phase need not 
be taken into account. This is illustrated in Problems 5 and 6. 

If the leakage impedances of all three units are unequal, the sequence 
mutual impedances are non-reciprocal. Positive-sequence currents 
induce negative- and zero-sequence voltage drops /ai^ 2 i and JoiZoi, 
respectively, in the negative- and zero-sequence networks which meet 
negative- and zero-sequence series impedances. The following dis- 
cussion applies to unsymmetrical transformer banks in which two 
units have equal leakage impedances; therefore, from [19] the Sequence 
mutual impedances are reciprocal. 

Consider a generator with positive-, negative-, and zero-sequence 
impedances Zi, Z 2 , and Zq, respectively, supplying power through an 
unsymmetrical bank to a load; other generators also supplying power 
to the load, but not through the unsymmetrical transformer bank. 


Gen. 

Z..Z2.Z0' 




^ P 0 Zx 
Q I ■ 

^ Unsym. 

Bank 

Zq ,Z5 =Zc 



wnr — H Lood 


(a) 

Fig. 14(a). One-line system diagram. 


Figure 14(a) shows the one-line system diagram. The unsymmetrical 
transformer bank is between P and Q. Zj, Z 2 , and Zq are the equiva- 
lent positive-, negative-, and zero-sequence impedances, respectively, 
of the other machines on the system viewed from A . The load is at L ; 
Zx and Zy indicate impedances between Q and A and between A and L, 
respectively. 



272 


UNSYMMETRICAL THREE-PHASE SYSTEMS [Ch. VIII] 


When there are no zero-sequence currents, the positive- and nega- 
tive-sequence networks and the mutual coupling between them are 
shown in Fig. 14(6), the equivalent circuit for the unsymmetrical trans- 
former bank being that given by Fig. 9(a). From this figure it can be 
seen that positive-sequence currents flowing through the unsymmetri- 
cal transformer bank produce a series negative-sequence voltage drop. 


Zero-Potential Bus for Positive-Sequence Network 



Zero-Potential Bus for Negative-Sequence Network 


(b) 

Fig. 14(6). Connection of positive- and negative-sequence networks of (o) with 

Zoo infinite. 


-fai^i 2 » which circulates a negative-sequence current in the negative- 
sequence network, its value in terms of lai being 


/a2 = 


‘ol “ 


^12 


Z2 + Z22 + 2* + 


Z'2{Zy + Z'^) 


Z2 Zy ■\- 
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Problem 5. In Fig. 14(6) the negative-sequence reactances of the generator and 
the combined .additional machines are 16% and 6%, respectively, and the trans- 
former reactances are 7%, 7%, and 13%. All reactances are expressed on the kva 
rating of the generator. The negative-sequence impedance of the load in series with 
Zy is relatively too large to be considered. Z* offers 2% impedance to positive- and 
negative-sequence currents. What is the magnitude of the negative-sequence 
current in the generator with full-load positive-sequence generator current ? 

Solution, From [19], with Za — iO.13, Zb = Zc = 7 O.O 7 , 

Zii = Z 22 = \{Za + 2Z6) = §[i0.13 -l-i2(0.07)] = j0.09 
Z 12 = Z 21 = i(Z« - Zfc) = |(i0.13 - i0.07) -7*0.02 
Substituting in the above equation, 

T ^ T 0.02 ^ 0.02 

0.16 -f- 0.09 + 0.02 -f 0.06 "" “’'^®^o!33 "" 

The negative-sequence current in the generator for this case is approximately 6% of 
full-load generator current. 


When there is a path for zero-sequence currents in the transformer, 
the equivalent circuit of Fig. 10 can be applied. For a self-impedance 
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static circuit with the impedances of two phases equal, all mutual 
impedances between the sequence networks are equal. (See [19].) 
Therefore Z 13 — Zio = 0, and the impedance Z 12 — Zio in Fig. 10 is 
zero. 

Problem 6. Solve Problem 5, assuming the unsymmetrical transformer bank to 
be connected A-Y with the neutral of the Y grounded, and the terminals of the A 
at P and those of the Y at Q. The load is ungrounded but the generators connected 
at A are grounded and have a zero-sequence impedance of 4% on the kva rating of 
the generators at P. Z* offers 3 % impedance to zero-sequence currents. 



(c) 

Fig 14(c). Connection of positive-, negative-, and zero-sequence networks of (o) for 

solution of Problem 6. 


Solution. The sequence networks are shown in Fig. 14(c) mutually coupled 
through the impedance Z 12 = Zio. The positive-sequence current in the equivalent 
circuit now has three paths in parallel: one path is through the impedance Z 12 , one 
through the series impedance of the negative-sequence network exclusive of-^Zi*, 
and the third through the series impedance of the zero-sequence network exclusive of 
^10 = Z 12 . If 22 and 20 represent the impedances of the paths in the negative- 
and zero-sequence networks, f>eing large relative to Z 2 , 

22 = Z 2 + (Z 22 - Z 12 ) + Z* -f Zj =i0.16 +7(0.09 - 0.02) + j0.02 + j0.06 
= 7*0.31 

20 = (Zoo - Z 12 ) + Z, + Zi = 7*0.07 +7*0.03 +7*0.04 = 7*0.14 


The parallel impedance of Z 12 and zo is 


. 0.14 X 0.02 


0.16 


= 7*0.0175 


/o2 — — Ia\ 


0.0175 


0.0175 + 0.31 


~0.053/ai 


The negative-sequence current in the generator is 5.3% of the positive-sequence 
current flowing in the generator. By grounding the A-Y transformer bank, the 
negative-sequence current has been decreased from 6% to 5.3%. 
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The parallel value of Z 12 and 22 is j0.0188. The zero-sequence current in the 
transformer is 


/aO ■“ “”/ol 


0.0188 


-0.012/al 


0.0188 + 0.14 

1.2% of the positive-sequence current in the transformer 


Sequence Admittances of Unsymmetrical Circuits 

In an unsymmetrical shunt circuit, as distinguished from a series 
circuit, it may be of advantage to have equations expressing the sym- 
metrical components of current flowing into the circuit in terms of the 
symmetrical components of applied voltages to ground at the circuit 
terminals and the sequence self- and mutual admittances of the circuit. 
With voltages to ground, Fa, Fb, Fc, applied to the shunt circuit and 
currents la, Ib, h flowing into the circuit, the equations will be written 

^ai = FiiFfli + F12F02 + FioFoo 

Ia2 = F2lFal + F22Fa2 + F2oFaO [64] 

laO = FoiFal + Fo2Fa2 + FooFaO 

where the Fs with two subscripts represent the sequence self- and 
mutual admittances of the circuit, the first subscript referring to the ^ 
sequence of the current given by the equation and the second to the 
sequence of the voltage associated with the admittance. 

Sequence Admittances in Terms of Sequence Impedances. Solv- 
ing [11] for Joi, Ia2» and lao, then equating coefficients of Fai, F02, and 
Fao in the resulting equations to the corresponding coefficients in 
[64]. Usin^ determinants (see Appendix A), the following equations 
are written directly: 


II 

(^ 22^00 ” 

^02^20) 

A 



(ZiiZoo — 

^01^10) 

^22 — 

A 



(Z11Z22 

-^21^12) 

-T 00 — 

A 



(Z12Z00 

— Z02Z10) 

X 12 — 


A 


(Z12Z20 — 

^22^10) 

xio — 

A 


Y21 = 

(Z21Z00 

— Z01Z20) 


A 



{Ch. VIII] SEQUENCE ADMITTANCES FROM IMPEDANCES 


275 


1^20 = “• 


(^11^20 ‘^ 21 ^ 10 ) 


Foi = 


(Z 21 Z 02 ~ -Z 01 Z 22 ) 


Fo2 = - 


(Z 11 Z 02 — -^ 01 -^ 12 ) 


where 

A = Zii(Z 22 -^oo “ ^02^20) — ^21(^12^00 ““ ZQ2Z10) 

+ ^01 (-^ 12 - 2^20 -^22^10) 

Unsymmetrical, Ungrounded Circuit, In an ungrounded circuit 
without a neutral conductor there can be no zero-sequence currents, 
and zero-sequence voltages applied to the circuit will produce no cur- 
rents of any sequence; [64] for the ungrounded circuit therefore 
becomes 

lal = YiiVal + Fi2Fa2 

Ia2 = F21F0I + F22F02 [66] 


where 


Fii = 


-^11-^22 “■ -^12-^21 


F 22 = 


^11-2^22 ~ ^12^21 


Fio = 


Z 11 Z 22 ■” -2^122^21 


Z11Z22 — ^12221 

Foo = Foi = Fo 2 = Fio = Foi = 0 

Equations [67] were obtained from [65] by allowing Zqo to become 
infinite with all other sequence self- and mutual impedances remaining 
finite. 

Unsymmetrical Grounded Circuit — System Otherwise Ungrounded, 
Replacing /ao in [64] by zero^ and solving for Fao» 

^ r.. - 


| 68 | 
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Substituting [68] in [64], 



/..-(k..- Y”') 
\ ^00 / 

Fal + 1 



1 Foi -1- 1 

^1^22 

0 

II 

0 




^10^0 2 
Foo 
F20F0 2 
Foo 


a2 


a2 


[69] 


where the sequence self- and mutual admittances in [69] are defined 
in [65] in terms of the sequence self- and mutual impedances. 

In a symmetrical circuit, Zu = Zi; Z 22 = Zoo = Zq; Z 12 = 
Zio = Z21 = Z20 
[65], 


Fn = 


F22 = 


Foo = 


^01 = ^02 

= 0. 

ZiiZ 22-^00 


^ 22^00 

1 

Z11Z22200 



1 

Z11Z22Z00 

Z22 

Z11Z22 

1 


-00 


Z 2 

Zo 


[70] 


Z11Z22200 

Fi 2 = Fio = F21 = F20 = Foi = Fo2 = 0 


In a symmetrical circuit, the sequence self-admittances are the 
reciprocals of the corresponding self-impedances, and there are no 
mutual admittances between the sequence networks. It is only in a 
symmetrical circuit that this is true. 

Sequence Admittances of the Three Phases. The positive-, negative-, 
and zero-sequence admittance of the three phases of the circuit were not 
required in the development of [65] and [67]. As a matter of interest, 
however, a discussion of them will be given. 

By analogy from the corresponding definitions of impedances the 
positive-sequence admittances of phases o, 6, and c will be indicated 
by Fai, Fh, and F^i and defined as the ratios of the three line currents 
to the corresponding applied phase voltages with positive-sequence 
volt£^es only applied to the circuit. To apply positive-sequence volt- 
ages only to an unsymmetrical circuit, it is necessary not only that 
balanced voltages of positive-sequence phase order be applied through 
zero impedances but also that the neutral of the applied voltages be 
grounded. If the neutral is ungrounded, there is no path for zero- 
sequence currents and, although balanced line-to-line voltages will be 
applied, the phase voltages may contain zero-sequence components of 
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voltages resulting from the flow of positive- and negative-sequence 
currents through the unsymmetrical circuit. Likewise to apply nega- 
tive-sequence voltages to a circuit, the neutral of the applied voltages 
must be grounded. The negative-sequence admittances of phases a, 
6, and c will be indicated by Fa 2 , ^ 62 , and Fc 2 and defined as the ratios 
of the three line currents to the corresponding phase voltages with only 
negative-sequence voltages applied to the circuit. 

The zero-sequence admittances of the three phases a, ft, and c will be 
indicated by Fao» F^o, and Fco, respectively, and defined as the ratios 
of the three line currents to the corresponding phase voltages with only 
zero-sequence voltages applied to the circuit. Zero-sequence volt- 
ages by definition are equal voltages to ground or to a neutral con- 
ductor. The ground in this case is also a neutral point, being common 
to the three phases, and therefore provides a path to neutral for posi- 
tive- and negative-sequence currents as well as a path to ground for 
zero-sequence currents. 

The currents 7a, 7^, and 7c, in terms of the sequence admittances of 
the three phases and the applied voltages Fa, Fs, and Fc, replaced by 
their symmetrical components, are given by the following equations: 

7a = Fal Fal + Fa2 Fa2 + FaO FaO 
h = a^V„i Fm + aV„2 F^ + VaoV^o [71] 

Ic = aValVcl + a"F„2F<,2 + VaoYcO 

Sequence Self- and Mutual Admittances in Terms of Sequence 
Admittances of the Phases. Resolving the currents in [71] into their 
symmetrical components, and equating the coefficients of Vai, F 02 , 
and Vao in the resultant equations to those in [64], 

Vll = + Fm + Vcl) 

F22 = i(F<.2 + F62 + Vc 2 ) 

Foo = W«o + Fm, + Fco) 

Fi 2 = i(F„2 + o^Fm + oFc2) 

Fio = i ( Fao + a VM + a^Vco) [72] 

F21 = |(F„i + aF„ + a^Vci) 

F 20 = i(FM, + o^Fm) + oFco) 

Foi = i(F„i + a^Fw + aFci) 

Fo 2 = i(F„2 + oF 62 + a2Fc2) 

The sequence self- and mutual admittances of [64] are defined in 
terms of die sequence admittances of the three phases in [72]; in [65] 
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they are defined in terms of the sequence self- and mutual imped- 
ances. In the general unsymmetrical circuit, the sequence imped- 
ances of the phases, from which the sequence self- and mutual im- 
pedances are calculated using [7], are more readily obtained than the 
sequence admittances. In many unsymmetrical circuits, the sequence 
impedances of the phases can be written by inspection; this is not 
usually the case for the sequence admittances of the phases unless the 
drcuit is a symmetrical one or a solidly grounded unsymmetrical cir- 
cuit in which the admittances of the three phases are independent of 
the sequence of the applied voltage. In either of these cases, the 
sequence admittances of the three phases are the reciprocals of the 
corresponding sequence impedances. In an unsymmetrical solidly 
grounded circuit in which the admittances of the three phases are inde- 
pendent of the sequence of the applied voltage, although the admit- 
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(a) (t>) (c) 

Fig. 15. Unsymmetrical Y-connected self-impedance circuits, (a) Neutral solidly 
grounded. (6) Neutral grounded through impedance, (c) Neutral ungrounded. 

tances of the three phases are the reciprocals of the corresponding 
impedances, the sequence admittances are not the reciprocals of the 
corresponding sequence impedances. This is illustrated in the follow- 
ing example. 

Figure 15(a) shows an unsymmetrical solidly grounded three-phase 
circuit; Za = 1, Z^ = 4, Zc = 4. There is no mutual impedance 
between phases. The coefficients of [64] are required. 

For this special case the sequence admittances of the three phases 
are the reciprocals of the corresponding phase impedances: Yai = 
Ya2 = Yao = 1; Yti = 762 = Yc2 = 0.25; 7ei - 7,2 = 7,0 - 0.25. 
Substituting these values in [72], the sequence self- and mutual admit- 
tances are 

Yu = 1^22 = Foo = i(l + i + 1 ) = 0 .S 

Yi2 = Fio = Y21 = Y20 = Foi = Fio = |[F.1+ (a -|- c*)Fm] 

= 4(1 - 0.251 = 0.25 
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The sequence self- and mutual admittances can also be obtained 
from the sequence self- and mutual impedance, although more calcula- 
tions are required for this special case. The sequence impedances of 
the phases are 

2al = 2fi2 — ZgQ = 1 

Zhi = Z},2 = Zfto = 4 

Zel = Ze2 ~ ZeO ~ 4 

Substituting the sequence impedances of the phases in [7], 

Zn = Z 22 = Zoo = ^(1 + 4 -H 4) = 3 

Z12 = Zio = Z21 = Z20 — Zoi — Z02 = "I" + ®)41 

= -1 

Substituting the sequence self- and mutual impedances in [65], 

A = 3[(3)® - 1] -H l(-3 - 1) - 1(1 -h 3) * 16 
9-1 8 

Yu = Y22 = Yoo = — — = 77 = 0.5 
A 16 

Yi2 = Fio = Yst = Y 20 = Yoi = Tio = = 0.25 

A 

The sequence self- and mutual admittances obtained by the two 
methods are the same. It will be noted however that Yn is not the 
reciprocal of Zn and the sequence mutual admittances are not the 
reciprocals of the corresponding s<equence mutual impedances. 

Now assume the neutral of the circuit in Fig. 15(a) to be grounded 
through an impedance of 2, as in Fig. 15(&); or ungrounded, as in 
Fig. 15(c). In either case, the only sequence impedance which is 
affected by the change in the connection of the neutral impedance is 
Zoot the zero-sequence self-a!l^)edance, as shown below. From Fig. 
15(6), 

ZaO = Za 3Z„ = 1 -|- 6 = 7, ZbO = Zb -{■ 3Zn = 10, 

ZcO = Ze -|- 3Z» = 10 

From [7], 

-^00 = i(^a 0 + Zb 0 + Zco) = 1(7 -1- 10 -H 10) = 9 
Zio = Z 20 = §[(! + 6) -t- (a* + a) (10)] = - 1 
From Fig. 15(c), Zn = «. 

ZaO “ Za “I" 3ZnI Zjo — ZeO ~ Zb "I" 3Zn 
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From [7], with Zn — ^ 

^00 = i(^a0 + ^bO + -^co) = °° 

Zio = Z 20 = f[Za + 3Zn + + a) {Zb + 3Zn)] 

= ^[(Za — 2b) + (1 + a + a^)(3Zn)] 

. =i(l-4) = -l 

Figure 15 was chosen because of the simplicity of the numerical calcu- 
lations, but in any unsymmetrical circuit it can be shown that Zqo is 
the only sequence self- or mutual impedance affected by a change in 
the value of the neutral grounding impedance. 

The sequence self- and mutual admittances of the circuits shown in 
Figs. 15(6) and (c) can be determined from the sequence admittances 
of the three phases, but the sequence admittances of the phases cannot 
be determined by inspection, as was the case with the circuit of Fig. 
15(a). They can be calculated by applying positive-, negative-, and 
zero-sequence voltages to the circuit as explained above in defining the 
sequence admittances of the three phases; however, the simplest pro- 
cedure is to calculate the sequence self- and mutual impedances and 
from them the sequence admittances. Sequence admittances of shunt 
circuits are further discussed in Chapter XII, in connection with the 
capacitances of overhead transmission lines. 

Problem 7. Determine the sequence self-impedances and the mutual impedances 
between the sequence networks for a three-phase static circuit with a neutral con- 
ductor directly from the conductor self- and mutual impedances, neglecting the pres- 
ence of the earth. Compare with equations [13]. 

Problem 8. Construct an equivalent circuit with 1 : 1 mutual coupling trans- 
formers for use on the a-c network analyzer to replace Fig. 10, when Z 12 is larger in 
magnitude than Zio and (a) Z 12 is a reactive impedance, (b) Z 12 is a capacitive 
reactance and Zio has no resistance component. 

Problem 9. Tabulate, with their symbols and definitions, the various imped- 
ances and admittances used in this chapter. 
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POLYPHASE SYSTEMS OF MORE THAN THREE 
PHASES, SINGLE-PHASE AND TWO-PHASE SYSTEMS 

The method of symmetrical components provides a general method 
for the solution of unbalanced polyphase systems of any number of 
phases. The method, and its application to three-phase systems, has 
been discussed in the preceding chapters. In this chapter, the method 
is applied to unbalanced systems of any number of phases, including 
single-phase systems. For two-phase systems, two sets of components 
and phase quantities are considered. 

POLYPHASE SYSTEMS 

Referring to Chapter I, sinusoidal currents or voltages of the same 
frequency can be represented by vectors revolving at the same angular 
velocity. As the angular displacements between vectors revolving at 
the same angular velocity are fixed, sinusoidal currents and voltages 
of the same frequency can be represented in the same vector diagram, 
with any voltage or current vector of the same angular velocity as 
reference vector. If a symmetrical polyphase system of n phases is 
operating under balanced conditions, the voltages to ground or to 
neutral of the n phases at any system point form a set of n symmetrical 
voltage vectors of the phase order and frequency of the generated phase 
voltages. Likewise, the n line currents at any system point form a set 
of n symmetrical current vectors of the same phase order and 
frequency. — 

When a disturbance occurs, the phase currents and voltages may 
become unbalanced. By the method of symmetrical components, a 
set of n unbalanced phase currents or voltages of the same frequency, 
represented by a group of n unbalanced vectors, can be replaced by n 
symmetrical systems of vectors consisting of n vectors each. A 
system of n symmetrical vectors is one in which the n vectors are equal 
in magnitude and displaced from each other by equal angles. The 
equal angles between the vectors of the symmetrical systems may be 
determined from the n independent roots of unity. Quoting from 
Dr. Fortescue's paper:* 

♦ See Bibliography of Chapter II, reference 4. 
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The complex roots of unity will be referred to from time to time 
in the paper. Thus the complete solution of the equation — 1 = 0 
requires n different values of x, only one of which is real when » is an 
odd int^er. To obtain the other roots we have the relation 

1 = cos 2irr -f j sin Ixr 

_ gi2ir 

Where r is any int^er. We have therefore 

1 J2tr 
in = n 

and by giving successive integral values to r from 1 to n, all the n roots 
of ac" — 1 = 0 are obtained namely, 


.2r 

3 — 

2ir 

, . . 2t 

ai = e « = 

cos — 
n 

-Fjsin — 
n 

3 — 

42- 

, . . 4ir 

a2 = € » = 

cos — 
n 

+ j sin — 
n 

.6t 

3 — 

6t 

. . . 

as = e »» = 

cos — 
n 

+ j sin — 
n 


o„ = = 1 

ff 

• • • - 


The n roots of the equation ac" — 1 = 0 given m [1] are the operators 
which determine the angles between the vectors in each of the symmet- 

. 2r 

rical systems of vectors. It will be noted that ci = » is the charac- 

teristic operator from which the other operators can be obtained. 
Thus, 02 = ®ii 03 = of, • • • o„_i = Oi~^, o„ = o“. The operator o" 
(= 1 /0°) has an angle of zero, indicating that the vectors of one 
group axe equal in phase as well as in magnitude. 

In a three-phase system, the three operators determined from [1] 
with n = 3 are 

. 2y 

= 1 /120° = o 

dn_i = 02 = = 1 /240° = o* 

o« = 03 = 3 = 1 /360° or 0° = o« = 1 

It will be noted that the operator for the positive-sequence system 
of vectors is On— 1 = The characteristic operator is the 

operator of the n^^ative-sequence system. 

In an n-phase system let the phases be a, 6, c, • • • s, where z is the last 
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or n*** phase and the phase order of the generated volt^es is o, 6, c, • • • z. 
From [1], operator «» = 1 produces a system of vectors equal in 
magnitude and in phase. The operator Cn_i = gives a sym- 

metrical system of vectors of the angular displacement and phase 
order of balanced generated voltages. The characteristic operator 

, 2t 

ai = " gives a symmetrical system of vectors of the angular displace- 

ment of balanced generated voltages but of phase order the reverse 
of that of balanced generated voltages. These three systems of vec- 
tors, by analogy from the three-phase system, will be called zero-, 
positive-, and negative-sequence systems, respectively. In an »-phase 
system of more than three phases, there are n — 3 additional systems 
of symmetrical vectors which have angular displacements determined 
by the operators af, a?, • • • This will be illustrated for the five- 

phase system. 

Five-Phase System. The characteristic operator ai of a five-phase 
system is 

. 2t 

ai = = cos 72° + J sin 72° = 1 /72° 

If the phase order of the generated voltages is abcde and phase a is 
reference phase, the five sets of symmetrical systems of vectors apply- 
ing to phases a, b, c, d, e, in the order given, are 

set: Vai, atVai, a\Vai, ofFoi, aiVai 

2“^ set: Va2t dlVaSt ®iFo2> CiFo2, OiFo2 

3^** set: Foo, Fio, , Fao> Foo, Fao 

4“' set: Fa3, afFos, atVas, afFos, ofFos 

S*** set: Vat, OiFo 4 , afFo^, alVat, o^Vat 

In the first three sets of vect^ the notation is similar to that used in 
three-phase systems, and the designations positive-, n^ative-, and 
zero-sequence have been retained. Since af = 1, a* = Ci, d[ = of, 
= Oi> • • ' the last two systems of vectors can be rewritten 

4«‘set: F„3. afFos, alF„3. oiF„3. o?F„3 

5*^ set: Fa4, CiFa4, OiFa4, aiFa 4 , ofFa4 

The five systems of symmetrical vectors are shown in Fig. 1 with the 
vector of phase a as reference vector for each set. In Fig. 1, the phase 
relations between the vectors Foi, Fa 2 , Fnoi Foa, and Fa 4 are not indi- 
cated. In general, the symmetrical component of phase a will be (rf 
unequal magnitude and not in phase. 
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The phase vectors of a five-phase system are expressed in terms of 
the symmetrical components of phase a by the following equations: 

Va = 7„1 + F„2 + Vao + F„3 + F«4 

Fft = CllVal + OlFa2 + FoO + OlFuS + fllFa4 

Vc = afFal + a?Fa 2 + Fao + a\Va3 + aiFa4 [2] 

Fd = CLiVal + ffllFo2 + FaO + dlVaZ + OlFa4 

Fe = oiFoi -f- aiFo2 + FoO + a'lFoa + aiFa4 

' 

where the operator ai — e ^ = cos 72° -f j sin 12° = \ lll° . 



(c) (d) (e) 

Fig. 1. Symmetrical component systems for a five-phase system. Characteristic 
operator = (a) Positive-sequence system, {h) Negative-sequence system. 

(c) Zero-sequence system, {d) and (e) Additional systems of symmetrical vectors. 


It will be noted from Fig. 1 that the sum of the five vectors of each 
set, except those of zero sequence, is zero : 

1 + Ui + af + af + at = 0 [3] 

Making use of [3], the symmetrical components of phase a can be 
expressed in terms of the phase vectors just as the sequence com- 
ponents of phase a of a three-phase system are expressed in terms of the 
vectors Fa, F^, and Vg- To determine Foi, multiply the equations of 
[2] by 1, ai, af, af, at, respectively, add, and divide by 5. Since the 
sums of the coefficients of Fo2» Fao, Fas, and F04 in the resultant equa- 
tion are all zero and the sum of the coefficients of Fai is 5, Foi will be 
expressed in terms of the phase vectors. Proceeding in a similar 
manner by multiplying the equations of [2] by operators which make 
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the coefficients of Va 2 t VaOt VaSy and Fa 4 each in turn unity, the follow- 
ing equations are obtained : 

Vai = i(F„ + aiVb + alVc + + a\Ve) 

Va 2 = UVa + a\Vj> + a\Vc + a\Va + aiF.) 

Fao = i(Fa +Vb+Vc+Va+ Fe) [4] 

F„3 = i(F„ + alVb + aiVo + a\Va + a\Ve) 

Vai = i(F„ + aWb + atVc + a^Va + a?F.) 

The development of the symmetrical component equations of [2] and 
[4] for the five-phase system illustrates the procedure for any w-phase 
system where n is prime. When n is not prime, some of the symmetri- 
cal systems degenerate into repetitions of systems having numbers of 
phases corresponding to the factors of «. This is illustrated in Figs. 2 
and 3 for four-phase and six-phase systems, respectively. 



(c) (d)^ 

Fig. 2. Symmetrical component system for a four-phase system. Characteristic 
operator = 1^9^ {a) Positive-sequence system, {b) Negative-sequence system. 

{c) Zero-sequence system, {d) Repeating positive-sequence two-vector system. 

i— 

The four-phase system has the characteristic operator ai = e ^ == 
1 /90**. The four sets of symmetrical vectors to replace the phase 
vectors Fa, F^, Fc, and Vd of a four-phase system are shown in Fig. 2. 
In addition to the positive-, negative-, and zero-sequence systems of 
vectors shown in parts (a), (6), and (r), respectively, of Fig. 2, there is 
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a set of vectors given by part (d) which is a repeating positive-sequence 
two-vector system. 2 r 

The six-phase system has the characteristic operator ai = ^ ® = 
1 /60** . Figure 3 shows the six symmetrical systems of vectors. In 



Fig. 3. Symmetrical component systems for a six-phase system. Characteristic 
operator =* l/60®. (a) Positive-sequence system, (b) Negative-sequence system. 

(c) Zero-sequence system, (d) and (f) Repeating negative- and positive-sequence 
three-vector systems, respectively, (e) Repeating positive-sequence two-vector 

system. 

addition to the positive-, negative-, and zero-sequence systems of 
vectors, there are two sets of vectors which are repeating three-phase 
systems and one set which is a repeating two- vector system. 

SINGLE-PHASE SYSTEMS 

Symmetrical components can be used to determine voltages and 
currents in a single-phase system during unbalanced conditions if the 
system is considered a two-vector system. During balanced condi- 
tions, Va and Vf,, the voltages to ground or to neutral of conductors a 
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and h at euiy system point, are equal in magnitude and opposite in sign; 
likewise, the currents and flowing in the same direction in con- 
ductors a and b are equal in magnitude and opposite in sign. 

Symmetrical Components of a Two-Vector System. Following the 
method developed for the »- vector system, the characteristic operator 
of a two-vector system is 

i— 

= « 2 = 1 /180° = -1 

The only other operator is 

al = af = (-1)2 = 1/0^ 

For the two-vector system there are two sets of components — the 
positive-sequence and the zero-sequence. 

The phase voltages Va and Vb in terms of the symmetrical compo- 
nents of voltage of phase a are 

V« = Val + VaO . 

Vb=-Val + VaO 


The positive- and zero-sequence components of voltage of phase a in 
terms of the phase voltages Va and Vb, obtained by solving [5], are 

Val = iiVa - n) 

VaO = iiVa +V,) 




Vbr 


•Hi. 


Voo’Vbo 


The two symmetrical systems of vectors for a two-vector system are 
shown in Fig. 4. 

The phase currents la and 
hi flowing in the same direc- 
tion, in terms of the symmetri- 
cal components of current of 
phase a are 

h = lai + ho 
h = "“hi + laO 


(a) 


(b) 


Fig. 4. Symmetrical component systems 
for a two-vector system. Characteristic 
operator = 1 / 180**. (a) Positive-sequence 

system. (&) 2«ro-sequence system. 


The symmetrical components of current of phase a in terms of the 
phase currents are 

Ial=Wa-h) 

/«o = i(/« + /6) 

For the two-wire ungrounded single-phase system in which capad- 
tance to ground is n^ligible, there will be no zero-sequence currents 
during faults between conductors or to ground. There is no advan- 
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tage, therefore, in using positive- and zero-sequence components 
instead of the single-phase quantities. (See Chapter I for a discussion 
of the equivalent circuit for a single-phase system.) For the three- 
wire single-phase system with the third wire grounded or ungrounded 
and the two-wire single-phase system with neutral grounded or with 
appreciable capacitance to ground, symmetrical components can be 
us^ to advantage in determining voltages and currents during unbal- 
anced conditions. 

Three-Wire Single-Phase System Supplied from Three-Phase 
System through Transformer with Midpoint of Secondary Grounded. 
Figure 5 (a) gives a three-line diagram of a three-wire single-phase 


Iq" Iai+ Iqo 



Ib“ 


(a) 



Fig. S. (a) Three- wire single-phase system supplied through transformer with 
grounded secondary, {b) and (c) Positive- and zero-sequence networks, respectively, 
of (a), assumed symmetrical, and connected to represent line-to-ground fault on 
phase a through impedance 

system supplied from a three-phase system through a transformer with 
the midpoint of the secondary winding grounded and connected to a 
neutral conductor n which may be grounded at various points. If the 
system is symmetrical and the loads between a and n and b and n are 
equal, no current will flow in the neutral conductor n during normal 
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operation. In this case the current in phase a is equal and opposite to 
that in phase 6, and the system is similar to a two-conductor single- 
phase system. If the loads are unbalanced, or if there is a fault to 
ground or to the neutral conductor, zero-sequence currents will flow. 
Zero-sequence currents are equal in phases b and c and return in the 
neutral conductor if the system is ungrounded; if it is multigrounded, 
zero-sequence currents return in the neutral conductor in parallel with 
the ground. For determining voltages and currents during unbalanced 
conditions, the procedure is analogous to that used for three-phase 
systems. One-line diagrams are drawn for the positive- and zero- 
sequence systems in which currents and voltages are those of the 
reference phase a. Positive-sequence voltages are referred to neutral. 
Zero-sequence voltages at any point are referred to ground or to the 
neutral conductor at that point, depending upon whether the system 
is grounded or ungrounded. In Fig. 5, parts (J) and (c), the positive- 
and zero-sequence networks are drawn for the system shown in 
part (a), assumed symmetrical. These networks are connected to 
represent a phase-to-ground fault through impedance Z*, as explained 
later. 

With transformer rated kva and voltage as base quantities in the 
primary and secondary windings, base kva and base voltage in the 
positive- and zero-sequence networks of Figs. 5(6) and {c) are one-half 
those in the secondary winding; base current is rated secondary cur- 
rent. In per unit, the positive-sequence transformer current lai 
equals /p, the current in the primary winding. The positive-sequence 
leakage impedance of the transformer in ohms is one-half the leakage 
impedance between primary and secondary windings. Expressed in 
per unit, it is the same as the per unit impedance between the primary 
and secondary windings based on the transformer rating. The per 
phase zero-sequence impedance of the transformer is twice the leakage 
impedance between the two halves of the secondary winding in parallel 
based on one-half the rated kva and voltage of the secondary winding. 
Zero-sequence components of current in the single-phase system do not 
flow in the primary winding. The positive-sequence impedance of the 
transmission circuit is one-half the impedance of the loop consisting of 
conductors a and 6 in series. In a symmetrical circuit, the neutral 
conductor n is equidistant from conductors a and b ; equal and opposite 
currents flowing in phases a and b therefore induce no voltage in n and 
there is no mutual impedance between the positive- and zero-sequence 
networks. The zero-sequence impedance of the three-wire single- 
phase, transmission circuit is the impedance per phase offered to equal 
currents in phases a and b which return in the neutral conductor n if n is 
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ungrounded, and in the neutral conductor and ground in parallel if n is 
multiground^. The positive- and zero-sequence impedances of three- 
wire single-phase transmission circuits are determined in Chapter XL 
For the present, let it be assumed that the impedance in the sequence 
networks of Figs. 5{b) and (c) are known, or can be determined. 

The equivalent excitation voltage E in Fig. 5(b) is the per unit 
voltage which would exist across the primary winding and also in 
phase a of the single-phase circuit with the secondary winding open, 
but the rotors of all machines in the three-phase system retain the rela- 
tive angular positions which correspond to the given single-phase load. 
(See Chapter VIII for a discussion of equivalent excitation.) 

Impedance of Three-Phase System Referred to Single-Phase 
System/- Let Z3 be the per unit impedance met by 7p(= lai) in the 
three-phase system, based on rated primary winding kva and voltage, 
determined as follows: In the three-phase part of the system, the 
current Ip in the primary winding and the voltage Vp across the pri- 
mary winding may be treated as the current flowing into an impedance 
fault and the voltage across that impedance, the fault impedance being 
the impedance of the single-phase system viewed through the primary 
winding. Let Zi, Z2, and Zq be the per unit positive-, negative-, and 
zero-sequence impedances in the three-phase system viewed from th% 
point where the transformer is connected, based on rated transformer 
kva per phase and a base line-to-neutral voltage which is rated primary 
winding voltage if the primary winding is connected between a phase 
conductor and the neutral conductor, and l/\/3 times rated primary 
winding voltage if the primary winding is connected between phases. 

With a line-to-neutral fault in the three-phase side on phase a 
through fault impedance Z/ (see Table I, Chapter IV), 


Ip — 37o0 “ 


5Ea 


Ea 


+ ^2 + ^0 + 3Z/ f (Zi + Z 2 -f- Zo) + Zf 


[91 


Vp = E,- Ip 


Z\ -k- Z 2 Zq 
3 


[ 10 ] 


The impedance f (Zi + Zs + Zq) in [10] is based on rated primary 
voltage. The equivalent impedance met by I'ai = Ip in Fig. 5(6) is 
therefore 


Zz = \(Zi + Z2 4- Zo) [11] 


when the primary winding is connected between a phase and a neu- 
tral conductor. 

For a line-to-line fault on the three-phase side between phases 6 and 
c through fault impedance Z/, where Z/ is based on line-to-line voltage, 
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the current Ip and the voltage Vp of the primary winding in per unit 
of base line current and line-to-neutral voltage are 


Ip — li — jy/ 3Ial — 


-jVSEa 


Zi + Z 2 + 3Z/ 


Vp = Vcb = -jVsEa - Ip{Zi + Z 2 ) 


112 ] 

[13] 


The impedance (Zi + Z2) in [13] is based on line-to-neutral voltage. 
Multiplying it by ^ to refer it to rated primary voltage, the equivalent 
impedance met by I'ai = Ip in Fig. 5 (ft) is 

Z 3 = i{Zi -f- Z2) [14] 


when the primary winding is connected between phases. 

If the kva rating of the three-phase system is large relative to the 
transformer rated kva, so that voltages on the three-phase side of the 
transformer are substantially balanced, Z3 may. be neglected and E 
equated to the per unit normal operating voltage of the primary 
winding. 

Phase-to-6round Fault in a Three-Wire Single-Phase System. 
Assume the fault to ground on phase a through impedance Z*. Let Va 
and Vb be voltages to ground of phases a and ft, respectively, at the fault 
and la and Ib the line currents flowing from phases a and ft into the fault, 
with positive direction of current flow toward the fault. The condi- 
tions at the fault are * 0 and Va — laZx- Substituting = 0 in 

17], 

Ib = — lal + laO = 0 

Therefore 

lal — lao [15] 


Substituting Va = laZx in [5], 


TTierefore 


Va = 1^*1 +VaO=‘ laZx 


Val = — VaO + (Ittl + Iao)Zz 


[16] 


To obtain the symmetrical components Foi, Vao, Iai> and laOt four 
equations are needed. Two of these equations are given by [15] and 
[16]. The other two equations which give the positive- and zero- 
sequence voltages at the fault in terms of the corresponding symmet- 
rical components of current flowing into the fault and impedances 
'wewed from the fault are 

' Val ^ Vf - lalZi 


VaO — ~IaoZo 


[17] 

[18] 
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where F/ is the voltage to neutral of phase a at the fault point F before 
the fault occurred and Z\ and Zo.are the positive- and zero-sequence 
impedances, respectively, viewed from the fault. Substituting [18] 
in [16] and replacing lao by lai, 

Fal = /al(Zo + 2Z,) [19] 


Solving [17] and [19] for Jai, 

lax = 


Vf 

Zx Zq 2Zx 


[ 20 ] 


When lax is known, the other symmetrical components and the phase 
currents and voltages at the fault can be calculated from above equa- 
tions. From the symmetrical components of current and voltage at 
the fault and the component networks, the currents and voltages at 
any system point can be obtained. 

From [19], the equivalent circuit to replace the fault in the positive- 
sequence network is the impedance (Zq -f 2Z*). 

Connection of Sequence Networks for Phase-to-Ground Fault. 
If the positive- and zero-sequence networks are connected as in Fig. 5, 
equations [15]-[20] are satisfied. The impedance Z* can be used to 
represent the equivalent impedance of a load taken off between coif- 
ductor a and neutral conductor », not balanced by an equal load 
between h and «. With no impedance in the fault, or with symmetrical 
loads, Z, == 0. 

Equivalent Impedance of Single-Phase System with Fault, Viewed 
from Three-Phase Side of Transformer. In [9] and [ 1 2], Z/ is the per unit 
impedance of the single-phase system referred to the primary winding. 
Zf is therefore the transformer leakage impedance plus the impedance 
met by the transformer current lax in the single-phase system. 
Neglecting load currents in Fig. 5, Z/ is the sum of the positive- and 
zero-sequence impedances of the transformer and transmission circuit 
plus twice the fault impedance. For example, if the fault reactance is 
2%, the positive- and zero-sequence leakage reactances of the trans- 
former 6% and 0.3%, and the positive- and zero-sequence reactances 
of the transmission circuit 10% and 30%, respectively, neglecting 
resistance, 

Zf = i(l^ +• 30.3 + 4)% = j50.3% 

With a solid fault to ground at the transformer terminals, Z/ = j6.3%. 

With a solid fault between phases at the transformer terminals, Z/ is 
the transformer leakage impedance. For the system assumed above, 
Zf = j6%. 
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Positive- and Zero-Sequence Self- and Mutual Impedances. If 
la and lb are the line currents in the circuit, and Va and Vb the voltage 
drops in the circuit between its terminals in the direction of current 
flow, the positive- and zero-sequence voltage drops Vai and Vao in 
terms of the positive- and zero-sequence currents, and the self- and 
mutual sequence impedances will be written 

Val — + 

VaO = Ia\Zo\ + laO^OO ^ ^ 

where Zu and Zoo are the positive- and zero-sequence self-impedances, 
and Zio and Zqi the mutual impedances between the positive- and 
zero-sequence networks of the two- vector system. 

Three-Wire Circuit with Ungrounded Neutral Conductor. Let the 
phase conductors be a and b and the neutral conductor n. Neglecting 
the presence of the earth, the voltage drops and in phases a 
and b can be expressed in terms of the conductor self- and mutual im- 
pedances. With la and h flowing in conductors a and b and {la + h) 
returning in the neutral conductor n, the currents la and h flow in 
loops consisting of a phase conductor and the neutral conductor in 
series. 


Va = Ia{Zaa + ^nn “ 2Zon) + h{Znn + ^ab ^an “ 
n = Ia(Z nn + Zah Zan Zhn) + Ih{Zhh + Z nn 2Zi,n) 


Replacing and h in [22] by their symmetrical component, then sub- 
stituting Va and Vb in [6], Vai and Vao will be expressed in terms of 
I alt laOt and the conductor self- and mutual impedances. Equating 
the coefficients of lai and lao in these resulting equations to the corre- 
sponding coefficients in [21], 

Zii = 2 (^ao + Z^bj^ 2Zab) 

Zqo = 2Znn + 2 (Zaa + Zbb) + Zab "" 2Zon 2Zbn 

= Zii + 2(Znn + Zab ”” Zan Zbn) [23] 

Zjo ~ Zqi ~ 2^(Zaa Zbb 2Zan “I" 2Zbn) 

If the conductors a and b are identical and equidistant from the 
neutral conductor, Zaa = Zbb and Zan = Zbn- In this case, Zio = 
Zqi = 0, and there is no mutual impedance between the component 
networks; then 

Zii = Zaa ZfOt 

Zoo ~ {Zaa Zab) H" 2(Znn 4“ Zab 2Zan) 


[ 24 ] 
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If the conductors a, b, and n are identical and equidistant from each 
other, Znn = Z^a ~ ^bbt Und Zan = Z^n = Zai. 


Zn — Zaa Zai 

ZoQ = 3(^Zaa ^ab) ~ 3^11 


[251 


Equations [23]-[25] are evaluated in Chapter XI in terms of circuit 
dimensions. 

Phase Voltage Drops in Terms of Phase Currents and Phase Self- 
and Mutual Impedances. In [22], the phase voltage drops Va and Vt 
are expressed in terms of the phase current la and h and the conductor 
self- and mutual impedances. If Zaa and Zbb represent the self- 
impedances of phases a and h and Zab and Zba the mutual imped- 
ances between phases, [22] can be written 

Va = IoZaA + Ib^AB 
Vb = IoZba + IbZBB 


where ZAAt Zbb, Zab, and Zba in [26] are the coefficients of and Ib in 
the corresponding equations of [22]. Equations [26] are general equa- 
tions for phase voltage drops in terms of phase currents, and the phase 
self- and mutual impedances. The subscripts A and B are used herp 
only to distinguish phase impedances from conductor impedances; 
lower case letters can be used when there is no danger of confusion. 
In a reciprocal static circuit, Zba = Zab- 
As {la + h) returns in the neutral conductor, [26] is conveniently 
written in terms of la, h, and (/« + h)- For the case of Zba = Zab, 

Va = Ia{ZAA - Zab) + (/. + h)ZAB 

Vb — (la + h)ZAB + h{ZBB — Zab) ^ ^ 


The equivalent self-impedances in phases a and b and the neutral 
conductor n from [27] are {Zaa — Zab), {Zbb — Zab), and Zab, 
respectively. For the case of identical phase conductors, equidistant 
from n, 

{Zaa — Zab) — {Zbb — Zab) = Zu = equivalent impedance of 

phases a and b [28] 

Zab = ^(^00 “ Zn) — equivalent impedance of neutral 
conductor n 


where Zu and Zoo sore defined in [24] in terms of conductor self- and 
mutual impedances and evaluated in Chapter XI in terms of circuit 
dimenrions. 

Fot a symmetrical three-wire single-phase transmisrion circuit there 
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is no mutual coupling between the positive- and zero-sequence net- 
works. If phase quantities are used, there is a reciprocal mutual 
coupling Za.b between phases. Three-wire transmission circuits in 
two-phase systems are discussed in the following section. 

TWO-PHASE SYSTEMS 

Power may be supplied to a two-phase system from two-phase 
generators, from a three-phase system through a Scott-connected 
transformer or autotransformer bank, or from both two-phase genera- 
tors and a three-phase system. In a two-phase synchronous machine, 
sometimes called a quarter-phase machine, the generated phase volt- 
ages are equal in magnitude and 
90® apart in phase. If Ea and 
Eb are the voltages generated 
in phases A and B, Eb is equal 
in magnitude to Ea and lags 
Ea by 90®, as indicated in 
Fig. 6. A two-phase transmis- 
sion circuit may be a four-wire 
or a three-wire circuit, as shown 
on Figs. 6(a) and (b), respec- 
tively. The phases of the two- 
phase system are here indicated 
by the letters A and B instead 
of the lower-case letters a and 
b, which are used for the con- , 
ductors of a single-phase system, 
and for the positive- and zero- 
sequence symmetrical components of a two- vector system. 

Two vectors which are equal in magnitude and 90® apart in phase do 
not form a symmetrical set^f^ vectors because they are not displaced 
from each other by equal angles. In a symmetrical set of two vectors, 
the vectors are 180® or 0® ap>art. A two-phase system consisting of 
two-phase generators, three-wire transmission circuits, and loads (with 
or without connection to a three-phase system) is an unsymmetrical 
system. It can not, therefore, be represented by a one-line diagram, 
ev^n under balanced operating conditions. 

There are several ways in which a two-phase system of vectors can 
be replaced by two sets of vectors of two vectors each. The most con- 
venient system of vectors to use in calculations will dq)end on the 
nature of the problem and the characteristics of the machines, trans- 
mission circuits, transformers, loads, etc., of the system. 


Ea 

■*L_ 




Load 


iLood 


(a) 



Fig. 6. (a) Two-phase four-wire system. 

(^) Two-phase three- wire system. 
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Two Different Systems of Components and the Phase Quantities 
These will be considered under the following headings: 

1. Positive- and negative-sequence right-angle components. 

2. Positive- and zero-sequence symmetrical components (already 
described). 

3. Phase currents and voltages not replaced by components. 


fa) 


(1) Positive- and Negative-Sequence Right-Angle Components. 
The two-phase system may be considered a special case of the four- 
phase system in which the two vectors Va and Vb are Va = (Va — Vc) 
and Vb = (Vb — Vd)- A generator with windings connected for 
four phases and generated voltages Ea, Ebt Ec, and Ed becomes a two- 
phase generator if alternate phases are connected to give generated 
voltages Ea = Ea — Ec and Eb = Eb — Ed- Subtracting alternate 
vectors in the symmetrical four-phase systems of Fig. 2, the sets of 
vectors in parts (c) and (d) disappear; the positive- 
and negative-sequence sets of symmetrical vectors 
in parts (a) and (b) reduce to the two sets of 
two-phase vectors shown in Fig. 7, parts (a) and 
(6), respectively. The phase order of the vectoss 
of Fig. 7(a) are of positive sequence; those of 
Vig- 7(b) are of negative sequence. The vectors 
of each set are equal in magnitude and displaced 
from each other by 90®, Vai leading Vbi by 90® 
and Va 2 lagging Vb 2 by 90®. The components 
of this system will be called positive- and negative- 
sequence right-angle components because of the 
90® phase displacement between the components 
of each sequence, and also to distinguish the posi- 
tive-sequence components of this system from the 
symmetrical positive-sequence components, dis- 
cussed under the single-phase two-vector system, 
which are displaced from each other by 180®, as 
shown in Fig. 4(a). Upper-case subscripts will 
be used with V and I to indicate positive- and 
negative-sequence right-angle components. 

The phase voltages Va and Vb are expressed in terms of the positive- 
and negative-sequence right-angle components of phase A by the 
following equations: 


(b) 

Fig. 7. (a) Posi- 

tive-sequence right- 
angle components. 
(b) Negative-se- 
quence right-angle 
components. 


Va = Vai + K 12 
Vb — —jVai ■\-jVA2 


[ 29 ] 
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The corresponding equations for phase currents are 

Ia = Iai + Ia2 

Ib = -jiAl +jlA2 

The positive- and negative-sequence right-angle components of volt- 
age of phase A are expressed in terms of the phase voltages Va and Vb 
by solving the simultaneous equations of [29] : 

Vai = i(VA +JVb) 

VA2 = i(VA-JVB) 

Solving [30] for Iai and Ia 2 in terms of Ia and Ib, 

Iai = i(lA +JIb) 

Ia2 = Wa- jls) • 

Right-Angle Self- and Mutual Impedances. The positive- and nega- 
tive-sequence voltage drops Vai and Va 2 in a two phase circuit in the 
terms of the currents Ia\ and Ia 2 and the right-angle self- and mutual 
impedances are 

Vai = lAiZii{ 9 (f) + IA2Z12 

Tr T ^ \ r rp 


Va2 = Ia 


+ lA2Zf22 


where Zii(90®) and Z 22 are the positive- and negative-sequence self- 
impedances and Z 12 and Z 21 are the mutual impedances. The posi- 
tive-sequence right-angle self-impedance is written Zii(90°) to dis- 
tinguish it from the self-impedance Zn offered to positive-sequence 
symmetrical components. The impedances Z 22 , Z 12 , and Z 21 need no 
additional identification. 

(2) Positive- and Zero-Sequence Symmetrical Components* They 
are shown in Fig. 4 and disc^i^d in connection with the single-phase 
two-vector system. They can be applied to any two-vector system. 
Equations [5]--[8] and [21] apply to the two-phase system if Va, Vi, la, 
and Ih in these equations are replaced by Va, Vb, I a, and Is, respec- 
tively. 

(3) Phase Currents and Voltages. The voltages in phases A and B 
are Va and Vb, and currents are Ia and Ib, respectively. In certain 
problems, these phase quantities may be more convenient than either 
of the two sets of components described above. Equations [26] 
express the phase voltage drops in a two-vector system in terms of the 
phase self- and mutual impedances. (See also [27] and [28] and Fig. 8.) 

For convenience, the phase currents and voltages in terms of posi- 
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tive- and negative-sequence right-angle components and positive- 
and zero-sequence symmetrical components are summarized in one 
group of equations: 

Va = Vai + Va 2 = Val + Vao 
Vb = —jVai +jVA2 = —Val+ VaO 
I A = Ia\ + Ia2 = Ia\ + laO 
Ib = -^JIaX + JXi2 = + laO 



Fig. 8. Phase diagram of two-phase three-wire ungrounded system, with symmetrical 
three- wire transmission circuit and Zi = Z2 in the two-phase generator. 

Positive- and Negative-^Sequence Right-Angle Components ef 
Voltage and Current in Terms of Phase Voltages and Currents, and 
in Terms of Positive- and Zero-Sequence S 3 rmmetrical Components* 
Equations [31] and [32] express positive- and negative-sequence right- 
angle components in terms of phase voltages and currents. Replac- 
ing phase voltages and currents in these equations by their values in 
terms of, positive- and zero-sequence symmetrical components from 
[34], the following equations are obtained: 

= jVb) = ^ ^ 

Va2 =-^(Va- JVb) = ^ Val + ^ Vao 
1 - • 1 + • 

IaI = +JIb) = lal + lao 

Ia 2 = i(lA- JIb) = ^ lal + ^ laO 

Positive- and Zero-Sequence Symmetrical Components of Voltage 
and Current in Terms of Phase Voltages and Currents and in Terms 
of Positive- and Negative-Sequence Right-Angle Components. Re- 
placing phase voltages and currents in [6] and [8] by their values in 
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terms of positive- and negative-sequence right-angle component, 

Val = - Vb) = ^Vai + ^ Va2 

Vao = HVa + Vb) = ^ Vai + ^ Va2 

lax = Wa - Ib) = ^ Iax + ^ Ia2 

/«0 = Wa + Ib) = ^ Iax 4 ^ /x2 

By means of equations [35] and [36] components of current and volt- 
age in either of the component systems can be expressed in terms of the 
phase quantities or the components of the other system. Phase 
currents and voltages can be expressed in terms of the components of 
either system by [34]. 

Generated Voltages of a Two-Phase Synchronous Machine, in 
a two-phase synchronous machine of balanced design, the generated 
voltage of phase B is equal in magnitude to the generated voltage of 
phase A and lags it by 90®. Indicating the generated voltages by Ea 
and Ebi 

Eb = -‘JEa 

From [35] and [37], 

Eai = ^{Ea +jEB) = Ea 
Ea2 = 2(E^a — jEb) = 0 


[37] 

[38] 


From [36] and [37], 

Eax = Wa -^) = ^ Ea = 

£ao = \{Ea + Eb) = ^ Ea = 


Comparing equations [37], [38], and [39], generated voltages in a two- 
phase synchronous machine are most simply expressed in terms of 
positive- and negative-sequence right-angle components as there are 
components of generated voltage in the positive-sequence system only. 
When symmetrical positive- and zero-sequence components are used, 
[39] shows that there are generated voltages in both sequence networks. 
The positive-sequence symmetrical component of generated voltage 
leads Ea by 45®, while the zero-sequence component of generated volt- 
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age lags Eji by 45“. Both voltages are EjilV 2 = 0.101 Ea. in magni- 
tude. When phase quantities are used, there are generated voltages 
in both phases equal in magnitude but 90° apart in phase. 

Relations between the Self- and Mutual Impedances in the Two 
Component Systems and the Phases. By means of equations [21], 
[26], [33] and [34]-[36] self- and mutual impedances of the two com- 
ponent systems and of the phases can be expressed in terms of each 
other. For example, replacing lai and loo in [21] by their positive- 
and negative-sequence right-angle components of current from [36], 
then substituting Vai and Vaa in the equations for Vai and Va 2 in 
[35], and finally equating the coefficients of Iai and 7x2 in the result- 
ing equations for Vai and Vx 2 to the corresponding coefficients in 
[33], the positive- and negative-sequence right-angle impedances in 
terms of the symmetrical positive- and zero-sequence self- and mutual 
impedances are obtained. The following equations express the self- 
and mutual impedances of the two component systems in terms of each 
other and in terms of the phase self- and mutual impedances; and also 
the phase self- and mutual impedances in terms of the self- and mutual 
impedances of each of the two component systems. 

Zii(90“) = ^[Zaa + Zbb — j(ZAB — Zba)] 

= + -^00 ~ 7 (■ 2^10 ~ -^ 01 )] 

■^22 = il^AA + ZbB + J^ZaB ~ Zb a)] 

— + 2oo + j(2io — Zoi)] 

1 [41^1 

2i2 = ^[^AA — ZbB -{■ j{ZAB + Zba)\ 

= + Zqi + j{Z(iQ — Zii)] 

•221 = sIZaa ~ Zbb —J(Zab + ^ba)] 

= ^[Zio + Zoi — j(2oo ~ 2ii)] 

2ii = ^[Zaa + Zbb — {Zab + Zba)\ 

= i[2n(90“) + Z 22 -1- jtZi2 - Z2i)] 

200 = 5[2xx + Zbb + (Zxs + Zbx)] 

= i[2u(90°) -f- Z 22 - j(2i2 -.Z 21 )] 

2io = 2[2 aa — Zbb + (Zxb — Zba)] 

= 3l2l2 + ^21 — j{Z22 — Zii(90'’)}] 

201 = ^[Zaa — Zbb — {Zab — Zba)] 

= i‘[2i2 + Z 21 + j{Z22 — Zn(90“)}] 


[ 41 ] 
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Zaa = i[2ii(90“) + Z 22 + (Z 12 + Z 21 )] 

= + ^00 + (.^10 + Zqx )\ 

tel ( 90 °) + Z22 - (Zi2 + Z2,)] 

+ •^OO ~ (-^10 + ^01)] 

[421 

jil- 2 u( 90 °) - Z22 - (Z12 - Z21)] 
i[Zoo — Zti + (Zio — Zoi)] 

Zb 4 = MZ22 - Z„( 90 °) - (Zi 2 - Z21)] 

= ^[Zoo — Zii — (Zio — Zoi)] 

A circuit may have non-reciprocal mutual impedances between the 
component network when one system of components is used, but recip- 
rocal or zero mutual impedances when phase quantities or the other 
system of components is used. In two-phase system studies, with a 
choice of two systems of components and the phase quantities, selec- 
tion is based on simplicity of calculations, taking into consideration 
the various circuits which make up the system. The impedances of a 
given circuit can be obtained in terms of phase impedances, symmetri- 
cal component impedances, or positive- and negative-sequence right- 
angle impedances — whichever is easiest. These impedances can 
then be converted to the type of impedances selected for system 
analysis by means of equations [40]~[42]. 

When a system of components or the phase quantities has been 
selected, the procedure is similar to that with symmetrical components 
in a three-phase or in a single-phase system. One-line diagrams are 
drawn of the component networks (or of the phases), with equivalent 
circuits replacing transmission circuits, machines, and other equip- 
ment. In cases where there is no mutual coupling between the com- 
ponent networks (or phases), the component networks (or phases) 
can be directly connected to^epresent fault or other abnormal con- 
ditions which may exist in the system. 

Impedances of Two-Phase Synchronous Machines. The imped- 
ances of a two-phase synchronous machine to positive- and negative- 
sequence right-angle components of current can be obtained by calcu- 
lation or test. Let these impedances be Zi and Z 2 , respectively. 
The two-phase synchronous machine, just as the three-phase synchro- 
nous machine (Chapter I, and Fig. 17, Chapter I), can be represented 
in the positive-sequence right-angle network by a voltage acting 
through an impedance Zi, where Ea is the generated voltage in phase A 
behind the positive-sequence impedance Zi, and Zi may be the 
subtransient, transient, or equivalent steady-state positive-sequence 


Zbb = 

Zab = 
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impedance of the machine. In the n^ative-sequence network, there 
is no generated voltage. At the machine terminals, 


Vai = Ea — IaiZi 
Va2 — —IA 2 Z 2 


[43] 


Replacing Zii(90®) and Z 22 in [41] by Zi and Z 2 , respectively, with 
Z 12 * Z 21 = 0, the self- and mutual impedances in the positive- and 
zero-sequence symmetrical systems are 


Zn = Zoo = -]- Z2) 

Zio = — Zoi ~ ~ 2 ~ 


[44] 


The phase self- and mutual impedances from [42] are 
Zaa = Zbb = 5’(Zi -|- Z 2 ) 

Zab = —Zba ~ ~ 2 ~ 


[45] 


From [44] and [45], if Zi 7 ^ Z 2 , the mutual impedances between the 
symmetrical positive- and zero-sequence networks and between the 
phases are non-reciprocal. If Zi and Z 2 can be assumed equal, all 
mutual impedances disappear and 

Zii = Zoo = Zaa = Zbb = Zi [46] 

Even with Zi = Z 2 , the synchronous machine is more simply repre- 
sented in terms of positive- and negative-sequence right-angle com- 
ponents than in terms of either positive- and zero-sequence symmetri- 
cal components or phase quantities because of the simpler components 
of generated voltage. (See [37] and [39].) 

Impedances of a Two-Phase Three-Wire Transmission Circuit. 
In the two-phase, three-wire circuit of Fig. 6(J), there is a neutral 
conductor N and loads are taken off between A and N and B and N. 
There may also be loads between phases. The sum of the currents in 
phases A and B returns through the neutral conductor when N is 
ungrounded; through N in parallel with the ground, when N is multi- 
grounded. Phase voltages at any point in an ungrounded system are 
referred to the neutral conductor at that point; in the grounded 
system, to the ground at the point. The two-phase three-wire circuit 
is most simply represented by its positive- and zero-sequence sjmimet- 
rical components of impedance as explained under the single-phase 
system. (See [24] and [25].) In a three-wire circuit with the neutral 
conductor equidistant from the phase conductors there is no mutoal 
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impedance between the positive- and zero-sequence networks. Let 
Zii and Zoo represent the positive- and zero-sequence self-impedances, 
with Zio = Zoi = 0. Substituting these values in [40], the positive- 
and negative-sequence right-angle components of impedance are 


Zii(90®) = Z 22 = 4- Zoo) 


= — Z 21 = - (Zoo ~ -^ 11 ) 


From [47], the mutual impedances are non-reciprocal. 

The phase self- and mutual impedances in terms of Zn and Zoo are 
given in [28]. The mutual impedances between phases are reciprocal. 

Impedances of a Two-Phase Four-Wire Transnodssion Circuit. 
In the two-phase, four- wire transmission circuit shown in Fig. 6(a), 
there is no interconnection between phases. The self-impedances in 
phases A and B are two-conductor single-phase loop impedances, 
which will be indicated by Zaa and Zbb* When the loads can be 
represented by impedances, these impedances can be included in Zaa 
and Zbb- Mutual impedance between phases in the transmission cir- 
cuit will depend upon the conductor arrangement. If the conductors 
are placed at the corners of a rhombus or square, with conductors of 
the same phase at opposite corners, there will be no mutual imped- 
ances between phases. In any case, the mutual impedance between 
phases will be small relative to the self-impedances. 

With no mutual impedances between phases, Zab = Zba = 0- 
Making this substitution in [40], the positive- and negative-sequence 
right-angle components of self- and mutual impedances are 

Zu(90°) = Z 22 = hZAA + Zbb) 

Z12 = Z21 = ^(Zaa — Zbb) 


Substituting Zab — Zba ^-0 in [41], the positive- and zero-sequence 
symmetrical components are 


Zii = Zoo = + Zbb) 

Zio = Zoi = \{Zaa ~ Zbb) 


m 


Choice of Components or Phase Quantities in Two-Phase System 
Calculations. Unfortunately, neither of the systems of components 
nor the phase quantities are well suited to all types of two-phase cir- 
cuits. If the positive- and negative-sequence right-angle impedances 
are imequal, currents and voltages at the machine terminals are nH>st 
simply determined by positive- and negative-sequence right-angle com- 
ponents. These components, however,, are not well suited to three- 



304 


SYSTEMS OTHER THAN THREE-PHASE 


[Ch. IX] 


wire transmission circuits because of the non-reciprocal mutual cou- 
pling between the component networks. 

Positive- and zero-sequence symmetrical components are well 
adapted to three-wire transmission circuits and are useful in determin- 
ing voltage regulation in two-phase three-wire circuits. When 
Zi ^ Z2 in the two-phase synchronous machines of the system, the 
positive- and zero-sequence symmetrical components have non- 
reciprocal mutual coupling between the component networks. If 
Zi = Z2, and the two-phase system is operated without connection to 
a three-phase system, the positive- and zero-sequence symmetrical 
components will be most suitable when there are appreciable lengths 
of three-wire transmission circuits. 

The phase quantities are best suited to the study of two-phase four- 
wire transmission circuits and are better adapted to three-wire trans- 
mission circuits than positive- and negative-sequence right-angle com- 
ponents. If Zi Z2 in the rotating machines, there is non-reciprocal 
mutual coupling between the phases. 

For any given two-vector system, operated without connection to a 
three-phase system, either of the component systems or the phase 
quantities can be used in a system study. In cases where mutual 
impedances are non-reciprocal, solution by means of equations i^ 
always posable, as illustrated in Chapter VIII for unsymmetrical 
three-phase systems. 

When a Scott-connected transformer or autotransformer bank 
connects the three-phase and two-phase parts of a power system, and 
current and voltage conditions in both parts of the system are to be 
determined, either positive- and negative-sequence right-angle com- 
ponents or phase quantities can be used on the two-phase side. If 
symmetrical components are used on the three-phase side, positive- 
and negative-sequence right-angle components will be used on the 
two-phase side. If the positive- and negative-sequence impedances 
of the rotating machines on both the two-phase and three-phase sides 
of the Scott-connected transformer bank can be assumed equal, phase 
quantities can be advantageously used on the two-phase side with a, 
j 3 , and 0 components, described in the following chapter, on the 
three-phase side. A further discussion of two-phase and three- 
phase systems connected by Scott-connected transformers is given 
in Chapter X. 

Admittances of Two-Vector Systems 

In calculations involving shunt circuits between phases or between 
phases and ground in single-phase and two-phase circuits, the positive- 
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and zero-sequence self- and mutual admittances of the circuit may be 
found more convenient than the impedances. 


Sequence Admittances of Two-Vector Circuits 

Following the notation and definitions of Chapter VIII, the positive- 
sequence admittances of phases a and 5 of a single-phase or two-phase 
circuit will be indicated by Ya\ and Fm, respectively, and defined as the 
ratios of the phase currents and h entering the circuit to the corre- 
sponding applied phase voltages with positive-sequence voltages only 
applied to the circuit; similarly, the zero-sequence admittances of 
phases a and b will be indicated by Foo and Fw, respectively, and 
defined as the ratios of the phase currents to the corresponding phase 
voltages with zero-sequence voltages only applied to the circuit. The 
phase currents la and h in terms of the positive- and zero-sequence 
phase admittances of the circuit and the applied voltages Va and Fj, 
replaced by their positive- and zero-sequence symmetrical com- 
ponents, are then 

la = FaiFai VaoYaO 

h = FftiFii -h VtoYbo = -F„iFm -f- VaoYto 


Substituting and h from [50] in [8], 

hi = Val + Vao 

ho = Val ~ + Vao 


F„o - Ffeo 
2 

FqQ -f FfrO 
2 


[51] 


Positive- and Zero-Sequence Self- and Mutual Admittances. With 
phase voltages Va and Vh at the circuit terminals and phase currents 
la and h flowing into the circuit, the positive- and zero-sequence com- 
ponents lai and 7ao are expressed in terms of the positive- and zero- 
sequence components of voltage Vai and Foo by the following 
equations: 

hi — FalFii -H FnoFio 

laO = ValYoi + VaoYoo 

where Vs with two subscripts represent the sequence self- and mutual 
admittances, the first subscript referring to the sequence of the current 
given by the equation and the second to the sequence of the volti^ 
assodated with the admittance. 

Equating the coefficients of Fai and Foo in the corresponding cturent 
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equations of [51] and [52], 

Yu = ^{Yai + Yhi) = self-admittance to positive-sequence 

voltages 

+ I^6o) = self admittance to zero-sequence voltages 

y^o iCFoo ~ Yho) = ratio of positive-sequence current [53] 

produced by Foo to Foo 

Foi “ i(Foi — Fn) = ratio of zero-sequence current pro- 
duced by Fai to Val 


Sequence Admittances in Terms of Sequence Impedances. The 
positive- and zero-sequence self- and mutual admittances are given 
by [53] in terms of the positive- and zero-sequence phase admit- 
tances. They can also be expressed in terms of the positive- and zero- 
sequence self- and mutual impedances of the circuit by solving [21] 
for lai and /ao and then equating coefficients of Vai and Foo in the 
resulting equations to the coefficients of Vai and Foo. respectively, 
in the corresponding current equations of [52]. This gives 


Fii = 


>00 


^ii'^oo ~ ZioZoi 


Foo = 
Fio = 


Zn 


ZtiZoo ~ ZioZoi 

~Zio 

ZnZoo — ZioZoi 


[54] 



~Zoi 


ZiiZoo — ZioZot 


In a symmetrical circuit, Zoi = Zio 
in [54], 



= 0. 



Making this substitution 


Yio = Foi = 0 


[55] 


In a symmetrical circuit, the positive- and zero-sequence self-admit- 
tances are the reciprocals of the corresponding self-impedances and 
there are no mutual admittances between the sequence networks. It 
is only in a symmetrical circuit that this is true. 

In many circuits, the self- and mutual sequence impedances are 



[Ch. 1X1 sequence admittances from impedances 


307 


more readily obtained thain the self- and mutual sequence admit- 
tances. When this is the case, the sequence impedances can first be 
determined and from them the sequence admittances by using [54]. 

Formulas for the positive- and zero-sequence self- and mutual 
capacitive susceptances of two- and three-wire transmission circuits 
in terms of circuit dimensions are given in Chapter XII. 

Problem 1. Check the general equations [40], [41], and [42]. 

Problem 2. Rewrite these equations for static circuits in which ~ ^ba« 

Problem 3. In Fig. 5(a), the transformer is rated 1000 kva, 4000 volts-230 volts. 
The turn ratio is 4000/230. Leakage reactance based on rating is 6%. The reac- 
tance of the two half windings in parallel is 0.3% based on 500 kva and 115 volts. 
Vp * 4100 volts. A phase-to-ground fault occurs at the transformer terminal. 
Determine the current in the primary and secondary windings in amperes. 

Problem 4. A two-phase, 60-cycle, unloaded generator, rated 5000 kva and 
13,800 volts per phase, with positive- and negative-sequence right-angle subtransient 
reactances of 9% based on its rating, is directly connected to a symmetrically spaced 
three-wire transmission circuit (with identical wires) five miles in length. The two 
phases of the generator are connected to the ungrounded neutral conductor, as in 
Fig. 6(b), The reactance of the transmission circuit to positive-sequence symmetri- 
cal components of current is 0.72 ohm per mile, (a) What is the zero-sequence reac- 
tance? (b) A fault occurs between one phase and the neutral conductor at the termi- 
nals of the five-mile transmission circuit. What is the initial symmetrical rms fault 
current in amperes? Neglect resistance and solve by any two of the three different 
methods given in this chapter. 

Problem 5. Solve Problem 4 with the fault at the generator terminals. 

Problem 6. Solve Problems 4 and 5 with a generator rated 200 kva and 2300 volts 
per phase with positive- and negative-sequence right-angle subtransient reactances 
of 24% and 32%, respectively. 
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ALPHA, BETA, AND ZERO COMPONENTS OF 
THREE-PHASE SYSTEMS 

It is pointed out in Chapter II that a set of three voltage or current 
vectors pertaining to the phases of a three-phase system can be 
replaced by any one of a number of different systems of component 
vectors. The symmetrical component system is one of such systems. 
The positive-plus-negative, positive-minus-negative, and zero-sequence 
system of components discussed in Chapter V is another. The pres- 
ent chapter deals with a third system of components, here called 
a, /3, and 0 components. 

With phase a as reference phase in a three-phase system, the a, /3, 
and 0 components of current and voltage are defined as follows: 

a components in phases b and c are equal ; they are opposite in sign 

and of half the magnitude of the a component of phase a. * 

|3 components in phases b and c are equal in magnitude and opposite 

in sign; in phase a they are zero. 

0 components are equal in the three phases. 

a components of current flow into a three-phase circuit in phase a 
and return one-half in phase b and one-half in phase c. components of 
current are circulating currents in phases b and c. 0 components are 
zero-sequence components taken over from symmetrical components 
without change except in notation; they are here written 0 compo- 
nents for brevity and also to indicate that they are to be used with a 
and /3 components. 

Relations between Phase Currents and Voltages and Their a, p, and 
0 Components. Referring to Chapter II, equations [l]-[3], let 
V2 = V/j, Vz = Vq. The constant coefficients required to express a 
set of three vectors Va, Vh, Ve of a three-phase system in terms of their 
a, j8, 0 components are : 

1, —5, for a components 

y/s Vi, ^ 

0, -y- , — for p components 

1, 1, 1 for 0 components 
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A set of three voltage vectors Va, V^, and Ve are expressed in terms 
of their a, /3, and 0 components by the equations 


Va--Va+ Vo 

Vs 

Vb = + ~Vff+Vo 

[1] 

[21 

Vs 

Ve = -^Va - — Vp+Vo 

[3] 


Equations [l]-[3] satisfy the required condition that the determinant^ 
made up of the coefficients is not zero. 

The three voltage vectors Va, V^, and Vo are expressed in terms of 
the vectors Va, Vb, and Ve by solving the simultaneous equations 
[1H3]: 

Subtracting one-half the sum of [2] and [3] from [1] and solving 
for Va, 



[4] 

Subtracting [3] from [2] and solving for Vp, 


^ O'* - 

[5] 

Adding the three equations and solving for Fq, 

Vo = i(F„ +Vb+ Ve) 

[6] 

The corresponding current equations are 

la = la la 

V3 

h = —\la H Y" 

(71 

[8] 

1 ^ 

Ic = “f-fo Y 

[9] 


[10] 

1 

II 

[11] 

lo = + A + /c) 

[12] 


Equations [IH^I and [7H9] express any set of three voltage or cur- 
rent vectors, respectively, pertaining to the three phases of a three- 
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phase system in terms of their a, /3, and 0 components. Equations 
[4]-[6] and [10]-[12] express a, j3,-and 0 components in terms of phase 
voltages and currents, respectively. Equations [1H12] are analogous 
to the fundamental symmetrical component equations developed in 
Chapter II. 

lane-to-Une Voltages. If Va, V5, and Vc in [1H3] represertt the 
phase volt£^:es to ground at a system point, the line-to-line voltages at 
the same point in terms of the a, |3, 0 components of phase voltages to 
ground are 

Vi 


= Va - n = f -^Vp 

Vi 

Vac =Vc-Va=- -f Fa - — Vp 


[13] 


Fc 6 = Ft - Fc = V'3F^ 


If Fa and Vp are expressed in per unit of base line-to-neutral Voltage, 
the line-to-line voltages will also be in per unit of base line-to-neutral 
voltage. 

History of a, p, 0 Components, a, 0 components of current are 
not new. Components of current answering to the description of It, 
/3, and 0, although not so named, were used in a method^ developed by 
Dr. W. W. Lewis, and published in 1917, to determine system currents 
and voltages during line-to-ground faults. In Fig. 2 of the paper, 
which is similar to Fig. 1 of this chapter, phase currents are repre- 



Fig. 1. Phase currents represented by arrows in direction and magnitude, number 
of arrows showing relative magnitudes of currents in any circuit. 


sented by arrows both in direction and magnitude, the number of 
arrows indicating relative magnitudes of currents in each drcuit. 
Applyii^ the definitions given above for a, P, and 0 currents to Fig. 1, 
it may be seen that all three componmts of current are present. 
Currents in the Y-A transformer bank and in the line to the right of 
the fault are 0 currents; currents in the transmismon line to the left 
of the fault are a currents; currents in the second Y-A transformer 
bank and in the line at the generator terminals are currents; currents 
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in the generator are a currents. In the method as used before sym* 
metrical components were applied to unsymmetrical sh.<xt drcuits, 
each componeht of phase current met its respective impedance, but 
calculations were made with phase voltages and currents, not with 
component networks, and therefore were time conanm ing if many 
drcuits operated at different voltages had to be considered. 

In problems involving unsymmetrical three-phase circuits, and in 
particular drcuits with two of the phases symmetrical with respect to 
the third phase, the use of components of current which flow in one 
phase and divide equally between the other two phases, and com- 
ponents of ciurent which drculate in two phases, is a logical develop- 
ment. Such components, as yet unnamed, were used® in 1931; in 
1938 they appeared under the names of a and j8 components in two 
papers,*’* both of which deal with transient conditions in rotating 
machines where the development is materially simplified by their use. 
Two papers have been devoted exclusively to these components. In 
one paper,* they are called a, /3, and 0 components and the system 
Modified Symmetrical Components. In the other paper,^ entitled 
" Two-Phase Co-ordinates of a Three-Phase System,” by Dr. E. W. 
Kimbark, the components are called x, y, and z. Comparing these two 
sets: X and a components are identical; y and /3 components differ 
only in sign; s components of voltcige are 0 (zero-sequence) compo- 
nents of voltage, z components of currents are twice 0 (zero-sequence) 
components of currents, and z impedances are one-half 0 (zero-se- 
quence) impedances. At present, definitions and notation for the 
components (here called a, /S, 0) are not definitely established* by 
us£^. The choice of the sign for /3 or y components is arbitrary. 
The use of z components as defined in reference 7 has advant£^es 
which will be pointed out later. On the other hand, the familiar zero- 
sequence network, modified as required before interconnecting the 
component networks to satiny' unsymmetrical system conditions, is of 
advantage in analytic calculations. This is illustrated in Chapter V, 
Figs. 1 and 3, where two different modifications of the zero-sequence 
network are made. Dr. Kimbark’s paper^ and the discussions* by 
Messrs. Boyajicm, Helwith, and Sligant in terms of matrix and tensor 
concepts should be read for a comprehentive view of these important 
components. 

a, P, AND 0 ONE-LINB DUGRAMS 

When components of phase currents and volt£^;es instead of phase 
quantities are used in (^culations, eadi set of components is cmi- 
veniently represented by a separate (me-line diagram or competent 



312 


ALPHA, BETA, AND ZERO COMPONENTS 


[Ch. XI 


network from which the components of current and voltage in the three 
phases can be obtained. To draw component networks it is neces- 
sary to determine: (1) references for the components of voltage, 
(2) components of generated voltage, and ^3) the imptedances offered 
to the components of current, or the admittances associated with the 
components of voltage. Of interest also are the components of current 
present in a symmetrical system during normal operating conditions. 

Reference for a, p, and 0 Voltages. The neutral of a Y-connected 
circuit is common to the three phases: therefore, in the limit as the 
neutral is approached, Va = Vb - Ve. From [l]-[3], this condition is 
satisfied if Fa = 0 and F/j = 0. All neutral points are therefore points 
of zero potential in the a and jS networks, and a and /3 voltages are 
referred to neutral. As all neutrals are at zero potential in the a and jS 
networks, the expressions “ voltage to neutral ” and “ voltage to 
ground ” can be used interchangeably for a and /3 voltages just as 
they are used interchangeably for positive- and n^ative-sequence 
voltages. 0 voltages at any point in a grounded system will be referred 
to ground at that point. In an ungrounded system with a neutral 
conductor, they will be referred to the neutral conductor. 

Generated a, p, and 0 Voltages. In a synchronous machine with 
generated voltages Ea, Eb, and Ee, the generated a, /S, and 0 voltages 
Ea, Ep, and Eo obtained by substituting Ea, Eb, and £« for Fo, Fj,, and 
F*, respectively, in [4H6] are 

(-El - E.) [141 

£o = + ^6 + Ee) 

If the generated voltages are balanced, Eb — a^Ea, Ee = aEa, and [14] 
becomes 

Ea = Ea 

Ep = -jEa [15] 

£o = 0 

With balanced generated voltages in a synchronous machine, the 
generated volti^ in the a netwwk is £„» the generated volt£^e of 
phase a. In the /3 network it is —jEa, the generated voltage of phase a 
turned backward 90®. There is no generated voltage in the 0 network. 

a and p Currents in a Balanced System. In a symmetrical system 
C9)erating under balanced conditions, the currents in phases b and c at 
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any point of the system are h = Ic = aJa- Substituting these 
values for h and in [10]»-[12], 

^ //} j7„ [16] 

Jo = 0 

Equations [15] and [16] show that generated voltages and load 
currents are present in both the a and /3 networks of a symmetrical 
system during normal operation. Because two networks must be 
considered instead of one, a, |3, and 0 components are not as con- 
venient as symmetrical components for the study of symmetrical sys- 
tems during normal operation or during three-phase faults. 

a, p, and 0 Networks. Figure 2 (a) shows a symmetrical three-phase 
system with balanced applied voltages and equal self-impedances Z 
in the three phases. /«, flowing in phase a and returning one-half in 
each of phases b and c, flows in a loop circuit. The voltage applied to 
this loop, as ^own in Fig. 2(a), is £„ — (— £o/2) = f£o. The a loop 
impedance for a symmetrical three-phase circuit of equal self-imped- 
ance Z in the three phases is ^Z. The current /„ in phase a is 

T _ Po _ 

The impedance met by is Z. The equivalent circuit for phase a in 
the a system is shown in Fig. 2 (b), with the applied voltage Ea and the 
self-impedance Z. In this equivalent circuit, voltages are referred to 
neutral, base voltage is line-to-nehtral voltage, and base current is line 
current. Since the a currents and voltages in phases b and c at any 
point in the system are — ^ those of phase a at the same point, it is 
unnecessary to have additional equivalent circuits for these phases. 
The equivalent circuit for phase a in the a system will be called the 
a network. 

P currents, flowing in phase b and returning in phase c, flow in a loop 
circuit. The voltage applied to this loop, as shown in Fig. 2(a), is 
—jy/iEa- The P loop impedance for the symmetrical three-phase 
circuit of equal self-impedances Z in the three phases is 2Z. The 
P current flowing in phase b in the direction indicated by arrow is 
(V3/2)/(j. Therefore 

ev^/2)//» = -i(V3£„/2Z), and h ^ -j(EalZ) v 

The impedance met by is Z. The equivalent circuit for the P sys- 
tem is shown in Fig. 2(c), with the appli^ voltage —jE^ and the self- 
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impedance Z. In this equivalent circuit, which will be called the 
jS network, voltages are referred. to neutral, base voltage is line-to> 
neutral voltage, and base current is line current. The jS voltages and 
currents in phases h and c are the voltages and currents in the ^ net- 
work multiplied by V3/2 and —y/ijl, respectively. The 0 network 
does not give directly the /3 voltages and currents in either phase b or phase c. 



«») 

Fig. 2(a). Flow of a and ^ currents in balanced system with equal self- impedances 
in the three phases and balanced applied voltages. (6) a network for system 
shown in (a), (c) network for system shown in (a), (i) 0 network for system 

shown in (a). 

This slight disadvantage is more than offset by the convenience of 
having the same line-to-neutral voltage and line current as base 
quantities in the./3 as in the a and 0 networks. 

With a path for 0 currents through the circuit of equal self-imped- 
ances Z in the three phases, the impedance met by Jo is Z. The 0 
network for the system of Fig. 2(o) is shown in Fig. 2(d). 

a, /9, and 0 equivalent circuits to replace the various equipment, 
machines, and transmission circuits of a three-phase power system in 
the a, j3, and 0 networks can be determined when the a, ft, and 0 sdf- 
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and mutual impedances of the circuits are known, a, /3, and 0 imped- 
ances, just as positive-, negative-, and zero-sequence impedances, can 
be obtained by calculation or test. Before developing equivalent 
circuits for use in the a, and 0 networks, relations between sym- 
metrical components and a, and 0 components will be established. 

a, p, and 0 Components of Voltage and Current in Terms of Sym- 
metrical Components of Voltage and Current. From [1H3] and [7H9] 
of this chapter and [l]-[6] of Chapter V, 

Va = Fai + Va2 

Vff = -i(Vai - F.*) 

Vo = Vao [17] 

la ~ lal + Ia2 

- lai) 

lo ~ 

From [17], a components are positive-plus-n^ative components, 
components are positive-minus-negative components turned back- 
ward 90®. 

Synunetrical Components of Voltage and Current in Terms of a, p, 
and 0 Components of Voltage and Current. Solving the simultaneous 
voltage and current equations of [17], 

Val^^W^+jVf,) 

Va2 = iiVa -jVp) 

[18] 

Ial=Wa+jIfi) 

las “ i(/« 

Zbo “ Zo 


a, p, and 0 Self- and Mutual Impedances 

In [4H6] of Chapter VIII, the symmetrical components of voltage 
drop in an unsymmetrical three-phase series circuit without mtemal 
voltages are expressed in terms of the symmetrical components of 
current flowing in the circuit and the self- and mutual impedances <A 
the sequence networks. Equations for the a, P, and 0 vintage drops 
in terms of the a, P, and 0 currents flowing in the circuit and the a, 0, 
and 0 self- and mutual impedances of the circuit likewise will be 
written. In these equations, as in the ccnresponding symmetrical 
component equations, the effects of saturation eo’e neglected and linear 
relations between currents and ventages assumed. 
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Finite 0 Self-Impedance. Let F«, Vq and F', F^, Vq be the a, 
/3, 0 components of voltage to ground at P and Q, respectively, and /«, 
7/3, and 7o the components of line current flowing from P to Q. Then 

t'a = Fa — F« = laZaa + + lo^aO 

^/5 = F/3 — F^ = laZ^a + [19] 

Vq — Fo — Vq = laZoa + + IqZqo 

where Zaa, and Zoo are the a, jS, and 0 self-impedances, respec- 
tively, of the circuit. The Z’s with two unlike subscripts represent 
mutual impedances, the first subscript referring to the voltage and the 
second to the current associated with the impedance. Z^a is the ratio 
of the voltage drop in the a network produced by la to ; Za^ is the 
ratio of the voltage drop in the a network produced by 7^ to ; Z^a is 
the ratio of the voltage drop in the 0 network produced by la to 7^, 
etc. If Za 0 = Z^a, Zao = Zoay and Z /30 = Zo/ 3 , the mutual imped- 
ances between the component networks are reciprocal. If the mutual 
impedances between any two networks are zero, there is no mutual 
coupling between these networks. 

Infinite 0 Self-Impedance. If there is no path for zero-sequence 
currents through the circuit, 7o = 0, and no voltages are induced in the 
a and p networks by Iq. loZao and loZ^o are zero, Zqo = ^ » and [19] 
becomes 

Va = Fa — F' = laZaa + I^Zafi 

= F^ - F^ = 7aZ^a + 7^z^^ [20] 

»o. = Fo — Fo = laZoot + 7^Zoj8 + 0 • 00 (indeterminate) 

The voltage drop vq between P and Q is indeterminate from [20] but 
can be evaluated when the 0 impedance diagram and operating con- 
ditions are known . (See [36]-[3 9] for an evaluation of i^o • ) 

Equations [19] and [20], written for a series circuit between P and Q, 
can be applied to a circuit connected at one point of the system. If 
currents flow out of the circuit, the components of series voltage drop 
in tho circuit between ground (or neutral) and terminals in the direc- 
tion of current flow are given by [19] or [20]. If currents flow into a 
circuit without internal voltages, the components of voltage to ground 
or to neutral at tho^ circuit terminals are given by the right-hand sides of 
equations [19] or [20]. 

The a, j3, and 0 self- and mutual impedances in [19] and [20] will be 
expressed in terms of the self- and mutual impedances of the sequence 
networks, and also in terms of the self- and mutual impedances of the 
phases. 
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a, p, and 0 Self- and Mutual Impedances in Terms of the Sequence 
Impedances. Replacing lai, I 02 , and lao in [4H6] of Chapter VIII 
by their values in terms of J^, and Iq given by [18], »ai, »o2. and OaO 
are expressed in terms of la, Iff, and lo- Substituting these equations 
for Vai, Va 2 , and »oo in [17], v^, and »o are expressed in terms of la, 

Ifi, Iq. Equating the coefficients of 1^, and Iq in the resultant 
equations for vp, and »o to the corresponding coefficients in [19], the 
a, j3, and 0 self- and mutual impedances are 

^aa — + ^22 + ^21 ^12) 

^ 0 $ — ^(•^11 + ^22 ~ ■^12 ~ Z 21 ) 

Zoo — ^00 

Zpa = — Z22 + Z 12 — Z 21 ) 

Zap = j^iZll — Z22 + Z 21 — Z 12 ) [21] 

Zoa — ^(Zoi + .^02) 

ZaO = (Zio + Z20) 

Zop — jhiZoi — Z02) 

Zpo = —j(,Z\o — Z20) 

Self- and Mutual Impedances of the Sequence Networks in Terms 
of a,, p, 0 Self- and Mutual Impedances. Proceeding in a manner 
analogous to that used to determine [21] or by solving [21] for Zn, 
Z221 etc.: 

Zll — ^[Zaa "I" Zpp j(,ZaP Zpa)] 

Z22 — ilZaa + Zpp + j{ZaP — Zpa)] 

Zoo — Zoo 

Zt 2 = ilZaa — Zpff + j{ZaP + Zffa)] 

Z 2 I = j[Zaa — Zpp — jiZap + Zpa)] [ 22 ] 

ZlO — ^{ZaO jZpo) 

Zoi = (Zoa — 7Z0/}) 

^20 ~ ^(.ZaO jZpo) 

Z02 = (Zoa + jZop) 

Equations [17] and [21] can be used to pass from symmetric^ com- 
ponents to a, /3, 0 components. Equations [18] and [22] give symmetri- 
cal components in terms of a, j3, 0 components. If a probleni is to be 
solved by a, fi, 0 components and the sequence self- and mutual imped- 
ances are known, the a, P, 0 self- and mutual impedance are obtained 
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by sul^tituting the sequence impedances in [21]. If the problem is to 
be solved by symmetrical components, but the a, /?, 0 self- and mutual 
impedances of an unsymmetrical circuit are more readily obtained than 
the sequence self- and mutual impedances, [22] will be found useful. 

Symmetrical Circuit with Equal Positive- and Negative-Sequence 
Impedances. In a circuit with equal positive- and native-sequence 
self-impedances and no mutual impedances between the sequence net- 
works, the a, P, and 0 self- and mutual impedances obtained from [21] 
are 

Zaa — Zpp — Zii = Zi 

Zoo “ ^00 = • 2 o [ 23 ] 

ZaS = Zfia = ZaO = ^Oa 2 fio = Zop = 0 

Whoi there are no mutual impedances between the sequence netwotks, 
the positive-, n^ative-, and zero-sequence self-impedances are custo- 
marily indicated by Zi, Zo, and Zo, respectively, instead of Zn, Z32, 
and Zoo* 

Unsymmetrical Static Circuits. If Zn = Z32, Zio = Z02, and 
Z20 = ^01. [ 21 ] becomes 

^aa = Zi\ -f ^(Z21 -|- Z12) 

Zj 3/5 = Zn — ^{Z%\ - 1 - Z12) 

Zoo “ ^00 [ 24 ] 

Zafi = Zfia = ~ •Z 12 ) 

Zao = 2 Zoa = (Zio -H Z20) 

Z/jo = 2 Zo(} = — i(Zio — Z20) 

If Zn = Z22, Z12 = Z21, and Zio ~ ^02 ~ 2^20 ~ ^oii [ 21 ] becomes 

Zaa = Zii -f- Z12 
Zfis = Z\i — Z12 

Zqo =* Zoo [ 25 ] 

ZaS — Zfia Zfio ~ Zo 0 = 0 
Z^o — 2Z00C “ 2Zio 

If the sequence self- and mutual impedances of the unsymmetrical 
static drcuits developed in Chapter VIII are substituted in [ 21 ], 
[ 24 ], or [ 25 ], th^ a, P, and 0 self- and mutual impedances will be 
obtained. . 

Modified 0 Network. In circuits in which Zoa fZ^o end 
ZO0 ^ZfiOf equations [ 19 ] are omveniently expressed in terms of a 
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modified 0 network in which the volts^ is 0 volts^e, the current is 2/o. 
and the impedance is one-half the 0 impedance. Rewriting [19] in 
terms of 21^, 

Va=Va-V'a = laZaa + + (2/o) ~ 

Vfi=v^-v'p^ laZp, -h (2/o) ^ [26] 

VO = Vo -V'o = I„Zoa + IfiZoe + (2Jo) ^ 


Equations [26] can be used instead of [19] in cases where ~~ = Zoa 
7 ^ 

and = Zofi, thereby giving reciprocal mutual coupling between the 
£ 

a (or /3) network and a modified 0 network in which the current is 2Io, 
the impedances are one-half 0 impedances, aiid the voltages are 0 
voltages. This is the z network used in reference 7. 

An alternate modification of the 0 network is obtained by rewriting 
[19] in terms of 2»o- Retaining the equations for and vp in [19] and 
multiplying the equation for vq by 2, 

Va = Va — Va = laZaa + IfiZafi + loZaO 
vp=Vp-V'p^ IaZ 0 a + IpZpff + loZpo [27] 

2i»o = 2(Fo - V^) = I„i2Zoa) + IpiiZofi) + /o(2Zoo) 

Equations [27] apply to a modified 0 network in which currents are 0 
currents, voltages are twice 0 Voltages, and impedances are twice 0 
impedances. ^ ^ 

In unsymmetrical circuits in which 2Zoa = jy,. ^ j y^ 

Zao and 2Zo/j = Zfio, «ther of the modified 0 j ™ j . 

networks defined in [26] and427] is mutually 

coupled with the a and /3 networks. Where jy^ i, jvg 

either of the modified networks can be used i ■ 

equally well, the one corresponding to the z 

network^ will be chosen in the work which '^777777777777777^ 

ai py 0 Self- and Mutual Impedances in 
Terms of the Phase Impedances. Let Fig. 3 Un.j^n,etric^ 

represent a general three-phase static arcmt q 

composed of bilateral circuit elements with- 
out internal voltages between points P and Q, with a return path fm* 
0 currents. With phase voltages at P and Q referred to ground or 
to a neutral cmiductor at P and Q, respectively, the voltage drops 
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Va, Vbf and Vc in phases a, &, and c in the direction of current flow are 

Va ^ V a V a — la^aa + Ih^db + Ic^ac 

= Fft - Fi = laZab + IhZbh + IcZbc [28] 

Vc = Fc — Vc = laZac + IhZhc + IcZcc 


Equations [28] are general equations expressing phase voltage drops in 
terms of phase currents after all other currents in the circuit have been 
eliminated. For example, in a three-phase transmission circuit with a 
neutral conductor or ground wires, Zaa, Zah = Z^ai etc., may include 
the effects of neutral conductor or ground wires. 

Replacing /a, and Ic in [28] by their a, jS, 0 components given by 
[7]-[9], Vat Vbt and Vc are expressed in terms of I^t and Iq. Substitut- 
ing these equations for Vat V6, and Vc in [4]-*[6], Va, and vq are expressed 
in terms of lat I fit lo- Equating the coefficients of /«, I fit and Iq in 
these resultant equations for v^t and vq to the corresponding coeffi- 
cients in [19], the a, j3, 0 self- and mutual impedances in terms of 
phase impedances are 


-Zaa = f \Zaa + — j-- - " (Zab + Zac - y)] 
~ i^Zbb "f" Zee ^Zbe') 

Zoo = ^[Zaa + Zbb + Zee -{• 2{Zab + Zac + Zbc)] 


Za 0 - Zfia - [Zc 


Zbb + 2{Zab — Zac)] 


[29] 


ZaO — 2Zoa — sl^Zaa Zbb Zee "I" {Zab ”1“ Zac 2Zbe^] 


ZfiO — 2Zofi — \/3 Zac^ 


Two Phases with Equal Self-Impedances and Equal Mutual Imped- 
ances with the Third Phase. Let Zbb = Zee and Zae = Zab. Equa- 
tions [29] then become 

= I \Zaa + Y - (2Z„5 - —)] 

Zfi& — i(Zbb + Zee — 2Zbe) 

Zoo = ilZaa + 2Zbb -H 2 (2Zab + Zbe)l 

Zaff = Zfia = Zffo = Zo0 = 0 

ZaO = 2Zoa = olZaa — Zbb + {Zab — Zbe)] 


[ 30 ] 
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Symmetrical Circuit, With all self -impedances equal to Zaa and 
all mutual impedances equal to Zah, [29] or [30] becomes 


^aa — ^aa Zah 

Zoo = Zaa + 2Zo6 [31] 

Za^ = Zfict “ Z^Q = Zofi “ ZaO “ Zoa ~ 0 


Unsymmetrical Three-Phase Self-Impedance Circuit with Finite 0 
Self-Impedance. In a three-phase series circuit between P and Q, let 
the self-impedances of phases a, 6, and c be Za, Zh, and Z^, respectively, 
with no mutual impedance between phases. The a, jS, and 0 self- 
and mutual impedances in terms of the phase impedances can be 
obtained by replacing Zaa, Zhht and Zee in [29] by Za, Z^,, and Z^, respec- 
tively, and equating all mutual impedances between phases to zero. 
Then, 




Zoo 


Zb + Ze 

2 

Zg -j- Zb -j- Ze 

3 


132] 


ZajS 


_ Zc Zb 


2.0 - 2Z„. - - 2(Z, - Z..) 


Zfio = 2Zo/s 


Zft - z. 


Two Phases with Equal Self -Impedances. Let Zh = Zc, then [32] 
becomes 



Z^|5 = Zh 

ZoQ = \{Za + 2Z6) 

Za^ = Z^a = Z^o “ -^0/S “ 0 

ZaO “ 2Zoa == %{Za — Zh) == 2(Za Zaa) 


[ 33 ] 
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Symmetrical Sdf-Impedanu Circuit. Let Z* = = Z* = Z. From 

[32] or [331, 

Zaa ~ ~ ^00 ~ ^ [34] 


and there are no mutual couplings between the a, P, and 0 networks. 
Figure 2(o), used to illustrate the flow of a and jS currents and to deter- 
mine a and /3 impedances from the a and jS loop circuits, is a symmetri- 
cal self-impedance circuit. 

Zoo Infinite. If there is no path for 0 currents in the unsymmetrical 
drcuit, the a and d components of voltage drop in the circuit are given 
by [20]. The a and d self-impedances and the mutual impedances 
between the a and jS networks are not affected by the presence or ab- 
sence of 0 currents, nor are the mutual impedances Zoa and Zq/j. The 
0 voltage drops /a^oa and //jZq^ caused by la and //} flowing through an 
unsymmetrical circmt can be determined by calculation, if required, 
after la and J/j are known. 

With Zoo = ‘>0 , if two of the phases have equal self-impedances and 
equal mutual impedances (including no mutual impedance) with the 
other phase, substituting [30] or [33] in [20], 


Va — la^aa 
Vff = 


[3S] 


This case is of special interest as there is no mutual coupling between 
the a, (3, and 0 networks because of the unsymmetrical circuit. 

Unsymmetrical Y-Connected Static Circuits. The a,j3,and 0 self- and 
mutual impedances given in terms of the phase impedances by [29]-[34] 
apply to an unsymmetrical Y-connected circuit with grounded neutral, 
if la, Iff, and Iq in [19] are the components of currents flowing into the 
circuit and »ai vp, and »o th® components of voltages to neutral at the 
circuit terminals. Zoo in these equations is the 0 self-impedance 
between circuit terminals and neutral. If the neutral is grounded 
through Z„, and Zoo is replaced by Zoo + 3 Zb, »o will be referred to 
ground. 

If the neutral is ungrounded, equations [20] apply. The voltage at 
the neutral of the ungrounded Y may be evaluated as follows: a and fi 
currents flowing in the unsymmetrical circuit produce a voltage drop 
»o between circuit terminals T and neutral N, where 


»0 = la^Oa + IffZiiff 


[36] 


If the 0 voltage at T is Fo(t), the voltage Vif at N is 

V# = VfHT) — »o = Fo{D — laZoa ~ Iff^Off 


[ 37 ] 
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VoiT) ^ evaluated when the 0 impedance diagram and operating 
conditions are given. If the 0 voltage at T is zero, the voltage at the 
neutral is 

Vn = ~IaZoa ~ IfiZop [ 38 ] 

where Zoa and ZO 0 are defined in [29]-[33]. 

If Zj = Zcl ZO 0 = 0. Then, if Fo(t) = 0, 

V/f = —laZoa [39] 

a and p Self-Impedances from a and p Loop Impedances. flows 
in phase a and one-half /« flows in phase b and one-half in phase c. 
The one-line a impedance diagram for determining a currents and 
voltages in phase a of the system is also the impedance diagram for 
phases 6 or c because —\la flows in phases b and c and the applied a 
voltage in these phases is The a self-impedance Zaa is there- 

fore two-thirds the a loop impedance, regardless of the type of circuit. 
Ip, flowing in phases b and c in series, meets an impedance which is 
twice the /3 impedance. The /3 self-impedance is therefore one-half the 
|8 loop impedance. In certain unsymmetrical circuits, Z** and Zpp are 
more readily determined from the a and /3 loop impedances than from 
the phase impedances. In a circuit in which the self-impedances of 
phases b and c are equal and a currents induce no voltages in the |8 lobp 
and currents induce no voltages in the a loop, the a loop impedance 
may be determined by connecting the three phases at one terminal and 
applying a voltage at the other terminal between phase a and phases b 
and c connected to a common point; and the loop impedance by 
applying a voltage between phases b and c with phase a open. In 
either case, the loop impedances are the ratios of the applied voltages 
to the resultant a and j8 currents, respectively, flowing in the a and /8 
loops. Then — - 

Zaa = t(a loop impedance) [40] 

Z^/j = §•(18 loop impedance) [41] 

In determining the a loop impedemce for an unsymmetrical self- 
impedance static circuit in which the self-impedances are unequal in 
phases b and c, it should be noted (see [32]) that the a loop impedance 
is the sum of Zo and (Zj -|- Ze)/4. Z> and Z* are not paralleled. 

a and p Applied Voltages Determined from a and p Loop Voltages, 
Equations [14] give a, |8, 0 voltages in terms of the applied phase volt- 
ages. In unsymmetrical circuits involving transformers, the voltages 
applied to the a and /3 loops may be more readily obtained than the 
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phase voltages. In such cases, the applied a voltage is twoj-thirds the 
voltage applied to the a loop; the applied voltage is I/V 3 times the 
voltage applied to the 0 loop. 

EQUIVALENT CIRCUITS TO REPLACE AN ACTUAL 
CIRCUIT IN THE a, P, AND 0 NETWORKS 

Synchronous Machine with Equal Positive- and Negative-Sequence 
Impedances. From [23], the a and self-impedances are equal to Zi, 
and the 0 self-impedance to Zq. There are no mutual impedances 
between the a, /3, and 0 networks. With balanced generated voltages 
in the machine, the generated voltage in the a network from [15] is Ea; 
in the P network it is --jEa- The a, /3, and 0 equivalent circuits for a 
synchronous machine with balanced generated voltages and equal 
positive- and negative-sequence impedances are shown in Fig. 4. 


Zero potential Zero potential Zero potential 

for a network for fl network for 0 network 



Fig. 4. a, and 0 equivalent circuits for a synchronous machine with balanced 
generated voltages and equal positive- and negative-sequence impedances. 

Points T are the terminals of the machine to which the equivalent 
a, j3, and 0 circuits for the rest of the system are to be connected. 

In a three-phase power system consisting of symmetrical circuits with 
equal positive- and negative-sequence impedances ^ the one-line imped- 
ance diagrams for the a and 0 systems are the same as the positive- 
sequence impedance diagram. Generated a voltages are positive-sequence 
generated voltages; the a network is th^ same as the positive-sequence 
network. The 0 network differs from t^e positive-sequence network 
only in its generated voltageSy which q.re positive-sequence voltages 
multiplied by —j. 

Symmetrical Circuit with Unequal Positive- and Negative-Sequence 
Impedances. From [21] with Zi 9 ^ Z 2 and all sequence mutual 
impedances zero, 

Zfxa = f (Zi + Z 2 ) 

Zoo ~ Zq 

Zafi = —Zfia — jiiZi “ Z2) 

ZaO = Zoa = Z/30 = Zq^ = 0 


[ 42 ] 
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When the positive- and n^ative-sequence sdf-impedances of a cir- 
cuit are unequal and there are no sequence mutual impedances, the 
a and ^ self-impedances are the average of the positive- and negative- 
sequence impedances. There is no mutual coupling with the 0 net- 
work; but the a and /3 networks are coupled through non-reciprocal 
mutual impedances. Because of this non-reciprocal coupling between 
the a and j8 networks in rotating machines in which Zi Z2, the 
a, (3, 0 components are not convenient for determining fundamental- 
frequency currents and voltages in systems in which the positive- and 
n^ative-sequence impedances cannot be assumed equal. However, 
if there is but one machine or group of machines in which Zi ^ Z 2 , 
[19] can be rewritten to give a reciprocal mutueil coupling between the 
a network and a modified /3 network, from which an equivalent circuit 
can be obtained. 

Modified p Network. Substituting Zad = ^oo = •^/5o = = 0 from 

[42] in [19], the a, /3, and 0 components of voltage drop in the circuit in 
the direction of current flow are 

Va = laZaa + + Z2) + jIft\{Zi — Z2) 

Off = laZfia + ~ ^ 2 ) + + ^2) 

®0 = ^0^0 

Rewriting and vp in [43] in terms of ( 
by Z^a, 

Va ~ la^aa "I" ( ■f/s)( ~ la^aa “H ( 

= Ia(.Zaa “ Zfia) + {la — I$)Zfia 
Vfi = laZfia + { — I(t){~Zfifi) 

= ( — I$){ — Zfifi — Zfia) + {la — h)Zfia 

Retaining the equation for4!o_in [43] but rewriting that for vp, 

Va = laZaa + IffZap = Ia{Zaa — Zafi) + {la + Ip)ZaP 
-Vff^ Ia{-Zpa) + Ie{-Z0p) = JaZae + h{-Z^0) [45] 

= Ip{ — Zpp — Zaff) -|- {la + Ip)ZaP 

In [44] and [45] the mutual impedances between the o network and a 
modified /3 network are reciprocal. In [44], v^ has been retained, but 
Ifi has been replaced by {—Iff) flovdng in the direction assumed as 
positive for Ip. In [45], Iff has been retained but»^ has been replaced 
by —Vff measured in the direction of Vff, 

Equivalent Circuits for a Synchronous Machine with Zi ^ Zj. 
Figures 5 (o) and {b) give equivalent circuits to replace a synchronous 


— Iff), with —Zaff replaced 

— Iff)Zffa 

[44] 
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machine with balanced generated voltages in the a and j9 networks 
when Zi 9 ^ Z 2 . The a and 6 components of balanced generated volt- 
age are given by [15]. Figures 5 (a) and (i) satisfy the equations for 
the a and components of voltage drop in the direction of current flow 
given by [44] and [45], respectively, where Zaa, Z^f, and Zjja are 
defined in [42], In both equivalent circuits, currents and voltages in 


Ztfo Pottfitiol foraNetwork Ztro Poftntiol fbc aNttwork 



( 0 ) (b) 


Fig. 5. Equivalent circuits to replace a synchronous machine with the a 

and modified /3 network. T a and T/j are the machine terminals to which the a and 
0 networks for the rest of the system are to be connected after all impedances have 
been multiplied by ~1. (o) Currents in the network are negative jS currents; 
voltages are voltages, (ft) Voltages in the /8 network are negative voltages; 

currents are /3 currents. 

the a network are correctly represented. In Fig. 5(o) and equations 
[44], current in the (3 network is —Ip, giving a modified j8 network in 
which voltages are /J voltages. In Fig. 5(5) and equations [45], volt- 
ages in the /S network are n^ative voltages, giving a modified /3 net- 
work in which currents are /3 currents. The generated volte^e in the 
modified |3 network of Fig. 5(5) becomes —{—jEa) = jEa, as indi- 
cated. The points Ta and Tp are the terminals of the S}mchronous 
machine to which the « and jS networks, respectively, for the system 
exdufflve of the s)mchronous machine are to be connected, after all 
impedances in the /3 network have been multiplied by —1. If the 
impedances in the /3 network include resistances, n^^ative resistances 
will be present in the network; capacitive reactances will become 
inductive reactances, and vice versa. The modification of the jS net- 
wwk presents no difficulties in an analytic solution. 

The equivalent circuit for the synchronous machine with Zi ^ Z 2 
in the 0 network is the same as that given in Fig. 4. 

As a, j3, and 0 components will be used instead of ^mmetrical com- 
ponents only if calculations are simplified by their use, the equivalent 
synchronous machine circuits of Figs. 5(a) and (5), whidi are much less 
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simple than the symmetrical component equivalent circuits, have but 
limited application. They can sometimes be used to advantage in 
solutions of special problems involving unsymmetrical circuits and 
unsymmetrical faults, where the conditions of the problem do not 
require that the jS network be coupled with the 0 network, or have a 
second coupling with the a network. 

In approximate solutions, where the mutual impedance — Z 2 ) 

is omitted, f (Zi + Z 2 ) should be used as the self-impedance in both the 
a and networks. 


Zero Potential for a Network 



Zero Potentiol for 0 Network 

„ — »l I 



(b) (d) 

Fig. 6. Equivalent circuits for unsymmetrical series circuit in which (a) Zafi » Zfia, 
Zao =« 2Zoa, Zfio ^ 2Zo/j. (b) Zafi =* Zfia *= ZfiQ = Zofi = 0, and Zao = 2Zo«. (c) 
Zoo = 00, Zafi = Zfia. (d) Zoo = oo, Zafi = Zfia =* 0. 

Equivalent Circuits for Unsymmetrical Three-Phase Static Circuits. 
In [29] and [32], Zafi = Zpat Zao = 2Zoa, and Zpo = 2Zo/j. An equiva- 
lent circuit which satisfies equations [26] for the general case of unequal 
self- and mutual impedances (including no mutual impedances) is 
diown in Fig. 6(a). P and Q with subscripts a, /3, and 0 indicate the 
terminals of the equivalent circuit in the a, /5, and 0 networks, respec- 
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tively, to which the equivalent a, jS, 0 networks for the rest of the 
system are to be connected after all 0 impedances have been divided 
by 2. Figure 6(a) is tested for correct self-impedances in each network 
by opening both of the other networks at P or 0. It is tested for cor- 
rect mutual impedance between any two networks by opening the third 
network at F or Q. When an a-c network analyzer is available, mutual 
coupling between the networks can be obtained by either mutual cou- 
pling transformers or direct connections as in Fig. 6(a). 

For the special case of two phases symmetrical with respect to the 
third phase, the a, /3, 0 self- and mutual impedances are given by [30] 
and [33]. In these equations there is no mutual coupling between the 
fi network and either the a or 0 networks. The equivalent circuits for 
this case are shown in Fig. 6(b). 

With Zoo = » the zero network is open between F and Q so that no 

0 current flows into or out of the circuit at either F or Q. The equiva- 
lent circuits for this case can be determined from Figs. 6(a) and (6) by 
opening the 0 network at F or Q, giving the equivalent circuits shown 
in Figs. 6(c) and (d), respectively. 

Comparing equations [29], [30], [32], and [33], with equations [13], 
[17], [ISj], and [19], respectively, of Chapter VIII, it may be seen that 
non-reciprocal mutual impedances between the symmetrical conipo- 
nent networks because of unsymmetrical static circuits become recipro- 
cal mutual impedances between the a, jS, 0 networks; while reciprocal 
mutual impedances between symmetrical component networks become 
zero between the network and both the a and 0 networks. This may 
also be seen from equations [24] and [25]. 

A-CONNECTED CIRCUITS 

Line Currents and Line-to-Neutral Voltages on Opposite Sides of a 
A-Y Transformer Bank. The difference in phase of positive-sequence 
line-to-neutral voltages on opposite sides of the bank at no load can be 
determined by inspection when the connection diagram is given. 
(See Chapter III, Fig. 19.) If positive-sequence components of line 
current and voltage to neutral are turned forward 90® and negative- 
sequence components of current and voltage backward 90® in passing 
through the bank, 

Va = (Vai + Va2) becomes 7 ( - Va2) = 

= -j(Fai - Va2) becomes (Val + Va2) = Fi 
If the shift in phase of positive-sequence components is backward 90® 
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and that of negative-sequence components forward 90°, 

Va = (Val + Va2) beCOmeS -J(Vai - Va2) = 

Vfi ^ -j(Vai - Va 2 ) becomes -(Fai + Va 2 ) = -F' 

Replacing F by / in [46] and [47] the corresponding current equations 
are obtained. When the connection diagram is not given, it is imma- 
terial whether [46] or [47] is used when the relative phases of currents 
and voltages on the two sides of the bank are not required. (See 
Chapter III, Problem 6.) In system studies in which the positive- 
and negative-sequence impedances of rotating machines can be 
assumed equal, the a and impedance diagrams of the system, exclu- 
sive of unsymmetrical circuits, are the same as the positive-sequence 
impedance diagram. The shift of components from to a and a to P 
presents no difficulty where the same impedances are met by a and P 
currents. Dissymmetries on opposite sides of a ArY transformer bank 
will be discussed later. 

Voltages and Currents of A-Connected Circuits. As the fundamental- 
frequency currents or voltages in the three phases of a A constitute a 
set of three vectors, they can be replaced by their a, /8, 0 components. 
There will be no 0 components of line-to-line voltage, but there may be 
0 components of A current. The three phases of the A will be indicated 
hy A f By and C, with ^4, B, and C opposite terminals a, 6, and c, respec- 
tively, as in Fig. 7. Base A voltage is Vs times base line-to-neutral 
voltage, base A current is I/V3 times base line current, and base A 
impedance is 3 times base line-to-neutral impedance. In per unit of 
base line-to-line voltage, the A phase voltages in terms of their com- 
ponents are 

Va = Vi 

Vb ='~^hVi V; [48] 

V3 

Vc= -hVi--YVi 

where Vi and V'^ indicate components of line-to-line voltage in per unit 
of base line-to-line voltage. Using a similar notation for components of 
A current, the current equations are of the form of [7]-[9]. 

Relations between per Unit a and p Components of Current and 
Voltage in the Line and in the A. Line-to-line voltages are given by 
[13] in terms of a and jS components of line-to-neutral voltage. Divid- 
ing equations [13] hy Vs and replacing Veb by Vac by Vb, and 
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Tja by Fc, in per unit of base line-to-line voltage, 
Va = Vcb = Vp 

VI 

VB=Vac J- ~ 

Vs 

Vc = Fft. = — F,. - 


[49] 


Comparing a and /3 components of line-to-neutral and line-to-line volt- 
ages, by eliminating Fa, Vb, and Vc in [48] and [49], 


VL = Vp 
Fj = -F« 


[50] 


where and F^ are in per unit of base line-to-line voltage, and Va 
and Vfi in per unit of base line-to-neutral voltage. 



(a) (b) 



Fig. 7. (a) a components of line currents flowing into A circuit. ' (b) jS components 
of line currents flowing into A circuit, (c) a components of A currents flowing into 
the line, (d) components of A currents flowing into the line. . In (o) and (6), base 
current is line current; in (c) and (d), base current is A current. 

In Figs. 7(a) and (6), currents in per unit of base line current are 
shown in the line and in the A. In Fig. 7 (a) there are only a compo- 
nents (/tf ), in Fig. 7 (6) only components (//?). In Figs. 7 (c) and (d), 
currents in per unit of base A current are shown in the A and in the line. 
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In Fig. 7 (c) there are only a components (J') ; in Fig. 7(<i) only /3 com- 
ponents (Iff). Let line-to-line voltages in the A measur^ in the direc- 
tions cb, ba, and ac represent voltage rises, the direction cba around the 
A corresponding to increasing potentials. Following the convention 
that positive direction for currents in a circuit is in the direction of 
increasing potential when currents flow/f<w» the circuit, and in the direc- 
tion of decreasing potential when currents flow towards a circuit, a 
minus sign before a phase current in the A in Figs. 7 (o) or (6) means 
that the direction indicated by arrow is n^ative for the convention 
used. 

Multiplying A currents in p)er unit of ba^ line-to-neutral current by 
Vs to express them in per unit of base A current, Ip in the A of Fig. 7 (a) 
is 

, 1 If Vi Vi "1 

(/a - /c) = == 

Similarly, in Fig. 7(6), 

Multiplying line currents given in per unit of base line-to-line current in 
Figs. 7(c) and (d) by 1/Vi to express them in per unit of base line 
current, 

= 71 (/ft - Ic) = i(3/:) = /' 
la = |(/a - = f X;^(-fV^/;) = -I'p 

Expressed in per unit each on their respective base voltages and 
currents, a and componenS^of A voltages and currents are equal to /5 
and —a components of line-to-neutral voltages and line currents, 
respectively. 

a and p Impedances of A-Connected Circuits. In a symmetrical 
static A, let the impedance of each phase be Z in per unit, based (m 
system kva per phase and system line-to-line voltage; thra, based on 
lipe-to-neutral voltage and system IcAm per phase, the A impedances are 
3Z. The a loop impedance in Fig. 7(o) is \{iZ) = ^Z. The self- 
impedance Zaa from [40] is f (fZ) = Z. The jS loop impedance in 
7(^) is 3Z(6Z)/9Z = 2Z. The self-impedance Zpp from [41] is 
i(2Z) = Z. This also follows directly from [23] in which Zaa “ 
Zpfi Zi, for the symmetrical circuit in which Zi = Zj. 
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An unsymmetrical L-connecied self-impedance circuit can be replaced 
by its equivalent Y with per unit impedances based on line-to-neutral 
voltage for determining voltages and currents at its terminals. After 
the a and |8 voltages at the terminals of the equivalent Y have been 
calculated, the line-to-line voltages in per unit of base line-to-neutral 
voltage can be obtained from [13]. These line-to-line voltages divided 
by the corresponding A impedances, expressed in per unit based on line- 
to-neutral voltage, give the A currents in per unit of base line current. 

In considering unsymmetrical A-connected circuits in which two 
phases have equal self-impedances and equal mutual impedances 
(including no mutual impedance) with the other phase, the loop 
impedances offered to a and jS line currents viewed from the circuit 
terminals are conveniently calculated in terms of base impedance in the 
line-to-neutral circuit. From [40] and [41], the a and jS self-impedances 
can then be determined from the loop impedances. This is illustrated 
below. 

Open-A Transformer Bank. Assume that exciting currents can be 
neglected and that the open phase is opposite terminal a, as in 
Fig. 12(a), Chapter VIII. Referring to Fig. 7(a), no a current flows in 
phase A opposite terminal a. The a impedance therefore is not 
changed because of the open phase. In Fig. 7(6) with phase A open, 
the impedance is increased; the p self-impedance is one-half the 
impedance of phases C and B in series. 

Bank of Two Identical Transformers. Let the per unit leakage 
impedance of the transformers be Zu based on system kva per phase 
and base line-to-line voltage. The a and jS self-impedance in per unit, 
based on system kva per phase and base line-to-neutral voltage, are 



Zpft = \{iZt + 3Zt) = 3Zt 


There is no mutual impedance between the a and jS networks. 

To illustrate the usefulness of [22] in passing from a and /3 com- 
ponents to symmetrical components, [51] will be substituted in [22], 
to obtain the positive- and negative-sequence self- and mutual imped- 
ances of the open-A transformer banks. 


Zii = Z22 “ 2 Zt 

Z12 = Z21 = —Zt 


[ 52 ] 


Equations [52] check equations [61] of Chapter VIII. 
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Short Circuits on Systems Containing an Unsymmetrical Circuit 


With phases a, h, and c specified in defining the unsymmetrical cir- 
cuit, the connections of the component networks for faults of a given 
type will depend upon the phase or phases faulted. Table I gives rela- 
tions between Fa, F^, and Fq, the a, jS, and 0 components of phase volt- 
ages to ground (or to the neutral conductor) at the fault, and between /a, 
// 5 , and /o, the components of line currents flowing from the system into 
the fault for faults involving any phases. The following solution illus- 
trates the procedure followed in determining the equations of Table I. 

Double Line-to-Ground Fault on Phases a and h. Conditions at the 
Fault: Fo = F6 = 0"; Ic = 0. Substituting F® = F^ = 0 in [4H6] 
and /c = 0 in [9], 



la + 2/0 


[53] 


This is Case IV (6) of Table I. 


TABLE I 

Short Circuit on Three-Phase System 
Relations between a, /3, and 0 Components of Voltages and Currents at the Fault 


Case 

Type 
of Fault 

Phases 

Involved 

Equations for 
Components of 
Voltage at Fault 

Equations for Com- 
ponents of Currents 
Flowing into Fault 

1(a) 

Three-phase 

a, h, c 

o 

II 

%o 

/o = 0 

(6) 1 


a, 6, c and 
ground 

Va =r 0; = 0, Vq = 0 


II (o) 

Line-to-ground 

a and ground 

II 

1 

o 

= 0; la - 2/0 

(6) 

Line-to-ground 

h and ground 

Va = + 2Ko 

la-- -lo 
V3 

{C) 

Line-to-ground| 

c and ground^ 

Va = -VsVfi + 2V<i 

Ia = -p \ la - -/O 

V3 

Ill(a) 

Line-to-line 

h and c 

O 

II 

Ia-0; /o = 0 

(6) 

Line-to-line 

a and h 

II 

o 

II 

0 

1 

II 

{c) 

Line-to-line 

a and c 

1 

II 

II 

o 

II 

o 

IV(a) 

Two line-to- 
ground 

b, c, and 
ground 

Vfi = 0; Fa = 2Fo 

la - ~/0 

m 

Two line-to- 
ground 

a, h, and 
ground 

Vfi 

= Fa= ~Vo 

V3 • 

/a= 

{c) 

Two line-to- 
ground 

a, c, and 
ground 

B^ 

b'^ 

II 

1 

O 

la = V3/^ + 2/o 
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Connections of the a, p, 0 Networks to Represent an Unsymmetrical 
Circuit and a Short Circuit — No Intervening A-Y Transformer Bank. 
Direct connections of the a, j8, and 0 networks to satisfy the fault con- 
ditions of Table I are shown in Fig. 8. The fault is at F, the unsym- 
metrical circuit between P and Q, Mutual impedances between the 
component networks because of the unsymmetrical circuit are not 
indicated, but they may be present. For simplicity, two synchronous 


'^ro potantiai 
for a network 

Zero potential 
for fi network 

Zero potential 
for 0 network 

tc 



F* P Q 


Cose I (a) 



Zero potential for g network 







1 Zero potentiat 

|for Q natwork 




kllO self-impedances 
multiplied bij 2 


"Zero potential 
for 0 network 

, ^ 

i All 0 self-impedances / 

“j'^^Eapmultiplied by 3 ( 

(All 0 generated voltaqesi 
(multipited buv^ 

(Zero potential for/3 
network 




cose E(o) 


Cose II (b) 


Fig. 8. Direct connections of the a, /3, and 0 networks (with modifications) which 
satisfy the short-circuit equations of Table 1 for the cases indicated. 


machines only are shown, but the system, exclusive of the unsymmetri- 
cal circuit, may be any symmetrical three-phase system with equal 
positive- and negative-sequence impedances. £« and £« are the 
generated voltages in phase a of the two machines. In Cases II (ft) and 
(c), and in Cases IV (b) and (c) of Table I, the jS network as well as the 
0 network is modified. Cases 1(6), 11(c), III(c) and IV (c) are not 
shown in Fig. 8. Case 1(6) is similar to 1(a) except that F in the 0 
network is shorted to the zero-potential bus for the 0 network. Con- 
nections for Cases 11(c), III(c), and IV (c) are similar to those for 
Cases II (6), III (6), and IV (6), respectively, except that connections to 
F and the zero-potential bus of the /3 network are reversed. As alter- 
nate methods, the connections in Case II (6) may be retained for Case 
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II (c) but all generated volt£^ multiplied by - Vi; then currents in 
the P network are — l/Vi times currents, and voltages are —Vi 
times d voltages. The connections for Cases III (b) and IV (5) ma y be 




retained for Cases 111(c) and IV (c), respectively, but all generated $ 
voltages divided by —Vi; then currents and voltages in the P net- 
work are — Vi and — 1/Vi times currmfes and vt^tages, respectively. 
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In any case where two networks are not directly connected to satisfy 
the unsymmetrical circuit conditions, they can be directly connected to 
satisfy fault conditions, and vice versa. For example, in Cases III (a), 
(6), and (c), the a and 0 networks are not connected to satisfy fault 
equations. These networks can therefore be directly connected to 
satisfy unsymmetrical circuit equations. A relatively large number of 
unsymmetrical circuits are symmetrical with respect to one phase. 



Case n (a) CoselKb) 



Case 11(c) 


CaselZ(a) 


Fig. 9. Connections of the a, /3, and 0 networks through isolating transformers on 
an a-c network analyzer which satisfy the short-circuit equations of Table I for the 

cases indicated. 


When the zero-sequence impedances of such circuits is infinite, there is 
no mutual connection between the a, jS, and 0 networks. The open-A 
transformer bank of two identical units is an example of a circuit 
requiring no connection between the component networks because of 
the unsymmetrical circuit. 

In a system in which the positive- and negative-sequence imped- 
ances of the rotating machines can be assumed equal, the impedances 
of the j3 network differ from those of the a network only in the unsym- 
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metrical circuit; therefore, whenever the /S network is not connected 
with the a or 0 networks, positive-plus-negative and positive-minus- 
negative components described in Chapter V can be used instead of a 
and components. The positive-minus-negative sequence network is 
the positive-plus-negative sequence network with replacing Zac 
between P and Q. 



CaselS(b) CosalKc) 

Fig. 9 {Continued) 

Connections of the a, jS, and 0 networks through isolating transform- 
ers^ to satisfy the equations of Table I are shown in Fig. 9. These 
equivalent circuits are for use on an a-c network analyzer. No direct 
connections have been made between the component networks in these 
equivalent circuits. This makes it possible to apply direct connections 
to represent an unsymmetrical circuit or a second unsymmetrical 
fault. In the modified zero-sequence network of Fig. 9, all 0 imped- 
ances are divided by 2, voltages are 0 voltages, and currents are twice 
0 currents. Connections to represent an unsymmetrical circuit or a 
second fault will require the same modification of the zero-sequence 
network. In addition to transformers of 1 : 1 turn ratio, transformers 
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of V 3 : 1 and 2 : 1 turn ratios are required. Transformers of 1 : 1 
turn ratio in Fig. 9 can be replaced by direct connections between the 
a network and the modified 0 network when there are no other direct 
connections between these networks. With one dissymmetry repre- 
sented by direct connections between two component networks, direct 
connections to represent a second dissymmetry can sometimes be 
made. This is illustrated in Chapter VII, Fig. 6, where no untrue 
relations are introduced by the second set of direct connections. 

OPEN CONDUCTORS 

Figures 10(a) and (b) show one and two open conductors, respec- 
tively. Let V and l' with appropriate subscripts represent voltage 
drop between F' and F, and line current flowing across the opening 
from to F, respectively. Here v is a series voltage drop and 
meets series impedance ,* v and are to be distinguished from V and / 
used to indicate voltages to ground at a fault and currents flowing 
from the phases into a fault. Table II gives equations expressing rela- 

TABLE II 

One or Two Open Conductors in a Three-Phase Circuit 

Relations between a, and 0 Components of Series Voltages v across Openings 
and Line Current /' Flowing through Openings 


Case 

Open 

Phases 

Equations Relating 
Components of Voltages 
across Openings 

Equations Relating 
Components of Line 
Currents in Openings 

i(«) ■ 

a 

vp =“ 0; = 2vo 

/; “ -n 

m 

b 

1 

ii 

1 

n 

la - Viip - 2/0 “ 0 

m 

c 

vp 

+ Va/fl - 2 io - 0 

ii(«) 

h and c 

Va « -VQ 

/; = 2JS: /fl-o 

11(5) 

a and b 

Va + \/3 vp — 2vo = 0 

r A. ^ r 
“ “ Vi “ 

IKc) 

a and c 

1 

I 

K9 

0 

II 

0 

T> II. j> 

^“““Vi ® 


tions between Va, V/s, and Uq, the components of voltage drop between 
and F, and between 7^, and Jo, the components of line current 
flowing from F^ to F* The following solution illustrates the procedure 
followed in determining the equations of Table 11. 
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Conductor b Open. Conditions at the fault: !>o = »« = 0; It = 0. 
Substituting »„ = Vc = 0 in [1] and [3], and Zi = 0 in [8], 





This is Case I{b) of Table 11. 


[54] 


Connection of the a, p, and 0 Networks to Represent Open Con- 
ductors. Figures 10(c) and (d) show dtrccf connections of the a and 0 
networks to satisfy Cases 1(a) and II (o), respectively, of Table II. 


r' F 

!— ! 



(a) 


Zero potential for a network 



Zero potential for 0 network 
Zero potential for /3 network 



(c) 


r r 

i ib-o » 


— Ic-O 



(b) 

Zero potential fora network 



Zero potential for O network 
Zero potential for)9 network 



Fig. 10. (a) One open conductor, {b) Two open conductors, (c) Connection 

of a, and 0 equivalent circuits for open conductor in phase a. (d) Connection of 
a, and 0 equivalent circuits for open conductors in phases 6 and c. 


For simplicity two generators only are indicated. The system could 
be any system with equal positive- and negative-sequence impedances. 
Direct connection of the a and 0 networks is made possible by multi- 
plying the 0 impedances in Fig. 10(c) by 2 and dividing them by 2 in 
Fig. 10(d). In Fig. 10(c), the currents in the 0 network are 0 currents 
but the voltages are twice 0 voltages; in Fig. 10(d) the voltages are 0 
voltages but the currents are twice 0 currents. The jS network is 
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unaffected by one open conductor (phase a). It is open for two open 
conductors (phases h and c). 

Direct connections of the component networks to satisfy the equa- 
tions of Table II, Cases 1(6) and (c), and 11(6) and (c) are not shown. 
They can be made if both the /3 and 0 networks are modified. (See 
Fig. 8.) 

For the special case of infinite series impedance in the zero-sequence 
network, as when open conductors occur in a three-phase circuit con- 
nected at one set of terminals to a A or an ungrounded Y, Jo = 0. 
From Table II, Cases 1(a) and 11(a), (6), and (c) if Iq = 0, J' = 0; 
the a and 0 networks are both open between and F. With two 



Cose Kb) Casen(b) 

Fig. 11 . Connections of a, /3, and 0 networks through isolating transformers on 
an a-c network analyzer which satisfy the open-conductor equations of Table II for 
the cases indicated. 1(c) and 11(c) (not shown) are similar to 1(6) and 11(6), respec- 
tively, except that the connections to the ^ network are reversed. 

conductors open, there is no current between F and F'. With con- 
ductor a open, currents flow between F and F' in the jS circuit only. 
For these cases, there will be no interconnection of the a, j3, and 0 
networks because of open conductors. 

Figure 11 gives equivalent circuits which satisfy^ the equations of 
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Table II for use on an a-c network analyzer. The modified 0 network 
in these equivalent circuits is the same as that used in Fig. 9. No 
direct connections between component networks are indicated in 
Fig. 11. Direct connections between the component networks to repre- 
sent an unsymmetrical circuit or a second fault can therefore be made. 

SIMULTANEOUS SHORT CIRCUITS AND OPEN CONDUCTORS 

If the positive- and negative-sequence impedances of the rotating 
machines of the system can be assumed equal and the effects of satura- 
tion neglected, all possible combinations of simultaneous dissymme- 
tries — short circuits, open conductors, unsymmetrical circuits — can 
be represented by equivalent circuits on an a-c network analyzer. 
The use of isolating transformers to satisfy simultaneous equations, as 
illustrated in Figs. 9 and 11, makes it possible to interconnect the com- 
ponent networks to satisfy all the dissymmetries simultaneously with- 
out introducing untrue restrictions. 

In analytic calculations, direct connections between the component 
networks to satisfy equations for one dissymmetry can be made. (See 
Figs. 8 and 10.) By using various modifications of the jS and 0 net- 
works, many simultaneous dissymmetries can be represented by direct 
connections of the component networks. When there are two dissym- 
metries and the modifications required to permit direct connections 
of the component networks for one dissymmetry are not those required 
for the second dissymmetry, an analytic solution can be made with 
equations. The use of equations is illustrated below in the case of an 
open conductor and a line-to-ground fault on the same phase, where an 
equivalent circuit to replace both these dissymmetries in the a network 
is developed. 

Open Conductor and Fault to Ground through Impedance on the 
Same Phase. Let it be assumed that the conductor is open between F' 
and F and that the fault is^ F on phase a through impedance Z/ to 
ground as in Fig. 12(a). The conditions at the fault are 

h = Ic=^ 0; Fa = Fa + 7o = laZf = (la + Io)Zf 

From these equations and those of Table II, Case 1(a), the following 
relations exist between the components of and Fa at the fault and 
between the components of Va and la between F' and F: 

= 0 vp - 0 

la = 2Iq Va = 2vo [55a] 

Va= -Vo + Iai%Zf) 

The jS network is unaffected by the open conductor and fault. In 
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Fig. 12 (fc), the 0 network has been replaced by an equivalent Y with 
impedances Co, Do, and So, the identity of points F and F' being 
retained. (See Chapter VII, Fig. 2(a).) If the 0 impedances viewed 
from F' and F with the three-phase circuit open between F' and Fand 
the fault removed are not mutually related, So = 0. In Fig. 12(fc), 


Zero potential 



Zero potential 
for a network 

(d) 


Fig. 12. (o) Open conductor and line-to-ground fault on phase a, (jb) Equivalent 

Y to replace 0 network, (c) Section of a network including points Fand F. (d) Equiv- 
alent circuit to replace open conductor and fault in a network between F and F. 

Vo is the 0 voltage drop between F' and F; Fq is the 0 voltage to ground 
at F; Jo and Jj are the 0 currents flowing into the fault and from F* 
towards F, respectively. Figure 12(c) shows the portion of the a 
circuit between F and F'. Va and F' are the a voltaiges at F and F', 
Va is the a voltage drop between F' and F, and J' are the a currents 
flowing into the fault and from F' towards F, respectively. 

From Figs. 12(6) and (c), 

Fo = —Io{So + Do) + loDo 

ro = Fb - Fo = loDo - I^Co + J>o) 

F: = F„ + 


[ 556 ] 
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Eliminating Vo, lo, lo, ®o» 3'nd from the simultaneous ^uations of 
[SSo] and [556], Va and F' in terms of /„ and /' are obtained and may 
be written 


VL^Ia 

Va = la 


Sq ^-Pq -b 3Z/ 


) 


Sq + SDq 4~ 


H- /'(2Co + 3Do) 


+ (/« - iLH-Do) 


[55c] 


The equivalent Y shown in Fig. 12(d) satisfies equations [55c]. It 
be used to replace the fault and open conductor in the a network. For 
a fault through zero impedance, Z/ = 0. If this equivalent circuit is 
substituted in the a network between F' and F, the a currents and volt- 
ages throughout the system can be determined. The /3 currents and 
voltages are unaffected by the fault and open conductor. In the 0 
network: from [55o], »o = sW*; -fo = —iL’, h — and Vq = 
— Va + lai^Zf). Knowing the a components, with these relations and 
the 0 network, the 0 components of current and voltage throughout the 
system can be determined. The phase voltages and currents at any 
point are obtained by substituting the a, j9, 0 components in (1H3] 
and [7]-[9], respectively. 

An open conductor and fault to ground through impedance on the 
same phase can be represented on an a-c network analyzer as in 
Fig. 13(6), where a mutual coupling (or isolating) transformer is used 
to satisfy the equations for the open conductor and direct connec- 
tions to satisfy the fault equations. In Fig. 13(6), impedance between 
the fault and open conductor is indicated. This impedance is zero in 
Fig. 12. 

Single-Phase Load and Open Conductor in Three-Phase Four-Wire 
Circuit. Z/ in equations [55a] can be used to represent the impedance 
of a single-phase circuit between conductor a and the neutral conduc- 
tor in a three-phase four-wire-eircuit. With an ungrounded neutrail 
conductor, phase voltages and 0 voltages are referred to the neutral 
conductor. If conductor a is accidentally opened at the point where 
the load is taken off, the equivalent circuit of Fig. 12(d) for analytic 
work and the connections of Fig. 13(6) for the network analyzer apply 
to this case. 

Line-to-6round Fault and Two Openings in the Same Phase. 
Figure 13(c) gives a one-line diagram of a symmetrical three-phase 
power system. A fault to ground through impedance Z/ occurs on 
phase a of one of the two-parallel transmissicoi lihes at P very near its 
terminals. Single-phase breakers open phase a at both terminals, 
leaving the fault on the disconnected- conductor. Assuming equal 
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positive- and negative-sequence system impedances, Fig. 13(d) indi- 
cates the connections to be made on an a-c network analyzer between 
the a network and a modified 0 network in which voltages are 0 volt- 
ages, currents twice 0 currents, and impedance one-half 0 impedances. 
The a network for this system is the same as the positive-sequence net- 
work. As explained in Chapter VI, the mutual inductive and capaci- 
tive impedances between parallel transmission lines in the positive- 



fa) 


Zero Potential For a Network 



Fig. 13. (a) Open conductor and line-to-ground fault through impedance Z/ on 

same phase (phase a), (d) Connections of a and modified 0 networks on an a-c net- 

work analyzer to satisfy the conditions of (a). 

sequence network are relatively unimportant; in general, they can be 
neglected and each of the parallel lines replaced by its nominal or 
equivalent n or T. In the modified 0 network, the two parallel lines 
are replaced by the nominal equivalent circuit given in Fig. 8(&), 
Chapter VI, with all impedances divided by 2. If the parallel trans- 
mission lines are of such length that correcting factors should be applied 
to the nominal equivalent circuit in the 0 network, they may be divided 
into sections of length requiring no correcting factors, and each section 
replaced by its nominal equivalent n circuit. Correcting factors for 
one line alone, given in Figs. 2 (a) and (b) of Chapter VI, are applicable 
to parallel lines in the positive-sequence network. The 0 network. 
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which is the same as the a network except that the generated voltages 
are turned through —90®, is not given in Fig. 13(d). It is unaffected 
by the line-to-ground fault and the two openings in the faulted con- 
ductor. As the jS network is not connected with either the a or modi- 
fied 0 network, positive-plus-negative and positive-minus-negative 
sequence components (discussed in Chapter V) can be used instead of a 
and components in this problem. For faults at locations other t ban 


A 


B 




(c) 



Fig. 13. (c) One-line diagram of^ar-three-phase power system with two parallel 

transmission lines of appreciable capacitance, (d) Connections on a-c network 
analyzer of a and modified-0 networks for a line-to-ground fault on phase a of one 
transmission line at F through impedance Z/ with the faulted conductor open at A 

and B. 

at a line terminal, the transmission lines are divided into two sections 
by the fault, each section being replaced by its equivalent circuits in the 
component networks and the fault applied between the two sections. 

If the positive- and negative-sequence impedances of one of the 
synchronous machines (or equivalent synchronous machines) in 
Fig. 13(c) cannot be assumed equal, the equivalent circuit given in 
Fig. 5(a) or Fig. 5(6) may be used. Using either of these equivalent 
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circuits, all impedances in the /3 network connected at their terminals 
are multiplied by — 1. This turns inductive impedances in capacitive 
impedances, and vice versa. Resistances become negative resistances; 
but if they are small relative to the inductive and capacitive imped- 
ances, the error in neglecting them will likewise be small. 



Fig. 14. (a) Ungrounded loop, (b) Ungrounded feeder in the 0 network with 

simultaneous ground faults at C and D isolated from the zero-sequence system by 
ungrounded transformers at P and Q. (c) Connection of the a network and a 
modified 0 network for line-to-ground faults at C and D both on phase a. 

SIMULTANEOUS GROUND FAULTS ON UNGROUNDED SYSTEMS 

The equivalent circuits developed for grounded systems can be 
applied to ungrounded systems of appreciable capacitance. In 
ungrounded systems of n^ligible capacitance, there will be little or no 
zero-sequence current with one groiind fault. With two ground faults 
on an ungrounded section or loop isolated from the rest of Ae system by 
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transformers, there is a path for 0 currents between the two fault points 
C and D. Figure 14(a) shows an ungrounded loop to which power is 
supplied at two points P and Q. Figure 14(6) shows points C and D 
on the same feeder between P and Q. Load may be taken oflF at 
various points of the loop or of the feeder. 



Fig. 14. {d) Connections for line-tG^ground faults on phase bat C and phase c at P. 


Let So represent the 0 impedance between C and D, Vao and Vao the 
0 voltages at C and D, and Xbo and Iao the 0 currents flowing into the 
faults at C and D, respectively. Then, 


Iito — ~Iao 
Vao = Vao ~ -foo^o 


[561 


Line-to-Ground Faults at C and D, Both on Phase a. The condi- 
tions at both faults are given by Case 11(a) of Table 1. 

la = 2/ao; Fa = — FoO at C 
Iao “ Vao “ “Flo at 1? 


1571 
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where the additional subscript A is used with a components at D. 
From [56] and [57], 

Va - VAa = Vao - VaO = I<^ = la | [58] 

Figure 14(c) in which all 0 impedances are divided by two is an equiva- 
lent drcuit for determining currents and voltages in the a network. It 
can also be used for determining 0 voltages and currents. Let Vao = 
-V'Ji, lao = -I'Ji, Vao = -V”o, I AO - -I AO- Substituting these 
values in [57], 

la = Va = C; lAa- VAa = ^0 [59] 


The equivalent circuit of Fig. 14(c) satisfies equations [59] for Fig. 
14(a). The zero-potential bus of the zero-sequence network is con- 
nected to that of the a network to provide a reference for 0 voltages. 
Actual 0 voltages are those read from Fig. 14(c) (7oo and Vao at C and 
D, respectively) multiplied by —1. Actual 0 currents are those read 
from Fig. 14(c) (2/'o and 21 ao flowing into the fault at C and Z), respec- 
tively) multiplied by — The /S network is unaffected by the faults. 
If the a voltages at C and D were equal before the simultaneous faulj^s, 
no fault currents will flow in the a and 0 networks. If the loop is 
supplied at one point only, the a network is open at P or Q, For the 
fault conditions indicated in Fig. 14(6), this circuit replaces Fig. 14(a) 
in the equivalent circuit of Fig. 14(c). 

Line-to-Ground Faults at C and D on Different Phases. Let the 
phases be so named that the fault at C is on phase 6 and that at D on 
phase c. * From Table I, Cases 11(6) and (c), 


/a = - = -Co; Va - VsVfi - 27a0 = 0 

Ca = ^ = -Co; VAa + VJFa/J - 27^0 = 0 


[60] 


The equivalent drcuit of Fig. 14(d) satisfies equations [56] and [60] 
without introducing untrue restrictions. If the ungrounded loop is 
supplied at one point only, the a and modified |8 networks will be open 
at P or Q. If C and D are on a feeder between P and Q, Fig. 14(6) 
replaces Fig. 14 (o) in the equivalent circuit of Fig. 14 (d) . 

In Fig. 14(d) direct connections between component networks have 
been made which require modifications of the jS network as well as the 
0 network. This problem can be solved on the a-c network analyzer 
by means of Vs : 1 and 2 : 1 turn ratio transformers, as indicated in 
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Fig. 9, without modification of the |8 network and with a different modi- 
fication of the 0 network. 

DISSYMMETRIES ON OPPOSITE SIDES OF A A-Y TRANSFORMER BANK 

Figures 15(a) and (b) give dic^rams of two possible arrangements of 
the transformer windings, connected A-Y to form a three-phase trans- 
former bank. (See discussion in Chapter VII under “ Simultaneous 
Faults on Opposite Sides of a A-Y Transformer Bank.”) The neutral 
of the Y may be grounded or ungrounded. The choice of the reference 
circuit is arbitrary. With the circuit at C as the reference circuit, let 
the components of currents and voltages at D referred to the circuit 
at C be indicated by double-primed symbols. For the transformer con- 
nection of Fig. 15(a), at no load with exciting current neglected, actual 
a voltages at D are in phase with voltages at C. The actual a volt- 
ages and currents at D in terms of their values referred to circuit C are: 

la = ly-. Va = V'/ [61a] 

No-load /3 voltages at D are 180° out of phase with a voltages at C. 
They must be multiplied by — 1 to be brought into phase with a volt- 
ages in circuit C. The actual /3 voltages and currents at D in terms of 
their values referred to circuit C are 

h = -rj-, = [ 616 ] 

For the transformer of Fig. 15(6), actual components of currents and 
voltages at D in terms of their values referred to circuit C are 

Ia= [62a] 

h = I'J', Vp = V'J [626] 

(See also equations [46] and [47].) Zero-sequence currents and voltages 
at D are unchanged when referred to circuit C, assuming no connec- 
tion between the zero-sequence impedances on opposite sides of the 
A-Y transformer bank. 

By means of [61a] and [616] or [62a] and [626], equations from Tables 
I or II which give relations between actual components of currents and 
voltages at D can be expressed in terms of the components at D referred 
to circuit C. These new equations and the equations relating actual 
components of cnirrents and voltages at C are the simultaneous equa- 
tions to be satisfied. The new equations are no more difficultto repre- 
sent by equivalent circuits than when the simultaneous dissymmetries 
are on the same side of a A-Y transformer bank. 

The following problems illustrate some of the many simultaneous 
dissjrmmetries which can be represented by equivalent cdrcniits in an 
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analytic solution. It will be assumed that there is no connection in 
the system between the zero-sequence impedances viewed from C and 
D. Circuit C will be chosen as reference circuit and the system of 
Fig. 15(c) with the transformer connections of Fig. 15 (o) will be 
assumed. 



(d) 


Fig. 15. (a) and (5) Transformer connection diagrams, (e) One-line diagram of 

a symmetrical three-phase power system, (d) Connections of component networks 
of (c) for line-to-ground faults on conductor A at D and on conductor a at C, with 
circuit C as reference circuit and transformer connection digram (fi). 

Line-to-Ground Faults at C and D on Conductors a and A. At 
C and D, from Table I, Case II (o), 

Va^-Vo; = « 2/o [63] 

Replacing Va and la at D by Vj,' and /J', and //j at D by —I", [63] 
becomes 


Vfi = m = 0 ; r; * Ito' 


[64] 
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The equivalent circuit of Fig. lS{d) satisfies equations [63] and [64]. 
Note that the zero-sequence network is open on the A side of the trana* 
former bank at D. After V^J, V'/, I'J, Vq, and 2Io have been calcu- 
lated, these components must be referred to drcuit D to obtain actual 
components of currents and voltages at D. (See [61o] and [616].) In 
the a and /3 networks of Fig. 15(d), the generat^ voltage E's is the 
generated voltage Ea indicated in Fig. 15 (c) referred to the circuit at C; 
at no load, Ea is in phase with Ea. 



Fig. is. («) Conductor A open at D, line-to-ground fault on conductor 6 at C. 
(/) Line-to-ground fault on conductor B at D, conductor a open at C. 


Conductor A Open at Z>, Line-to-Ground Fault on Conductor h at C. 
At C from Table I, Case 11(6), 

Va - VsVff -2Vo = 0; - ^ /o [65] 

at D, from Table II, Case I(o), 

»/5 = 0; = 2»o; /« = -lo [66] 

At the A, the current /q is zero. Therefore, 7' = — 7o * 0. Replacing 
Vfi by —Va, Va and by v'/ and Ij/, respectively, [66] becomes 

v” = 0; v'/ = 2v'o'; l'/ = -I'o' * 0 [67] 

Figure 15(e) is an equivalent circuit for analytic calculations whidi 
satisfies [65] and [67]. The connections for the line-to-groimd fault (m 
conductor 6 at C are the same as those of Fig. 8, Case 11(6). All 
impedances have been multiplied by 3. Because of infinite series 
impedance in the zero-sequence network at D, the 0 and netwinrks 
are both open at D. The a network is closed at D, nnce Va ^ 0. 
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Line-to-Ground Fault on Conductor B at i), Conductor a Open at C. 
Table I, Case 11(6), and Table II, Case 1(a), give the fault conditions 
at D and C, respectively. The equations of Table I, Case 11(6), 
referred to the circuit at C become 


F;' +a/3F'' - 2V'o = 0 

r// t// 


[ 68 ] 


Equations [68] may be written 


I'J = Vsi'/ = -Vsi'o' 


[69] 


Figure 1S(/) satisfies the given conditions. The modification given 
the 0 network at D is necessary to permit direct connections which 
satisfy equations [69]. The connections at C for the open conductor in 
phase a are the same as in Fig. 10(c). 

If E'J_ or Ea is zero, analytic calculations are appreciably simplified^ 
When there is only one fault connection between a point in the a or 
network and the zero-potential bus for the network, as in the a net- 
work of Fig. 15(c), the generated voltages in the network can be 
replaced by the voltage in phase a at the fault point before the dis- 
symmetry occurred. This voltage is placed between the zero-potential 
bus for the network and the neutrals of the machines, as illustrated in 
Fig. 10(c) of Chapter IV. When such simplification cannot be made, 
the procedure is to apply each generated voltage sepeu'ately and deter- 
mine the currents in the system. Then, by superposition, the currents 
resulting from all voltages acting together are obtained. 

Effects of Saturation. In the above discussion of simultaneous dis- 
symmetries on the same or on opposite sides of transformer banks, 
transformer exciting impedances have not been included, nor has 
saturation been taken into account. Results obtained by neglecting 
exciting currents and the effects of saturation can be test^ for accuracy 
by calculating voltages across transformer windings. When the volt- 
age across any winding is below or only slightly above normal, its 
exciting impedance can usually be neglected with but slight error. If, 
on the other hand, the voltages are unbalanced and one or more well 
above normal, any method which neglects exciting currents and the 
effects of saturation may be appreciably in error. The effects of satu- 
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ration in transformers upon fundamental-frequency currents and volt- 
ages are discussed in Volume II, where a method for including these 
effects is given. 

SCOTT-CONNECTED TRANSFORMER BANK 

A Scott-connected transformer bank used to transform from three- 
phase to two-phase, or vice versa, is shown in Fig. 16(a). The trans- 
former BC-RS is called the main transformer and AD-PQ the teaser. 
The main and teaser windings are usually interchangeable, each being 
provided with a tap at the midpoint and at the 0.866 point. D is at 
the midpoint of the winding BC, and A is at the 0.866 point of the 
winding DE. If there is a neutral tap N, it will be at the one-third 




Two-pho$« 

system 


Threer 

phosf 

system 


Fig. 16 . Scott-connected tiansformer bank, {a) Phase currents on both sides of 
the bank, (b) a and components on the three-phase side, phase currents on the 

^two-phase side. 


point of the winding DA . N may be grounded or ungrounded. Cur- 
rents and voltages on the three-phase side of the bank are designated 
by the subscripts a, b, c and on the two-phase side by A and B. A two- 
phase four-wire system is indicated. For a three-wire system, points 
Q and S in Fig. 16 would be connected to a common wire. 

In Fig. 16(6), the three-phase currents of Fig. 16 (o) have been 
replaced by their a and /3 components. With the two halves of the 
main transformer winding on the three-phase side symmetrically' placed 
with respect to the winding on the two-phase side, there will be no 
mutual connection between the a and /3 circuits. If 0 currents are 
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present, Iq will flow from B to D, C to and A to N; 2/o will flow 
from DtoN; 0 currents do not appear on the two-phase side. 


Let Zmt = per unit leakage impedance of main transformer 
BC-RS based on rating 

Ztt = per unit leakage impedance of teaser transformer 

AD-PQ based on rating [70] 

Zit = interlacing impedance — per unit impedance of wind- 
ings BD and CD in parallel (with terminals B and C 
together) based on rated teaser voltage and current 


If magnetizing currents are neglected, the impedance of a two-^nd- 
ing transformer is the same referred to either side when expressed in 
per unit on the same kva base and base voltages proportional to the 
number of turns in the two windings. The per unit transformer 
impedances defined in [70] are based on the rated kva of one trans- 
former. With rated voltages proportional to the number of turns, 
base voltage on the two-phase side is rated two-phase voltage; on the 
three-phase side for the main transformer it is rated line-to-line voltage; 
for the teaser transformer and interlacing impedance it is 0.866 X line- 
to-line voltage ( = 1.5 line-to-neutral voltage). Interlacing impedance 
is similar to an external impedance in series with the teaser. Since it is 
based on 0.866 X line-to-line voltage on the three-phase side, it will 
have the same per unit value viewed from the two-phase side. 

If Zaa and Zbb are the per unit self-impedances of the transformer 
bank, referred to circuits A and 5, respectively, on the two-phase side. 


^AA = + Zit 

Zbb = Zj^t 


[71] 


and there is no mutual impedance between phases. 

Rated two-phase kva and rated three-phase kya are each equal to 
the kva rating of the bank; but kva per phase on the two-phase side 
is the rating of one transformer and on the three-phase side two-thirds 
of that amount. If Zaa and are the per unit self-impedances of 
the transformer bank referred to the a and jS circuits on the three-phase 
side, they must be based on line-to-neutral voltage and two-thirds of 
the kva per phase on which the impedances Zaa and Zbb are based. 
The self-imp^ance of the a circuit is two-thirds of the a loop imped- 
ances; that of the circuit is one-half of the j8 loop impedance. Per 
unit impedances vary directly as the kva bases and inversely as th^ 
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squares of the voltage bases, therefore in per unit 

2.. - I \{Z„ + Zu) X (y J X l] - Z„ + Z„ - 

~ ^ X X f J = 2mt = ZsB [72] 

Zffa = Zaff = 0 

From [71] and [72], the factors to convert per unit self-impedances in 
the A and B phases referred to the two-phase side to a and jS impedances 
referred to the three-phase side, and vice versa, are unity. 

Neutral of Bank Ungrounded. With the neutral of the transformer 
bank ungrounded, the a and j8 voltage drops through the bank in the 
direction of current flow are 

Va = {Ztt Zit)Ia 

— 7 T 
V0 — 

The 0 voltage drop through the bank is indeterminate; but Vn, the 
voltage at N, is the 0 voltage at the terminals of the bank on the three- 
phase side (determined from the 0 diagram and given system condi- 
tions) minus laZoa the 0 voltage drop produced by /«. If the portion 
of the a loop impedance between A and N in Fig. 16 is considered the 
impedance of phase a to a currents, the equation Zq* = Za — Zaa 
given by [32] for the self-impedance circuit can be used to determine 
Zoa- The portion of the winding AD of the transformer ADPQ in 
Fig. 16 between A and N includes two- thirds of the total number of 
turns in the winding. If the resistance and leakage reactance of the 
transformer with a currents flowing through it can be assumed to be 
distributed between A and N, and N and D in the same ratio as the 
number of turns in the windi^s AN and ND, the impedance of phase a 
to CL currents will be two-thirds the transformer impedance. When 
expressed in per unit based on line-to-neutral voltage and the kva per 
phase on the three-phase side, 

Za = l{Zu) (y)* X I = 

Replacing Z* and Zaa in [32] by Z« and (Zh -j- Z,*), respectively, 

Zoa = Ztt - {Ztt + Zu) = -Zit [741 

The voltage at the neutral N of the ungrounded Scott-connected trans- 
former is 

Fy = T^^O(r) ~ laZ^a = Vom + laZu [75] 
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where Fo(r) is the 0 voltage at the terminals of the bank on the three- 
phase side, and the positive direction of la is toward N. 

Ungrounded Scott-Connected Autotransformer Bank. The equa- 
tions developed for the ungrounded Scott-connected transformer bank 
apply also to the ungrounded autotransformer bank if Z«, Zu^ and Zmt 
are the teaser, interlacing, and main reactances, respectively, of the 
autotransformer bank. 

Scott-cannected transformers with grounded neutral are discussed in 
Volume 11. The grounded neutral, by providing a path for 0 currents 
on the three-phase side, necessitates the determination of the self- 
impedance Zoo and the mutual impedance Z^o- As these impedances 
depend upon leakage reactances between windings AN, ND, and PQ 
as a three-winding transformer, their determination will be delayed 
until transformers and autotransformers have been discussed in greater 
detail. 

Positive- and Negative-Sequence Self- and Mutual Impedances of 
Ungrounded Scott-Connected Transformers. Substituting Zaa and Z^^ 
from [72] with Z^/s = Z^a == 0, in [22], 

Zii = Z22 = \{Zaa + ^/ 3 ^) = + Zu -f Z^t) 

Z12 = Z21 = \{Zaa ““ Z^^) = \{Ztt + Zit — Zmt) 

where Z«, Zu, and Zmt are defined in [70]. 

The equivalent circuits for the Scott-connected transformers in the 
positive- and negative-sequence networks are mutually coupled through 
the reciprocal mutual impedance Z 12 = Z 21 given by [76]. In cases 
where Z 12 == Z 21 is small enough to be neglected, the circuit becomes 
approximately a symmetrical one with equal positive- and negative- 
sequence impedances. 

Three-Phase and Two-Phase Systems Interconnected through Un- 
grounded Scott-connected Transformer Bank 

In Chapter IX, the phase quantities and two systems of components 
applicable to two-phase systems are discussed. The phase quantities 
of two-phase systems correspond to the a and jS quantities of the three- 
phase system. The positive- and negative-sequence right-angle com- 
ponents of two-phase systems correspond to the positive- and negative- 
sequence symmetrical components of the three-phase system and will 
be called simply positive- and negative-sequence components when 
discussed in connection with Scott-connected transformers. The 
positive- and zero-sequence symmetrical components of the two-phase 
system have no corresponding components on the three-phase side. 
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The two-phase, three-wire transmission circuit is an unsymmetrical 
circuit when treated by either phase quantities or positive- and nega^ 
tive-sequence components. The coupling between phases is reciprocal, 
but it is non-reciprocal between the positive- and negative-sequence 
networks. Rotating machines of unequal positive- and negative- 
sequence impedances have non-reciprocal mutual coupling between 
phases, but none between the positive- and negative-sequence net- 
works. If the positive- and negative-sequence impedances are equal, 
the mutual coupling between phases disappears. When two-phase and 
three-phase systems are connected through Scott-connected trans- 
formei^s, there is a choice of components for the system as a whole — 
symmetrical components or a, jS, 0 components. With either system, 
base kva per phase on the three-phase side is two-thirds base kva per 
phase on the two-phase side. 

Zi 9^ Z2. If the positive- and negative-sequence impedances of the 
rotating machines on either the two-phase or three-phase side, or both, 
cannot be assumed equal, positive- and negative-sequence components 
are preferable to a and 0 components. If the transformer mutual 
impedance Z12 = Z21 defined in [76] can be neglected, and two-phase 
three-wire transmission circuits if present are of negligible length, the 
positive- and negative-sequence networks for the system will have no 
mutual coupling. The system as a whole can then be represented by 
positive-, negative-, and zero-sequence networks without mutual 
coupling (the zero-sequence network being for the three-phase system 
only) which are the same for all phases and can therefore be inter- 
connected to represent conditions during faults which involve any 
phase or phases by the usual symmetrical component methods. 

If, however, the mutual transformer impedance Z12 = Z21 cannot be 
neglected, or the two-phase, three-wire transmission circuits are of 
importance, there are two different types of mutual coupling between 
the positive- and negative-sequence networks during normal operation. 
This is true whether the positive- and negative-sequence machine 
impedances are equal or unequal. Studies of system performance 
during normal operation or during faults can be made by means of 
equations. In such solutions, it must be remembered that the refer- 
ence phase a has already been designated and therefore faults which 
may involve any phase are to be assigned to each phase in turn to 
cover all cases. 

Zi = Z2. With the positive- aad negative-sequence impedances of 
the rotating machines of the system equal, there will be no mutual 
coupling between the a and networks during normal operation, except 
as determined by the two-phase transmission circuits. 
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‘mree-Phase System and Two-Phase Four-Wire System. With 
Zi =* Z 2 in all rotating machines, and n^ligible mutual coupling 
between phases in the two-phase four-wire transmission circuit, the a, 
and 0 equivalent circuits for a three-phase and a two-phase four-wire 
system connected by an ungrounded Scott-connected transformer or 
autotransformer bank between P and Q are shown in Fig. 17. There 
is no 0 network on the two-phase side. In Fig. 17 one synchronous 
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Fig. 17. Per unit a, and 0 equivalent circuits for three-phase and four-wire two- 
phase systems, connected by ungrounded Scott-connected transformer or auto- 
transformer bank between P and Qand having equal positive- and negative-sequence 
machine reactances. The three-phase system is to the left of P, the two-phase system 
to the right of Q. Base voltage on the three-phase side is rated transformer line-to- 
neutral voltage, on the two-phase side it is rated two-phase transformer voltage 
(assuming rated voltages in proportion to the turns). Total kva is rated kvaxif 
the bank, kva per phase is one-half bank rating on the two-phase side and one-third 

on the three-phase side. 

machine only is shown on the three-phase side and one on the two- 
phase side; there may be any number. Positive-, negative-, and zero- 
sequence impedances viewed from P are Zi, Zi, and Zq; Za represents 
positive- or negative-sequence impedances of the two-phase machine. 
Ea is the equivalent generated voltage on the three-phase side in per 
unit of rated line-to-neutral transformer voltage, Ea that of the two- 
phase machine in per unit of rated transformer voltage on the two- 
phase side. 2Z represents the per unit loop impedance in each phase 
of the two-phase four-wire transmission circuit. 2Z = 0 for trans- 
mission circuits of negligible length. 

Faults on Three-Phase Side. The connections of the a, jS, 0 networks 
of a three-phase system for various faults apply also, to Fig. 17 for 
faults on the three-phase side. 

Faults on Two-Phase Side. For faults on the two-phase side between 
the conductors of phase .4, the a network at the fault point in Fig. 17 
is short-circuited to zero potential for a network." If the fault is 
between conductors of phase B, the j8 network is short-circuited to 
“ zero potential for network." If all four conductors are faulted, 
the a and networks are both faulted to their zero potentials. 
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Three-Phase System and Two-Phase Three-Wire System. Fig- 
ure 18 shows the a, and 0 equivalent circuits for the three-phase and 
two-phase three-wire systems connected by an ungrounded Scott- 
connected transformer or autotransformer bank. Two two-phase 
synchronous machines are indicated, one at Q and one at 2?, with a 
two-phase three-wire transmission line between Q and 2?. The a and P 
circuits are mutually coupled through the reciprocal mutual impedance 



Fig. 18. Per unit a, /S, and 0 equivalent circuits for three-phase and three- wire 
two-phase systems, connected by ungrounded Scott-connected transformer or auto- 
transformer bank between P and Q, 'and having equal positive- and negative- 
sequence machine reactances. 

Zab of the two-phase three-wire transmission circuit with grounded 
or ungrounded neutral conductor. Assuming Zi = Z 2 in the syn- 
chronous machines, there is^nb other coupling between the a and P 
networks. The self- and mutual phase impedances Zaai Zbb^ and 
Zab = Zba of a three-wire two-phase transmission circuit with 
grounded or ungrounded neutral conductor are evaluated in Chapter 
XI, equations [107H108]. (See also Chapter IX, [22H28].) 

Faults an the Two-Phase Side. As the equivalent circuit of Fig. 18 
corresponds to the physical arrangement of the conductors on the two- 
phase side, faults involving conductors A, B, N or ground on the two- 
phase side can be represented by directly connecting the conductors 
involved. With a multigrounded neutral conductor, Zab represents 
the equivalent impedance of the grounded and neutral conductor in 
parallel. 
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Faults on Three-Phase Side. Figure 18 can also be used for deter- 
mining currents cind voltages during faults on the three-phase side. 
The connections given in Fig. 9 for studies on the a-c network analyzer 
axe directly applicable. Instead of using Fig. 18 with the a and j3 
circuits directly connected through the mutual impedance a 

mutual coupling transformer can be used to obtain this mutual connec- 
tion. In an analytic study, all the connections given in Fig. 8 are 
applicable if the alternative connections of the networks for Cases II (c), 
III(c), and IV(c) and not the first-mentioned connections are used. 
These connections require direct connection of the zero-potential 
busses of the o and |3 networks which are already directly connected, 
because of the mutual impedance Zjib- Taking this precaution, no 
untrue current or voltage relations will be introduced by the fault 
connections of Fig. 8. The multiplier for generated jS voltages and 
self-impedances in the /3 and 0 networks will be the same as those given 
in Fig. 8; the multiplier for the mutual impedance which occurs 
in three impedance branches in Fig. 18, will be the same as that for 
generated /3 voltages. 


AVERAGE POWER 

t 

The average power at any point in a three-phase system in terms of 
per unit a, /3, 0 components can be determined from [39] of Chapter II, 
which gives the average power in per unit of three-phase base power in 
terms of per unit symmetrical components of current and voltage. 
Replacing |F||I| cosd by the dot product V • I and the symmetrical 
components in this equation by their values in terms of a, /3, 0 com- 
ponents from [18], 

P = Val • lal + Va2 • Ia2 + VaO ' laO 

= i(F. -b jVp) ■ (7« + jiff) +UVa- jVff) ■ (7„ - jiff) -h Fo • 7o 

Expand the above equation, noting that if two vectors are rotated 
through the same angle their dot product is unchanged — for example, 
(jVff) • {jiff) = Vff • Iff. The average power is 

P = h{Va -la+Vff- Iff) + Fo • 7o 

= i|FJ|7«| cos Ba-\-^\Vff\\Iff\ cos -b |Fo||7o| cos Bo [77] 

where P is the average power in per unit of three-phase base power, 
base power being numerically equal to base kva; Ba, Bff, and Bo are 
the phase angles by which 7*, Iff, and lo lead F®, Vff, and Fo, respec- 
tively. 



[Ch. X] MERITS OF ALPHA, BETA, ZERO COMPONENTS 


361 


MERITS OF THE a, P, 0 SYSTEM OP COMPONENTS 

In power systems in which the positive- and negative-sequence 
impedances of rotating machines can be assumed equal, use of a, jS, 
and 0 components entails far less work in analytic solutions than the 
use of symmetrical components. They provide simpler equivalent 
circuits because the mutual impedances between component networks 
resulting from unsymmetrical static circuits, if not zero, are reciprocal. 
This is not the case with symmetrical components. When symmetrical 
components are to be used, the self- and mutual impedances in the 
sequence network can often be derived from a. P, and 0 self- and mutual 
impedances more simply than by direct determination, a, 0 com- 
ponents provide a point of view which is helpful in visualizing a prob- 
lem even if it will eventually be solved by symmetrical components. 
In an unsymmetrical circuit, where the impedances of two phases are 
equal, or two phases are symmetrical with respect to the third phase, 
a and components give an almost immediate solution to many simple 
problems which require appreciable time by other methods. This is 
illustrated in the following problem : 


Problem 1. Balanced voltages are applied from a grounded source through zero 
impedance to the terminals of a circuit consisting of three capacitors connected in 
ungrounded Y. Two of the capacitors are equal. The three capacitive impedances 
are — jz, — jy, and — jy. Determine the currents in the three phases and the voltage 
above ground of the neutral of the ungrounded Y. 

Solution, Let Za =* — jz; Zi, — Ze — —jy; and Ea = voltage applied to phase a. 


The applied a voltage is Ea. 


The a impedance is % 




SEa . SEa 
2Za Zb ^ 2x y 


The applied jS voltage is — jE®. The impedance is Zb. 

r Eo 


The voltage V« at the neutral is 





2Z. + Zt 




y - * 

2x + y 
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Problem 2. Figure 6(a) gives an equivalent circuit for the case of reciprocal 
mutual impedances between the a, 0 networks, (a) Draw a different equivalent 
circuit of this type for use in analytic work, (b) Make a diagram for this case with 
mutual impedances obtained with mutual coupling transformers for use on an a-c 
network analyzer. 

Problem 3. Table I gives relations between the a, jS, 0 voltages and currents at 
the fault for various types of fault through zero impedance. Prepare a similar table 
with impedance Z/ in the fault. Determine the phase currents flowing into the fault 
and the voltages to ground at the fault in terms of Z/, V/ (the prefault voltage of 
phase a at the fault) and Z^, Zp, Zq the a, /S, and 0 impedances, respectively, viewed 
from the fault. Compare with Table I, Chapter IV, with Z 2 replacing Z\ and 
Za ^ Zfi ^ Zi. 

Problem 4. Draw equivalent circuits showing direct connections between a, fi, 
and 0 component networks (or modified networks) which satisfy the equations of 
Table II, Cases 1(6) and (c) and 11(6) and (c). 

Problem 5. Solve Problem I, Chapter VIII, by means of a, j9, and 0 components. 
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CHAPTER XI 

IMPEDANCES OF OVERHEAD TRANSMISSION LINES 

If the conductors of a three-phase transmission line could be so 
arranged that they were equally distant from each other and at the 
same time equally distant from the ground and all other circuit ele- 
ments carrying current, the circuit would be a symmetrical one and the 
positive-, negative-, or zero-sequence inductances and capacitances 
would be the same for each of the three phases. Although such an 
arrangement is not possible, the average values of the sequence con- 
stants for the three phases can be made approximately equal by means 
of transpositions. Even with complete transposition, where each 
conductor occupies each tower position for one-third the total distance, 
since currents and voltages vary along the line, exact symmUry is not 
obtained. However, the use of avereige constants for a completely 
transposed line will give satisfactory results for the usual transmis^on 
line problems. Moreover, in many system studies involving trans- 
mission line performance where the lines are untransposed, sufficient 
precision is obtained by assuming the sequence inductances and capaci- 
tances of each of the three phases equal to their average values. 

Occasionally problems eU’ise in which it is necessary to determine 
currents and voltages in an untransposed or incompletely transposed 
line to a greater degree of precision than is possible by the assumption 
of identical sequence constants for the three phases. For example, the 
negative- or zero-sequence currents in an unsymmetrical, untransposed 
three-phase transmission linenmder normal operation cannot be deter- 
mined by the assumption of identical positive-sequence constants, as 
there would be no n^ative- and no zero-sequence currents under nor- 
mal operation if the positive-sequence constants were identical for the 
three phases. As explained in Chapter VIII, positive-sequence cur- 
rents flowing in an unsymmetrical three-phase circuit produce nega- 
tive- and zero-sequence voltages; therefore, even during normal 
operation, the positive-sequence network is mutually coupled with the 
negative- and zero-sequence networks, the negative- and zero-sequence 
networks also being mutually coupled. 

Unsymmetrical three-phase circuits are discussed in Chapter VIII, 
and unsymmetrical single-phase and two-phase circuits in Chapter IX. 
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The equations developed in those chapters for sequence self- and mu- 
tual impedances in terms of phase or conductor self- and mutual imped- 
ances will be evaluated for three-phase, two-phase, and single-phase 
overhead transmission circuits. These formulas, which give the 
impedances in ohms per mile, are applicable not only to short lines in 
which the effects of capacitance are negligible, but also to lines in which 
capacitance must be considered. Formulas for the sequence self- and 
mutual capacitances of overhead transmission lines are developed in the 
following chapter. In Chapter VI, lines with distributed constants are 
discussed and equivalent circuits developed to replace them in the 
sequence networks. 

Self- and Mutual Impedances of Linear Conductors. In develop- 
ing equations for the sequence impedances of overhead transmission 
lines and insulated cables, it is convenient to consider that each con- 
ductor (or circuit element carrying current) has a self-impedance which 
is independent of the positions of all other conductors, and a mutual 
impedance with each of the other conductors in the circuit or circuits 
under consideration. The self-impedance of a conductor, or the 
mutual impedance between two conductors, has but little significance 
when used alone. Current cannot flow in a conductor unless there is 
a return path. The self-impedance of a conductor, therefore, is alwiys 
associated with the mutual impedance between the conductor and some 
other conductor or conductors. 

Notation. Self- and mutual impedances will be indicated by Z with 
two subscripts. For self-impedance, two like subscripts, both refer- 
ring to the conductor, will be used; for mutual impedance between two 
conductors, the subscripts will indicate the two conductors. The 
spacing 5 between two conductors will likewise be indicated by two 
subscripts referring to the conductors. Resistance and reactance will 
be indicated by r and x, respectively. The mutual impedance between 
two conductors a and b with no part of their paths in common has no 
resistance component; at a constant frequency/, 

^aa “ + jxaa = + j2x/Loo = the self-impedance of conductor a 

and 

^ab = jxab = j^vfMab = mutual impedance between conductors a 

and b 

where L and ilf indicate self- and mutual inductances, respectively. 

In the Bulletin of the Bureau of Standards, Vol. 4, No. 2, pages 302- 
306, expressions are derived for the self- and mutual inductances of 
straight, cylindrical, parallel, non-magnetic, solid wires in a uniform 
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non-magnetic medium. These equations are based on a frequency 
low enough for the current distribution to be uniform over the cross 
section of the conductor, and are derived with the flux beyond the ends 
of the wires neglected, but with the variation in flux density along the 
length of the wire taken into account. When the length t of the wires 
is great in comparison with the diameter d and the spacing between 
wires s, these inductances are given approximately by equations [1] 
and [2] below. 

The total self-inductance in cgs units is 

( 4f 3\ 

log* ~ abhenries [1] 


The total self-inductance L of a conductor may be divided into two 
parts — the external inductance Lg resulting from the flux outside the 
conductor and the internal inductance Li resulting from the flux 
within the conductor. For any cylindrical conductor of diameter d, 
the external self-inductance is 


Lg = 2! 





abhenries 


[la] 


For a solid non-magnetic conductor, the internal self-inductance is 

Li = 5 abhenry per cm [16] 

Multiplying abhenries per centimeter by (2.540X12X5280X10“® =) 
0.16093 X 10“®, Li in henries per mile is 


Li = 0.0805 X 10“® 


[Ic] 


The internal self-reactance at a constant frequency / is 


Xi = IxfLi 



0.0303 ohm per mile 


[Id] 


The internal self-reactance^ of a hollow, non-magnetic, cylindrical 
conductor of internal and external diameters d,- and do» respectively, 
at a constant frequency / is 


Xi = 

w I + ^ ‘‘‘I 

Xi given by [\e] is less than Xi given by [Id]. Equation [le] reduces to 

[l d] for a solid conductor in which d* = 0. For a tube of infinitesimal 
thickness, Xi = 0. Figure 4 of Appendix B gives Xi calculated from 

[le] in terms of d,/do. 
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The above formulas apply to conductors of non-magnetic materials, 
such as copper, aluminum, and lead, in which the permeability is unity. 
For magnetic or partly magnetic conductors, resistance and internal 
reactance at a given frequency and temperature vary with current. 
The wire tables of Appendix B give the internal reactance the resist- 
ance r at 2 S"C, and outside diameter d of various commonly used con- 
ductors at frequencies of 25 , 50 , and 60 cycles. Skin effects and the 
effects of spiraling are included, and, where resistances and internal 
reactances vary with current, r and Xi are given for several values 
of current. 

The mutual inductance M between two parallel cylindrical wires of 
length / in a non-magnetic medium with spacing ^ between their 
centers is 

if = 2/ Aog, “ ~ abhenries [2] 


The mutual inductance^ between a hollow conductor of inner and 
outer diameters d,- and do> respectively, and a concentric int^or con- 
ductor (solid or hollow) is 


r 4f 4 do n * 

if = 2/ log, .2 - -ji log, 7- - X 1 abhenries (2a3 


For an outer conductor of infinitesimal thickness, dt = do, the second 
term in {2a] becomes — f , and [2a] becomes 

if = 2f ^log, ^ ~ abhenries [ 26 ] 


Comparing equation [ 26 ] with [la], the mutual inductance between the 
outer and inner conductors, neglecting thickness of outer conductor, 
is the same as the self-inductance of the outer conductor. 

With an inner conductor a and an outer conductor w, current in w 
(with no current in c) produces flux external to w, which links both a 
and w. No flux is produced within a hollow conductor by current 
flowing in that conductor. The resultant flux in the cross-sectional 
area of the hollow conductor w produces the internal reactance given 
by [Is]. All this internal flux links a, but only part of it is effective in 
Unking w. The mutual inductance between a and w is therefm'e larger 
than tile self-inductance of w, but the difference is very slight. As a 
dose approximation, the total inductance L^w of w and the mutual 
inductance ilfaw between a and w can be assumed equal and calcu- 
lated from [la], with d replaced by the average of the inna* and outar 
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diameters and d© of w, giving 

/ 4f \ 

= Mav> = 2f ^loge ^ abhenries [2c] 

The equations for self- and mutual kHiuctances of conductors, given 
above and listed in electrical engineering handbooks, can be us^ to 
determine the self- and mutual impedances associated with (1 ) positive- 
sequence currents in a two-wire single-phase circuit, (2) positive- and 
zero-sequence currents in a single-phase or two-phase three-wire circuit 
with ungrounded neutral conductor, (3) positive- and negative- 
sequence currents in a three-wire, three-phase circuit without ground 
wires, (4) positive-, negative-, and zero-sequence currents in a four- 
wire three-phase circuit with ungrounded ^neutral conductor. In 
applying these formulas the effect erf the presence of the earth on the 
impedances is neglected. It will be shown later that the earth has but 
little influence on impedances to currents of any sequence when the 
sum of the currents in all circuit elements, measured in the same direc- 
tion, is zero. 

Two-Wire Single-Phase Circuit. Neglecting the presence of the 
earth, with positive-sequence currents lai and hi (* —/ai) flowing 
in the same direction in conductors a and 6 of a single-phase circuit, the 
impedance voltage drops in phases a and b in the direction of current 
flow are 

Va * ^al^aa hl^ah ^ ~ ^ab) 

Vh ^ hlZbb hlZab = — Zat,) 

Resolving Va and Vh into their positive- and zero-sequence symmetrical 
compK>nents by [6] of Chapter IX, 

Fal = - Vi) = + Zw - 2Z.6)/«1 = lalZu 

f (r. + Vi) = - Z,ft) - (Z» - Zai)]Ial = lalZoi 

With identical conductors, Zaa = Za and Zqi == 0; lai induces no 
volts^e in the zero-sequence network. The positive-sequence self- 
impedance is 

Zll = Zaa — Zai = r + j2irf{Laa — Mai) (3) 

Replacing Laa by its internal and external components Li and sub- 
stituting for Lt and M their values given by [lo] and [2], respectively, 
multiplying by 0.16093 X 10^ and 2ir/, and replacing log, by 2.3026 
l<^iOi ii^ ohms per mile is 

Zll “ f -f j ^0.2794 ^ logio 


W 
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The spacing between conductors s and the diameter d are expressed in 
the same units. The resistance r, the internal reactance Xi^ and the 
diameter d are given in Appendix B for commonly used conductors. 

The impedance of a single-phase loop is twice the impedance Zu 
given in [4]. 

Three-Wire Single-Phase or Two-Phase Circuit with Ungrounded 
Neutral Conductor. Comparing [3] above with Zn in [23] of Chapter 
IX with Zaa = -^66, the positive-sequence self-impedances of the two- 
wire and three-wire circuits are the same. The zero-sequence self- 
impedance and the mutual impedances between the positive- and zero- 
sequence networks, evaluated by means of [1] and [2], in ohms per 
mile are 

Zoo = ^11 + 2 l^rn + j ^0.2794 ^ logio ^ ^ J [5] 

= -Zoi =i0.2794;^ logic — 

OU 

where Zn is given by [4] and dn, rn, and Xin are the diameter, resistance, 
and internal reactance, respectively, of the neutral conductor n. If 
the neutral conductor » is equidistant from conductors a and bySan =* ^6ni 
and there is no mutual coupling between the positive- and zero-sequertce 
networks. 

Three-Wire Three-Phase Circuit. Neglecting the presence of the 
earth, with currents /«, /&, and Ic flowing in the same direction in con- 
ductors a, by and c, respectively, the impedance voltage drops in the 
direction of current flow are 


Va — laZaa ”1“ ^b^ab H” ^c^ac 

Vb = laZab + IbZhb + -fcZbc 


Vc = laZac + Ib^bc + Ic^cc 


With only positive-sequence current flowing, 

la “ ^ah ^b ~ ^ and Ic ~ ^IqI 

Substituting these values in the above equations and solving for the posi- 
tive-sequence impedances of the three phases (defined in Chapter VIII), 


Zai — 
Zbl = 
Zcl = 


Va^ 

lal 

Vb 

a^Ial 

Vc 

o/ol 


’ Zaa "I" O^Zdb oZae 
— Zbb + a^Zbc "t" dZ^ 
— Zee + d^Zac + dZie 



[Ch. XI] POSITIVE- AND NEGATIVE-SEQUENCE IMPEDANCES 369 


Substituting Zoi, and Zd from the above equations in [7] of Chap- 
ter VIII, 

Zn = J(Zaa + Zhh + Zee) — i(Za6 + Zac + Z^c) 

Z 2 I = ^{Zaa + CLZbb + O^Zec) + %{a^Zah + aZac + Zbc) [ 6 ] 

Zq\ = \{Zaa + CL^Zbh + dZec) “ \{(lZah + a^Zac + Z^c) 

Proceeding as with positive-sequence currents, with only negative- 
sequence currents in the circuit, 

Z22 = \{Zaa + Zbh + Zee) ““ ^(Zab + Zae + Zbc) 

Zl2 “ 'sCZaa “I" O^Zbh “f" (^Zee) "f“ “h CL^Zae ”h Zbe) [6tt] 

Z02 = ^(Zaa + 0 ,Zbh + CL^Zee) *“ ^{ci^Zab + C^Zae + Zbe) 

Replacing the impedances in [6] and [6a] by their resistance and 
reactance components and substituting for self- and mutual induc- 
tances their values from [1] and [2], the positive- and negative-sequence 
self-impedances and the mutual impedances associated with positive- 
and negative-sequence currents in an unsymmetrical three-phase trans- 
mission circuit are obtained. With identical conductors, Zaa = Zbb = 
Zee* 

Positive- and Negative-Sequence Self-Impedances. Zu and Z22 
of the unsymmetrical untransposed circuit with identical conductors, 
in ohms per mile, are 

Zii = Z22 = r + j (0.2794 ^ logic ^ + ».) [7] 

where 

s = ^ SaiSaeShe = equivalent A spacing = geometrical mean 
distance between conductors. 

The mutual impedance associated with the positive- and negative- 
sequence currents from [6] and [6o], in ohms per mile, are 

Zl 2 = f — 2 (•^06 + ^<K>) — ^“e)J 

= jO. 1 863 (logic — + J ~Y' [8] 

60 \ Sic 2 Sab/ 

Z21 = jO.1863 (logic - j I0810 [9] 

60 \ She ^ ^db/ 
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2o2 = -iZ 2 i = -j0.0931 ^ (logio - J ^ logio [10] 

60 \ Sbc 2 Sbc/ 

^01 = ““1^12 = —70.0931 ^^logio + i logio [11] 

60 \ 55c 2 55c/ 

It will be shown later that Zio = Z02 and Z20 = ^01 • 

Three-Phase Four-Wire Circuit with Ungroimded Neutral Con- 
ductor. Equations [ 13 ] of Chapter VIII give the sequence self- and 
mutual impedances of a three-phase circuit with neutral conductor in 
terms of the self-impedances of the conductors and the mutual imped- 
ances between them with the presence of the earth neglected. With 
identical conductors in the three phases but the neutral conductor not 
necessarily the same as the phase conductor, if the conductor self- and 
mutual inductances are replaced by their values given by [ 1 ] and [ 2 ] 
and the equations expressed in ohms per mile, the positive- and nega- 
tive-sequence self-impedances Zn = Z22 and the mutual impedances 
Z12 and Z21 between the positive- and negative-sequence networks 
(which are independent of the neutral conductor) are given by [ 7 ], 
[ 8 ], and [ 9 ], respectively. The self-impedance Zoo and the mutual 
impedances Zio = Z02 and Z20 = ^01 In ohms per mile may be c<yi- 
veniently expressed in terms of Zn, Z12, and Z21 as follows: 

-2^00 = ^11 + 3(fn +jxin) +i0.8382 Ingio [12] 



where fn, Xin, and dn are the resistanc e, internal reactance, and diameter 
of the neutral conductor; ^ San^hnSen; ^55 = V SabSaeSbe; and 

^11* ^i2t and Z21 are given by [ 7 ]-[ 9 ]. Problem 7 deals with an unsym- 
metrical three-phase circuit with ungrounded or unigrounded neutral 
conductor. 

Symmetrical Three-Phase Circuits. For identical phase conductors 
placed at the vertices of an equilateral triangle, Sat = Sue — s^e — s. 
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In [8]— [11] and [13] and [14], with logio s/s = log 1 = 0, there will be no 
mutual impedances between the sequence networks resulting from 
positive- and n^ative-sequence currents. The positive- and n^ative- 
sequence self-impedances in ohms per mile are given by [7], where s is 
the actual spacing between the phase conductors. 

Completely Transposed Three-Phase Circuit. The positive- and 
negative-sequence impedances of a completely transposed circuit are 
the average impedances of the three phases to positive- or negative- 
sequence currents. They are, therefore, the same as the positive- and 
negative-sequence self-impedances of the unsymmetrical untransposed 
circuit given by [7]. Although there are mutual impedances between 
the sequence networks in sections between transpositions, the resultant 
mutual impedances between terminals are zero for the completely 
transposed circuit. 

Comparing [7] and [4], the positive- or negative-sequence self- 
impedance per mile of a three-wire or four-wire three-phase trans- 
mission circuit with equivalent A spacing s between phase conductors 
is the same as the positive-sequence self-impedance of a two-wire 
single-phase circuit or a three-wire single-phase or two-phase circuit, 
with spacing s between the two phase conductors. 

Reactance charts in terms of spacing r between conductors are given 
in Appendix B. These charts give the positive- or negative-sequence 
self-reactance of a three-phase circuit, the positive-sequence (or equiva- 
lent reactance of one conductor) of a two-wire single-phase circuit, and 
the positive-sequence self-reactance of a three-wire single-phase or twc- 
phase circuit. 

In many problems involving unsymmetrical untransposed trans- 
mission lines, the mutual impedances between the sequence networks 
can be neglected without appreciable error. This is illustrated in 
Problem 6. Since this probj^ involves zero-sequence self-impedances 
and the mutual impedances associated with zero-sequence currents 
which return in the earth, it will be considered after formulas for these 
impedances have been developed. 

Self-Impedance of a Conductor with Earth Return and Mutual 
Impedance between Two Conductors with Common Earth Return. 
Any method of calculating currents and voltages during ground faults 
on transmission lines requires a knowledge of the impedances of the 
conductors with return paths through the earth. By means of tests, 
such knowledge was obtained and applied to the solution of unsym- 
metrical short-circuit problems before the 2 idvent of symmetrical com- 
ponents. Dr. W. W. Lewis® gives results of tests made in 1915, 1921, 
and 1922 to determine the impedances of one, two, and three conduc- 
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tors with earth return . These tests were made on three different power 
systems, with different sizes of .conductors and spacings between con- 
ductors. When symmetrical components were first applied to the 
solution of unsymmetrical faults, empirical formulas® based on tests 
were developed giving the zero-sequence impedance of a transmission 
line as a function of the distance below the earth’s surface of the return 
path for zero-sequence currents, this distance to be estimated from 
local soil conditions. The return path was taken farther below the 
earth’s surface for dry or rocky soil than for moist soil. 


f 




(a) 


Conductor b 


Conductor 0 


Vb 6Eo 


i 


■ST / / / / t // S 

Iq — 

(b) 


Fig. 1. Impedances with earth return from tests, (a) Self-impedance of a con- 
ductor with earth return, (b) Mutual impedance between two conductors with 

common earth return. 


Carson’s Formulas. In 1926, Dr. John R. Carson^ gave equatfcns 
for the self-impedance of a conductor with earth return and the mutual 
impedance between two conductors with common earth return, from 
which the various factors influencing these impedances cem be evalu- 
ated. The equations are based on an earth of uniform conductivity, 
semi-infinite in extent, terminated by a plane parallel to the conductors. 

Figure l(o) shows how the impedance of a conductor with earth 
return is obtained by test. A voltage to ground E is applied at one 
end of the conductor a with the other end grounded, and the current is 
measured. Using the additional subscript g to indicate grormd 
return, Zaa-o = E/I. From Fig. 1(6), the mutual impedance between 
two conductors a and 6 with common earth return is obtained by apply- 
ing a voltage to ground Ea at one end of conductor a with the other end 
grounded, and measuring the current in conductor a and the voltage 
Vb between conductor 6 and ground with one end of conductor 6 
grounded. ThenZoi,_j= Vb/Ia- 

Zaor-o and Zab-g are expressed in terms of their resistance and 
reactance components by the following equations: 

^aa — g ~ (^e + Raa—g) + d" Xoo-j) [15] 

Zab—g ~ Eab—g “I" jXab—g [15] 

In [15], Tc and x,- are the resistance and internal reactance, respectively. 
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of the conductor; Raa—g and Xa^—g are the resistance and reactance, 
respectively, of the component of self-impedance with earth return 
external to the conductor (here conductor o); in [16], R^g and 
Xah-g are the resistance and reactance, respectively, of the mutual 
impedance with common earth return between two conductors (here 
conductors a and 6). 

If Tg, Xf, Rga — gi Xaa — gt R<A—gt and a are expressed in ohms per 
mile, Zaa-g and Zah-g will be in ohms per mile. Raa-g, Rab-g, Xaa-g, 
and Xah-g, which are functions of frequency, earth resistivity, diame- 
ter of conductor, spacing between conductors, and heights of con- 
ductors above ground, are given in ohms per mile by equations [30]- 
[37]. 

Development of Equations [30H37] Which Express Raa-gy Rah-gt 
Xaa-gt and Xab-g in Ohms per Mile. Carson’s formulas* for self- 
impedance with earth return and mutual impedances with common 
earth return in absolute units are 


Zoo-a = z +i2« log. 4ca(P + jQ) = (r. -|- Raa-g) 

-\~j(.Xaa—g + *») [15a] 

Zab—g ~ j2ca 10g« ~ -[- 4w(JP -j- jQ) — Rab—g "I" jXab—g [16a] 

where 

z = Tg + jxi — conductor internal impedance in abohms per 
centimeter 

ha, hh = height above ground Of conductors a and b, respectively, 
in centimeters 

d = diameter of conductor in centimeters 
s = distance between conductors in centimeters 
5 = distance from oiie^conductor to the image of the other, 
assuming a perfectly conducting earth, in centimeters 
ca = 2irf 

where/ = frequency in cycles per second. Then 
Raa-g = 4«P in abohms per centimeter 
Rgb-g — 4«P in abohms per centimeter 
4A 

Xaa-g = 2w It^, — -|- 4«0 in abohms per centimeter [17] 
d 

5 

.X’oft-a = 2ca log. — h 4«0 in abohms per centimeter 
s 
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P and Q are given in equations [32] and [33] of the reference paper^ 
as functions of infinite series in terms of r (here replaced by k) and B. 
P and Q have the same form for self- and mutual impedances, but k 
and $ have different values for the two cases. 

For self-impedance : k = 4Tha‘^2\f; d — 0 [18] 


For mutual impedance: k = IwSab^^Xf; 6 = Cos ^ 

_1 Hba 


kg + hb 
Sab 



= Sin 


3a6 


[19] 


where X is earth conductivity in abmhos per 
centimeter cube; h and S are in centimeters; 
6 for mutual impedances is the angle formed 
between lines drawn from a conductor to its 
own image and the image of the second conduc- 
tor, assuming a perfectly conducting earth. (See 
Fig. 2 for 5 , 5, A, and H.) 

Fig. 2 . Diagram show- The series in the equations for P and C<are 
ing conductors a and b rapidly converging for the values of k associated 
with their images, the with overhead transmission lines at frequencies 
angle d, and distances s, or less. The following equations 

5, , and H, give P and Q to less than 1% error for values 

of k up to unity. 


"-i- 


+ 


/ 2 \ 

;= k cos B + — cos 2B ( 0.6728 + loge 7 ) + 77 ^ si 
16 \ k/ 16 

cos 4^ 


3V2 

cos 


sin 26 


45\/2 


1536 


[ 20 ] 


, 2 1 

Q = —0.0386 + ^ loge ^ ^ ^ 


cos 2B ^ cos ZB 


B sin 40 cos 40 


64 


45V2 


384 


384 


^log. I + 1.0895^ 


[ 21 ] 


If h and S are expressed in feet, and X, the earth conductivity in 
abmhos per centimeter cube, is replaced by lO^^^/p, where p = resis- 
tivity of earth in ohms per meter cube, values of A for self- and mutual 
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impedances are given by the following equations: 

For self-impedance: k — 4irAo(30.48) ^ 

4 


375 


= 1.713 X 10~® ha 


[221 


For mutual impedance: k = 2ir5(30.48) . 

= 1.713 X 10“®^ 


[231 


From [22] and [23], k varies directly with h or 5, directly as V/, and 
inversely as \/ p. The following examples indicate the values of k 
which may be encountered in overhead transmission lines at 60 cycles. 


For / = 60, 

A or “ = 80 feet, 

P = 100; 

For / = 60, 

s 

A or ~ == 40 feet, 

P= 5: 

For / = 60, 

1 = ISO feet. 

p = 10: 


For a lower frequency or higher earth resistivity, k will be lower than 
the value given above for the same k or 5. For an earth resistivity of 
100 ohms per meter cube or more and a frequency of 60 cycles or less, 
k for the conventional overhead transmission circuit will not be greater 
than 0.2 for self-impedances or for mutual impedance v/hen the con- 
ductors are in the same circuit; 

The number of terms that need be retained in P and Q for determin- 
ing self- and mutual impedances depends upon the magnitude of k and 
the degree of precision required in the calculations involving them. In 
calculating mutual impedance, the value of $ must also be considered 
when k is relatively large. The large number of terms in [20] and [21] 
for F and Q are included for the rare cases where values of k of 1.0 or 
higher are encountered; as, for example, when self- and mutual imped- 
ances with ground return are required in the calculation of high har- 
monic currents and voltages. For frequencies of 60 cycles or 1^, it is 
convenient to use the first term in [20] and the first two terms in [21] 
to represent P and Q, respectively, the other terms in the equations to 
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be applied as corrections. P and Q may then be written 

P = ^ + AP [24] 

Q = -0.0386 + \ log* 7 + AO , [25] 

K 


Substituting [24] and [25] in [17] and replacing k by its values from [18] 
and [19], in absolute units 


4co 



-j- ARaa — g 


+ ARaa—o 


[26] 


Rab—a ““ 4a) ( g 1 ^Rab-^g ““ “TT / 4“ ARaa—g 


Xaa-, - 2« (log* 0.0772^ + AXaa-0 

= 2a) logc 


' dVfW I t, 
0.208 


AX, 


aa-^g 


0.208 

^ab—g “ 2a) loge /- t - H“ ^^ab—g 


Sab^ 


[27] 


[28] 

[29] 


To express [26]-[29] in ohms per mile, they are multiplied by 
0.16093 X 10”^; d in centimeters is replaced by its length in inches 
multiplied by 2.540, ^ in centimeters by its length in feet multiplied by 
30.48; X is replaced by 10“^^/p, where p is in ohms per meter cube. 

The values of Raa-g, Rab—g^ Xaa^g, and Xab^g in ohms per mile to be 
substituted in [15] and [16] to give Zaa-g and Zah-g in ohms per mile are 


= 10-®w (0.2528) + ARaa-g 



[30] 

Rgb-g = 10-3«(0.2528) + MU-g 



[31] 

Xa^g = 10-®« ^0.74113 logic 

3. 4944 j 

1 + AXad^g 

[32] 

Xgb-g = 10-8(0 (o.741 13 logic 

^+2.47is) 

+ AXab-^g 

[33] 


where d = diameter of conductor in inches; s = spacing between 
conductors in feet; p = earth resistivity in ohms per meter cube; 
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w = 27rf; f = frequency in cycles per second; and the terms AR„a_e. 
^Rab-g, ^aa-Qf and AXab-g are given in ohms per mile by the follow- 
ing equations for values of k up to unity, where k is defined in [221 and 
[23]: 

^( 3.360 + 

I 5.084 a / ff 1.133, 4/^1 

10^® *“p\p 10*3 134] 

4 r ^-299 [f ^ « 

+ '5“cos 2fi^3.661 

‘J, 


ARab—g — 10 


2.951 / 


6.355 


+ 1^ 10** 


53 cos 36 


7-084 f ^ ,1 

y)] 

AXab-g = 10-*o, 5 cos fl - ^53 cos 26 

-I [l 

pVp 


6.355X 
10 


53 cos 36 


9.020 f 
10 *» p3 


[351 


[36] 


S*6 sin 40 




where h and 5 are in feet and 6 = cos' 


ha + hb 


Sab 



It will be noted that with the corrections given by [34H3 7] omitted, 
[30]-[33] are independent of conductor height above ground. 

Neglecting the terms in ARaa^g and ARab^gy after the first, results in 
an error of about 2% in Raa^g and Rab-^g if ^ = 0.2, and an error of the 
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Fig. 3(c). 60-cycle mutual reactance between two conductors with earth return. 
Height of conductors above ground neglected. 



Fig. 3(d). Corrections to 60-cycle self- and mutual reactances to account for 
height of conductors above ground. 

p ^ earth resistivity in ohms per meter cube 
ff * horizontal spacing between two conductors in feet 
(H * 0 for self-impedance) 
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order of 15% if = 0,6. Raa-g and Rah^g^ for frequencies of 60 cycles 
or less, are less than 0.1 ohm per mile. In calculating Zaa—g^ Raa^g is 
added to the line resistance rc, which, except for lines with resistance 
less than 0.1 ohm per mile, reduces the error in the resistance com- 
ponent of Zao-g by more than half the errors given above. Moreover, 
the resistance components Raa-g and Rab-g must be combined with the 
reactance components Xaa-g and Xab—g to give the self- and mutual 



Fig. 4(a). 50-cycle self- and mutual resistances of the earth. 

p = earth resistivity in ohms per meter cube 
H = horizontal spacing between two conductors in feet 
(ff = 0 for self-impedance) 

impedances Zaa-g and respectively. In systems with a fre- 

quency of 60 cycles or less, where the zero-sequence impedance of the 
transmission line is only part of the total zero-sequence impedance, the 
error in neglecting terms after the first in ^Raa-g and ARah^g is but 
slight. In fact, ARaa^g and ARah^g may be neglected in most system 
studies with satisfactory results. 
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Neglecting the terms in AXac^g and AXab-g, after the first, results 
in an error of less than 0.1% in Xaa-g or Xab-g if k = 0.2 and less than 
3 % if k = 0 . 6 . If AXaa—g and AXab—g are neglected entirely, the 
error in Xaa-g and Xab-g with k = 0.2 will be approximately 2%; with 
k = 0.6, approximately 20%. 



Fig. 4(6). 50-cycle self-reactance external to the conductor. Height of conductor 

above ground neglected. 



Fig. ^( c ), 50-cycle mutual reactance between two conductors with earth return. 
Height of conductors above ground neglected. 


Retaining the first term in ARaa-a» ^aa-gf and the 

following equations giving Raa^gt Rab-g* ^aa-^g* and Xab^g in ohms per 
mile, where d is in inches, ha and A5 in feet, and p in ohms per meter 
cube, will be found satisfactory for the usual transmission line at fre- 
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quency of 60 cycles or less. 

R^g = 0.00159/ - 1.63 X iOr^ha/J^ 


Rab-g = 0.00159/ - 1.63 X 

2 \p 




138] 

[39] 


Xaa-g = 2irf X 10-^ 


j^O.7411 


l<«io ^ — logio >//^ 


+ 3.4944 + 0.00026A, 




[40] 


-X’od— a = 27r/ X 10' 


1-3 


j^O.7411^1 


lc«10 ^ - logic V/^ 


+ 2.4715 + 0.00026 


kg + h ^/J 


[41] 



Fig. 5(a). 25-cycIe self- and mutual resistances of the earth. 

p = earth resistivity in ohms per meter cube 
H » horizontal spacing between two conductors in feet 
(£f = 0 for self-impedance) 

Resistance of the Earth from Curves. Raa-g in [15] is the resistance 
of the return path through the earth when a single conductor with 
earth return is considered. Rab-g in [16] is the resistance of the com- 
mon earth return path when the mutual impedance between two con- 
ductors is considered. From [30] and [34], Rao-p is a function of fre- 
quency /, earth resistivity p, and the height of the conductor above 
ground A. Rab-gt given in [31] and [35], is a function of /and p, average 
height above ground of the conductors + h), and the hmzontal 
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2S-CYCLE EARTH-RETURN CIRCUITS 


spacing between conductors H, if 6 is replaced by cos“^ (*« + h) /S » 
sin"^ H/S. Figures 3(a), 4(o), and 5(a) give R^a-g and R^g in 
ohms per mile at 60, 50, and 25 cycles, respectively, as infl ii«>nr«»d by 
earth resistivity and conductor arrangement, with all terms in 
and ARab—g given by [34] and [35] included. 


asSai SisSaBaiSai 

IhbbbsssssbsssssI 


Conductor diameUr-irKhos 

Fig. 5 (ft). 25-cycle self-reactance external to the conductor. Height of conductor 

above ground neglected. 




10 20 30 40 50 60 80 100 

Oistanco batwean conductors* feat 


Fig. 5(c). 25-cycle mutual reactance between two conductors with earth return. 
Height of conductors above ground neglected. 


Effect of Height of Conductors above Ground upon Self- and Mutual 
Reactances of Ground-Return Circuits. In [36] and [37] for AXaa-^g 
and AXab^g, respectively, are grouped terms in the self- and mutual 
reactances Jfoo-a and Xah-^gi which involve height of conductors above 
ground. These equations, plotted in Fig. 3(d), for a frequency of 60 
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cycles, indicate the magnitudes of these terms as functions of earth 
resistivity and conductor arrangement. For frequencies lower than 
60 cycles, AXaa-g and AXg^-g are approximately (//60)®^ times their 
respective 60-cycIe values. 

Self-Reactance External to the Conductor of a Conductor with 
Earth Return. Figure 3(b) gives Xaa-g, the self-reactance external 
to the conductor of the loop circuit consisting of a conductor with 
earth return as a function of conductor diameter d and earth resistivity 
p at 60 cycles. Figure 3(b) was plotted from [32] with AXaa-g neglec- 
ted. The internal reactance Xi of the conductor and AXaa-g from 
Fig. 3(d) are to be added to obtain total reactance of the loop circuit. 
Figures 4(6) and 5 (b) are the corresponding figures for SO and 25 cycles, 
respectively. 

Mutual Reactance between Two Conductors with Common Earth 
Return. Figure 3(c) gives Xab—gi the mutual reactance between two 
conductors with common earth return, as a function of spacing s 
between conductors in feet and earth resistivity p at 60 cycles, plotted 
from [33] with AXab-g neglected. Figures 4(c) and 5(c) are corre- 
sponding figures for SO and 25 cycles, respectively. 

Figures 3, 4, and 5, parts (b) and (c), are similar to charts for self- 
and mutual reactances drawn by Mr. J. E. Clem in 1931 but not pu\>- 
lished with his jjaper®; similar curves have been published® in which 
the terms involving conductor height above ground are included for an 
average height of 40 feet. 

ZERO-SEQUENCE SELF- AND MUTUAL IMPEDANCES 

Before determining the zero-sequence self-impedance and the mutual 
impedances between the zero-sequence network and the positive- and 
negative-sequence networks as defined in [7], Chapter VIII, reference 
for zero-sequence voltages and the zero-sequence equivalent circuit for 
a three-phase transmission circuit of negligible capacitance will be 
discussed. 

Reference for Zero-Sequence Voltages. If the earth had infinite 
conductivity, its potential at ail points would be the same. As its 
conductivity is finite, there will be a difference in potential between 
two given ground points when current flows between them. Zero- 
sequence equivalent circuits, based on Carson’s equations for the self- 
impedances of conductors with earth return and the mutual imped- 
ances between two conductors with common earth return, do not give 
differences in potential of ground points. To refer zero-sequence volt- 
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ages at various points of the system to a common ground point would 
require that the self- and mutual impedances of ground-return circuits 
be separated into equivalent self- and mutual impedances external to 
the earth and equivalent impedance of earth return. In Carson’s 
equations as given, such a separation has not been made,'^ nor is it 
required for determining zero-sequence currents and zero-sequence 
voltages at points throughout the system referred to ground at these 
points. The voltage at any point referred to the ground at that particu- 
lar point is usually of more interest than the voltage referred to some 



Fig. 6(a). Single-phase loop circuit, {b) Equivalent circuit for (a) to be used to 
determine I or the voltage across Zx,. 


arbitrarily chosen ground a distance away. In the usual system prob- 
lem, therefore, it is unnecessary to separate self- and mutual imped- 
ances with earth return into their component parts. Zero-sequence 
equivalent circuits with the identity of the ground-return path retained 
are discussed at the end of this chapter. In the following discussion, 
zero-sequence impedances and zero-sequence equivalent circuits are 
based on self- and mutual impedances of conductors with earth return. 

In terms of self- and mutual impedances, the zero-sequence network 
is analogous to the loop circuit shown in Fig. 6(a), where a single-phase 
voltage V is applied between points O and O’ and the same current I 
flows in both conductors.^'l'he current I and the voltage between P 
and are the same in Fig. 6(6) as in Fig. 6(a). Therefore, if the 
impedance Z = {Zaa + — 2Z05) is given, it is unnecessary to know 

the values of the separate impedances Zaai ^bht and Zab or the equiva- 
lent impedances (Zaa — ^ab) and (Z^b — ^ab) to determine the current 
or to determine the voltage at P referred to It should be noted, 
however, that the voltage between 0 and P or between O' and P' 
cannot be determined from Fig. 6(6). 

Zero-Sequence Equivalent Circuit in Which Voltage to Ground at 
Any System Point Is Referred to Ground at That Particular Point. 
A zero-sequence equivalent circuit similar to Fig. 6(6) is shown in Fig. 7 
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for a symmetrical three-phase transmission line between 0 and P. 
Zo, the zero-sequence impedance per phase, is placed between 0 and P, 
with no impedance in the return path. The ground points at 0 and P 
are represented as zero-potential points. The voltages at 0 and P 
in Fig. 7, referred to the zero-potential bus, are the zero-sequence volt- 
ages at 0 and P referred to the ground at 0 and P, respectively. 


Zero-PotentiolBu^or 
Zaro-Sequence Network 


0 Zo p 

qrrvrvwv ■■■■ « 



Fig. 7. Zero-sequence equiv- Fig. 8. Zero-sequence currents 

alent circuit for transmis- flowing from P to Q and returning 

sion circuit between 0 and P. in the earth. 


Determination of Zero-Sequence Self-Impedances and Mutual Imped- 
ances between the Sequence Networks When Voltages to Ground at 
Any System Point Are Referred to Ground at That Particular Point 

One Three-Phase Circuit. The zero-sequence impedances of the 
three phases a, 6, and c of a three-phase circuit will be indicated by 
^ao, ^bOf and Zco, respectively, and defined (see Chapter VIII) as the 
ratios of the voltage drops in the three phases to the currents in 
the corresponding phases with only zero-sequence currents flowing in 
the circuit. Figure 8 shows zero-sequence currents only flowing in the 
three phases of a circuit without ground wires. The three phases are 
connected at one end and grounded; Va and Vc are the voltage 
drops in phases a, 6, and c, respectively, in the direction of current flow 
indicated by arrows. 

No Ground Wires, The voltage drops in the three loop circuits, each 
consisting of conductor and ground, in Fig. 8 are 


Fa = Zao(^aa— 0 H” ^ab—g "1“ ^ac—g) 

Vb ~ ^aoi.^bb’—g "4" Zab—g H” ^bc—g') 
Fc ~ /ooC^ce— a “f* ^ae^g ■f" ^be—g) 


[ 42 ] 
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b, and c are 


[43] 


Substituting Zao, and Zeo from [43] in [7] of Chapter VIII, the 
zero-sequence self-impedance Zoo and the mutual impedances Zio 
and Z 20 are 

Zqo ~ "I" ^bb—g H” Zee — g ) + I i^ab-g + Zac^Q “i" ^6c—a) [44] 

^10 “ sC^ao — (7 dZin^g O^Zec—g) ^(S^^Zah—g “h dZac-^g Zjfc^g) 

[45] 

Z 20 = 3 i^aa—g "H O^Zi^g -j- aZee—g) 3 idZab—g "h O^Zae—g H" Z^e—g) 

[46] 

Zero-Sequence Self-Impedance of a Three-Phase Circuit without 
Ground Wires. Equation [44] gives Zoo. the zero-sequence self-imped- 
ance of an unsymmetrical untransposed circuit or the average zero- 
sequence impedance of a completely transposed circuit, in terms of self- 
and mutual impedances of ground return circuits. With identical 
conductors in the three-phase circuit, Zaa-g, Z^i^g, and Zee-g, which 
are functions of frequency, conductor diameter, earth resistivity, and 
height of conductor above ground, differ only in the terms involving 
height above ground h. For equal conductor heights, they are equal. 
Figures 3(a) and (d) show the effect on earth resistance and self-react- 
ance, respectively, of varying h (with H = 0) for a given earth resis- 
tivity at a frequency of 60 cycles. Since the curves are approximately 
straight lines, the average'^v^ue of the three self-impedances with 
ground return when conductors are not at the same height above 
ground will be substantially that corresponding to the average height 
above ground of the three conductors. Therefore, 

^ ^ I Zf)f)m^g I Zee—g') ' (^c I I J g 

where Z^g indicates the average value of the three self-impedances 
with earth return and R^g and X'Si-g are determined for a conducts 
with h = iQia ■]“ ^6 “H he)t 11 = 0. 

The second term in [44] is twice the average value of the three 
mutual impedances Ztu^g, Zac=-oi and Zie^f. If ^ab-g (which is the 
sum of the terms involving height above ground) is neglected in 


From [42], the zero-sequence impedances of phases a. 


« ^ a rj 

^oO “ T “ ^CM -^0 “f“ Zab^g “h Z^ 
■*a0 


ac^g 


Vb 


^bO y ^bb^g I (7 ”i“ Zbe^g 

•^aO 

Vc 

^cO Y ^ cC“^g I Z (^c^g H Zbe-m.^g 

J-aO 
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[33], at a given frequency and earth resistivity, the mutual reactance 
depends upon 5, the geometric mean spacing between conductors. 

The average value of the terms in Zah^g, Zac-g, and Z^c^g 
involving height above ground will be approximately that corre- 
sponding to the average height of the three conductors and the aver- 
age horizontal spacing. Therefore, ^{Zah-g + Zac-.g + Z^c^g) = 
2Z’^g = 2{Rs:s-^g +jX-^g) ohms per mile, where is the aver- 

age value of the three mutual impedances with earth return and is 
determined with 5 = ^ SabSacSba h = ^{ha + h + he), and H = 

^{Hab + Hac + Hue)- 

The zero-sequence self-impedance in ohms per mile may be written 

Zqo ” ^00 4“ j^QQ ~ Zaa—g “h ^Z^b—g 

= {Tc + R^g + '^R^g) j{X-^g + IX'^^g -j- Xi) [47] 

where bars over the subscripts indicate average values. 

At 60 cycles, R^g and R^g can be read from Fig. 3 (a) correspond- 
ing to h — \{ha + hb + he), with i? = 0 for R^^g and H = 
\{Hah + Hac + Hbc) for R-^g. X-^g with conductor height neg- 
lected can be read from Fig. 3(6) corresponding to conductor diameter 
d and earth resistivity p. XaS-^g with conductor heights neglected dan 
be read from Fig. 3(c) corresponding to earth resistivity p and the geo- 
metric mean spacing between conductors 5. Figure 3{d) indicates the 
correction to X-^g and X-^g for various values of h and H at 60 
cycles. These terms are relatively small, and the difference in retain- 
ing or neglecting them in most problems is insignificant. 

The following problem illustrates the procedure in calculating Zoo 
from [47]. 

Problem 1. Calculate the zero-sequence self-impedance in ohms per mile of a 
three-phase, 60-cycle overhead transmission circuit of 4/0 copper, 19 strands, 10 feet 
horizontal spacing between adjacent conductors, height above ground of all con- 
ductors 40 feet, earth resistivity 100 ohms per meter cube. 

Solution, From Table II, Appendix B: 

d = 0,528 inch 

fc = 0.276 ohm per mile 

Xi = 0.034 ohm per mile 

From the given configuration: 

s - ■'5^10 •10-20 = 12.6 feet 
/t = 40 feet 

H = 1(10 + 10 + 20) = 13.3 feet 

From Fig. 3(a), with p = 100, k = 40 feet, and H = 0 and 13.3 feet for self- and 
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mutual reactance, respectively, 

Raor^o = 0.0924 ohm per mile 
Rcih-g = 0.0924 ohm per mile 

From Fig. 3(6), with p = 100 and d = 0.528 inch, 

(conductor height neglected) = 1.425 ohms per mile 
From Fig. 3(c), with p = 100 and s = 12.6 feet, 

X'^g (conductor height neglected) = 0.655 ohm per mile 

The corrections to allow for conductor height above ground read from Fig. 3(d), 
with p = 100, h == 40, and H — 0 and 13.3 feet for self- and mutual reactances, 
respectively, are 

AX'^^g = 0.003 ohm per mile 
AX^ff = 0.003 ohm per mile 

Applying these corrections, 

-SToo-a = 1.428 ohms per mile 
X'^g = 0.658 ohm per mile 

Substituting in [47], 

Zoo = 0.276 + 3(0.0924) + j[1.428 + 2(0.658) + 0.034] 

= 0.55 -1-^2. 78 ohms per mile 

Zero-Sequence Reactance Charts for Three-Phase Circuits without 
Ground Wires. Charts have been published** giving the zero-sequence 
self-reactance without ground wires of three-phase circuits at 25, 50, 
and 60 cycles as functions of earth resistivity and circuit geometric 
mean radius of separation in feet, defined as the cube root of the 
product of the geometric mean radius of the conductors and the square 
of the geometric mean distance between conductors. 

From [47], the zero-sequence self-reactance xqq in ohms per mile is 

^00 = -h Xi [48] 

Xaa^g and Xah-g are given by [32] and [33], respectively, with d in 
inches and s in feet. If Aaa-g and Aab-gy the terms involving con- 
ductor heights above ground, are neglected and the diameter of the 
conductors d in inches is replaced by twice its radius r in feet multi- 
plied by 12, the average self- and mutual impedances in ohms per mile 
are, respectively, 

= 2,r/10-® (o.7411 + 2.4715^ [49] 

= 2«-/10-» ^0.7411 logic 2.4715^ (501 
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where r *= conductor radius in feet; 5 = geometric mean spacing 
between conductors in feet. 

The internal reactance Xi of a conductor in ohms per mile is 
expressed® in terms of the ratio of its radius r to its equivalent self geo- 
metric mean radius gmr by the following equation in which r and gmr 
are in the same unit. 


Xi 


= 27r/10’-® 


^0.7411 logio 



[51] 


Wire tables in Appendix B give the internal reactance x,- in ohms per 
mile and the conductor self geometric mean radius gmr in feet, either 
of which may be czilculated from the other by means of [51]. 

Substituting [49], [50], and [51] in [48], xoo in ohms per mile, with 
terms involving heights of conductors above ground neglected, is given 
by the following equation, where gmr and s are in feet. 


. 0 . - (o.74U log.. (if + 7.414) 


= /(o 


01397 login 


■>y s^(gmr) 


0.0466^ 


ohms per mile [52] 


Figures 9(a), (6), and (c) (taken from reference 10) give xqoi the 
zero-sequence self-reactance of a single three-phase circuit without 
ground, wires at frequencies of 60, 50, and 25 cycles, respectively, as 
influenced by conductor sizes and materials, geometric mean spacing 
between conductors, and earth resistivity. In calculating Fig. 9, the 
average value of the conductor heights above ground h was taken as 
50 feet and the average horizontal spacing IT as zero. Figure 3(d) 
indicates that the correction for other values of A or JT at frequencies of 
60 cycles or less is insignificant for conventional three-phase circuits and 
the usu£tl values of earth resistivity. The total zero-sequence react- 
ance is given in the charts of Fig. 9 for a large number.of the commonly 
used conductors. These include stranded and hollow copper con- 
ductors, aluminum cable steel reinforced (A.C.S.R.) of both multiple- 
and single-layer types of conductors, and Copperweld conductors. 
For each of the conductors listed, there is a short horizontal mark or 
index which corresponds to the conductor equivalent self geometric 
mean radius in feet. The index for a conductor not list^ can be 
determined from its geometric mean radius in feet by interpolation 
between conductors of known geometric mean radii (see Appendix B) 





1 J- 

3 A 

4A 

__5A- 

6A- 

7A 

~ ~8A- 
- Copperw«ld ■ 


-Equivalent A spacing 


Fig. 9(o). 60-cycle, zero-sequence reactance of overhead transmission lines without ground wires, 
p = earth resistivity in ohms per meter cube 
Average height of conductors above ground, SO ft. 


Stranded 








Fig. 9(5). 50>cycle, zero>sequence reactance of overhead transmission lines without ground wires, 
p = earth resistivity in ohms per meter cube 
Average height of conductors above ground, 50 ft. 





Fig. 9(c). 2S-cycle, zero-sequence reactance of overhead transmission lines without ground wires, 
p = earth resistivity in ohms per meter cube 
Average height of conductors above ground, 50 ft. 
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with indexes given. For a slight change in gmr there is but a slight 
change in jcqo- . 

Zero-Sequence Reactance of a Three-Phase Circuit without Ground 
Wires Read from Figs. 9(a), (6), and (c). On the chart correspond- 
ing to the given frequency, first locate the index corresponding to the 
type of line conductor used ; follow horizontally across from this index 
to the diagonal line giving the equivalent A spacing of the conductors 
(the cube rdot of the product of the three spacings between con- 
ductors) ; from this point, move vertically upwards to the line corre- 
sponding to the average earth resistivity; then move horizontally to 
the left to read the zero-sequence reactance. (Note that the indexes 
for A.C.S.R. correspond to a current density of 1200 amperes per 
square inch; lower current densities give slightly smaller reactances.) 

Problem 2. Find the zero-sequence self-impedance per mile of a three-phase 
60-cycle transmission line consisting of three 4/0, 19-strand copper conductors spaced 
horizontally 10 feet apart, height above ground 30 feet, earth resistivity 1000 ohms 
per meter cube. 

Solidion, The average height above ground is 30 feet; the average hori- 
zontal^ spacing is J(10 “h 10 -f- 20) = 13.3 feet; the equivalent A spacing is 
“^J^IO X 10 X 20 = 12.6 feet. From Appendix B, Table II, r© = 0.276 ohm per 
mile. From Fig. 3 (o), = 0.0947 ohm per mile. 

roo — rc 4- Rm-g + ^Ra^-g — 0.276 4“ 0.284 == 0.560 ohm per mile 

From Fig. 9(a), the zero-sequence reactance read directly is xoo = 3.19 ohms per mile. 
The zero-sequence self-impedance Zoo = 0.56 -1-^3. 19 ohms per mile. 

Three-Phase Circuits with Ground Wires 

The self-impedance of a ground wire w with earth return and 

the mutual impedance Zaw^o between ground wire w and conductor a 
with common earth return are determined just as the self- and mutual 
impedance of conductors with earth return. Outside diameters of 
ground wires are, in general, smaller than conductor diameters and 
their resistances^nd internal reactances are higher. However, in some 
circuits ground wires of the same material as the conductor are used 
with diameters of the same size or only slightly smaller. The wire 
tables of Appendix B give resistances and internal reactances of some 
of the ground wires used in present-day overhead transmission circuits. 
In ground wires of magnetic materials, the resistances and internal 
reactances vary with the current in the wires. In such cases it is 
necessary to estimate the ground wire current before selecting the 
resistance and internal reactance to be used in the self-impedance of 
the ground wire with earth return. 

In developing equations for the sequence impedances of transmis- 
sion circuits with ground wires, it will be assumed that the ground wires 
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and earth are connected in parallel at the two ends of the section of 
circuit under consideration and that the ground wire current is uniform 
along the wire. Actually, ground wires are grounded at every tower, 
but the connection is through the tower footing resistance. There are 
many of these tower footing resistances in parallel between the ground 
wire and earth in a section of several miles. Measurements^^ made 
of currents in ground wires between towers 

show different values within the first few ^ ^ ^ 

tower lengths from a ground fault; but at ~ p 

greater distances from the fault, the ground -j 1 

wire current is substantially uniform along I — Iqq j 

the line. When the fault is a flashover be- j — ,.ioo p 

tween conductor and tower, there is only the t I I 

arc impedance between the faulted conductor | 

and the ground wire which is at tower poten- 

tial, but the path to ground is through the ill 

tower footing resistance. The ground wire - -==?— • 777777777777 1 '• 

therefore carries a larger proportion of fault 

current in the first tower length and also in Fig. 10. Zero-sequence 
the next few adjacent tower lengths than its currents flowing from P to 
average value. Since the equations given ^ returning in the 
here are based on the assumption of uniform 

ground wire current, the higher values of ground wire currents meas- 
ured near the fault will not be obtained from them. If there are 
two or more ground wires connected to a common ground at the 
ends of the line, the grounding resistance should be multiplied by 
the number of ground wires before being included in the self-imped- 
ances of the individual ground wires. 

One Ground Wire. With zero-sequence currents only flowing in 
the three phases of the circuit shown in Fig. 10, the voltage drops in the 
four-loop circuits consisting of the three conductors and the ground 
wire, each with ground return, are 


Fig. 10. Zero-sequence 
currents flowing from P to 
Q and returning in the 
ground and ground wire w. 


Va -faO ^ah — g “I” ^ac — “I” ^w^aw — g 

Vb = Iao(^bb-g + ^ab-g + Zbc—g) + I w^bw—g 

Vc ~ ^aoi^cC’—g “h Zac—g + Zbc—g) + IwZcw — g 
0 — I yjZ‘(jgy)^g “f” laoi^Zaw—g “f" Zbw—g + Zcw — g') 

From the last of the above equations. 


r _ T Zbtv—g "h Zcw^g ^ Z 

^ufw—g 


Zatp~-g 
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Zaw-'-o in [54] is the average value of the mutual impedances with 
earth return between ground wire and conductors and is determined for 
a spacing 5^, where 

Saw^hw^cv) = geometric mean distance between ground wire 
and conductors 


The proportion of total zero-sequence current returning in the ground 
wire is 


SlaO 


^aw—g 

Zy)y) — g 


[55] 


Replacing lyj in [53] by its value from [54] and solving for Zoo, 
and ZcQi 


= ^ + Zai-0 + Z^c-o - 3 Z„ 


■faO 

laO 


— g 
^aw—g 


Z 50 — j. — Zftft — g 4" ^ah—g "i” ^bc—g 5 Zi^yo—g 

^ww—g 

Zro = = ^cc-a + Zac-, + - 3 Zcc^, 

J-aO ^ww — g 


[56] 


Substituting [56] in [7] of Chapter VIII, in ohms per mile, 


-' 00— 10 


= Zoo “ 5 


Zxpw—a 


[57] 


^10— w 


= Z, 


02— to 


== — 


Zaw—g 


{Zaw — g 4" ClZi}h) — g + a2Z 

cw—g') [58] 


' 20—10 


= Zq\—w = -^20 “ 


Zaw—g 


{Zaw—g 4” flr 4” O'Z cw—g ) [59] 


where the additional subscript w indicates one ground wire w and Zqo, 
Zio, and Z 20 are given by [44], [45], and [46], respectively, with no 
ground wire. It is shown in [96] that Z 02 —W = -^ 10 — to and Zoi— to = 

Z 20 — to* 

It will be noted from [57]-[59] that the zero-sequence self-impedance 
^ 00 -to and the mutual impedances Zio^^, and Z 2 o-to of a three-phase 
circuit with one ground wire can be determined from Zqoi ^io» and Z 20 , 
respectively, the corresponding impedances without ground wire, by 
applying corrections which depend only upon the self-impedance of 
the ground wire with earth return and the mutual impedances between 
ground wires and conductors with common earth return. 
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Problem 3. Find the zero sequence self-impedance in ohms per mile of the circuit 
given in Problem 1 with one ground wire 8 feet above the center conductor, (o) The 
ground wire is f inch high strength steel. Assume the current in the ground wires to 
be such that its resistance is 6.03 ohms per mile and internal reactance 0.61 ohm per 
mile, (b) The ground wire is 00 copper. 

Solution. 

Zoo = 0.55 4“i2.78 ohms per mile (from Problem 1) 
p = 100 ohms per meter cube 
sss = + 8*) = 10.9 feet; A = 48 feet 

(a) f inch high strength steel ground wire: d„ = 0.375 inch; s = 6.03 +j0.61. 
From Figs. 3 (a), (5), and (c), respectively, in ohms per mile, 

Htcu-t, = JfeS-e = 0.092 
~ 1.47 
= 0.675 

Zaw-g = (6.03 + 0.09) + j(1.47 + 0.61) - 6.12 + j2.08 = 6.45 /lS.S° 

ZSS-B = 0.092 + jO.675 = 0.682 /82.2° 


Substituting Z^a-g and Z^;i-.g in [55], 

_/„ 0.682 /82.2° 
“ 6.45 /18.8° 


0.106 763.4* 


The second term of [57] is 


= -3 


(0.682 /82.2°)^ 


- -o.2« 

-(-0.18 +i0.12) = 0.18 - i0.12 


Adding the correction 0.18 — j0.12 to Zoo, 

Zoo-w = (0.55 +72.78) + (0.18 — 7*0.12) = 0.73 +7*2.66 ohms per mile 

With the given steel ground wire, approximately 10% of the zero-sequence current 
flowing in the three conductors returns in the ground wire; the effect upon the zero- 
sequence self-impedance calculated without ground wire is to increase the resistance 
component and to decrease the reactance component. Both effects are relatively 
small, and the error in neglecting the presence of a steel ground wire will not be serious 
in the usual system problem. 

(5) 00 copper ground wire; d = 0.419; z = 0.440 + 7*0.039. 

= (0.440 + 0.092) +7(1.45 + 7*0.039) * 0.532 + jl.49 = 1.58/70.3” 


Za^g which does not depend upon ground wire characteristics is the same as for 
part (a). 


-3 


{Zas 


— 

3/.0 

g> 


0.682 /82.2'* 

' f^8 /70.3 

^82 /82.2°)* 


-3 


1.58 /70.3 


0.43 /11.9° 

-0.882 /94.1‘ 


0.06 - jO.88 


Zi»^ - 0.55 +i2.78 + (0.06 - jO.88) = 0.61 +il.90 ohms per mile 
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With a 00 copper ground wire instead of a f inch steel 
ground wire, the ground wire current is 43% of the 
total zero-sequence current in the three conductors; 
the zero-sequence reactance of the circuit is appreciably 
reduced from that calculated without ground wire, while 
the zero sequence resistance is increased. The lower 
the self-impedance of the ground wire, the greater the 
ground wire current and the lower the zero-sequence 
impedance. A ground wire always reduces the react- 
ance component of the zero-sequence self-impedance 
calculated without a ground wire. It usually in- 
creases the resistance component, but a very low re- 
sistance ground wire may decrease this component. 

Two Ground Wires, Fligure 11 shows zero 
sequence current only flowing in a three- 
phase circuit with two ground wires, w and v. 
The voltage drops in the five-loop circuits 
consisting of the three conductors tod the two 
ground wires, each with earth return, are 


.Iw 


r 


■"loo 


•dgo 


YoYbYc 


1 

.0 


— IflO I 




nj77/////// ^ 

^loo^^w+lv — 


Fig. 11. Zero-sequence 
currents flowing from P to 
Q and returning in the 
ground and ground wires 
w and V. 


Va ^aoij^aa — g “l~ "f" ^ac — g) H“ ^w^aw — g “I" 

V, 

-^ao(^66— flf “f" ^ah—g “I” ^hC'—g') "I” ^vo^hvih—g "f* 

~ Iao{,^cc—-g ^ac— "1“ ^bc^g^ “f" Iw^ev^—g “I” Iv^cv-^g 
^ Iv>^v)w—g "f” Iv^wv — g “1“ laoij^aw — g H“ ^hw-^g H" ^cwr—f^ 
^ ^w^wv — g “I" — a “1“ •^aoC^av— o “f* ^bv — a "H 


•av—g 
■0 


[60] 


Solving the last two equations of [60], /«, and Iv in terms of lao are 

^vv — g^aw—g ^wv~—g^av—~g 


I to = —SIi 


aO ■ 




^ufv—g 


Y or ^ww—g^av--~g ^wv-g^aw-^g 

iv — OiaO y y _ 72 

^ww—g^w—g ^wv—g 


[61] 

[62] 


where and Z-^g are average values of the mutual impedances 

with earth return between ground wires w and v, respectively, 
and the three con ductors, and are de termined by the distances 

Saw = ^ SawSbwScw and Sav = ^ SaySbvScvi respectively. 

Substituting ly, and Iv from [61] and [62] in the first three equations 
of [60], solving these equations for Zoo, Z^o, and Zco, and then substi- 
tuting Zao, Zfro, and Zco in [7] of Chapter VIII, the zero-sequence 
self-impedance and the mutual impedances between the zero-sequence 
network and the positive- and negative-sequence netwc^-ks are deter- 
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mined. The zero-sequence self-impedance is 


-*00— -tov — 


^00 3 


(^aw—g) ^vv^g + {Zav-gY ^Zyyyj^g ^IZ qyj^gZ — gZ xi 


-'toil) — g^vv — g 


- {Zu 


g) 


[63] 


where Zqo— uiv is the zero-sequence self-impedance with two ground 
wires w and v, and Zqo without ground wires is given by [44] or [47]. 

Unlike Ground Wires. When the two ground wires have unequal 
diameters, are of different materials, or are unsymmetrically spaced 
with respect to the circuit, the zero-sequence self -impedance is given 
by [63]. 

Identical Ground Wires, Symmetrically Spaced. When the two 
ground wires are identical, symmetrically spaced with respect to the 
conductors and equidistant from ground, their self-impedances with 
ground return and average mutual impedances with the conductors 
with ground return are equal : 


ZiWV) — g Z^y^g and Zgy^g Zg^g 

Substituting these values in [61], [62], and [63], 


Iw — — 32aO 

= 3/aO 




aw — g \^ww — g 


- z 


wv-^gj 


^ww — g 


jwv—g 


y — 
^aw — g 


Zyjjy) g Zy 


[64] 


/(total ground wire current) = /«, + /v = -•3/< 


2Z; 


oO 


aw — g 


‘•ww—g 


+ z 


wv—g 


^aw — g 


^{^ww—g + ^wv^g) 


ZqQ — yjy — ZqQ 3 
= Zoo ““ 


{Za 


g?{2Z^^^g - 2Z. 


[65] 

wv—g) 


6(Z^;j;__^) 


WW—g)^ {Zyjy^g)^ 


ww — g \ ^wv—g 

HZ^g)^ 


Zqo X(7 4- Z 

— g i ^wv — g) 

where the mutual impedance Z^^^^ is determined by the distance 

^o,w ^av ^aw^bw^cw 


[ 66 ] 


Unsymmetrically Spaced Grotmd Wires on the Same Towers. With 
two circuits and two identical ground wires on the same towers and 
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one of the circuits out of service, the ground wires may not be sym- 
metrically located with respect to the remaining circuit. If the 
assumption is made that the total ground wire current divides equally 
between the two ground wires, w and v, the zero-sequence impedance is 
given by [66] if Z-^g corresponds to the geometric mean distance 
be tween ground w ires and conductors, i.e., to 5 , where 5 = 

^ SawShwScwSav^hvScv^ Since the ground wires are at the same potential 
at every tower, this assumption leads to but slight error. 

With two circuits, each with one ground wire, on the same right of 
way but not on the same towers and one of the circuits out of service, 
the zero-sequence self-impedance of the circuit remaining in service is 
given by [63]. 

More Than Two Ground Wires. The equations developed for two 
symmetrical ground wires can be extended by analogy to three or 
more identical ground wires. Under the assumption of equal division 
of total ground wire current amoiig the ground wires, the following 
equations for ground wire current and zero-sequence self-impedance in 
ohms per mile are obtained : 

For three identical ground wires, 

Zoo— 3 == Zoo “ LO'J 

^WW~9 I — g 


I (total ground wire current) = 3/oo 


27^ 

— g 




+ 


vn—g 


For n identical ground wires, 
Zoo— n = Zoo 


3n(Z^,)^ 


Zyno—g + (n - 


[ 68 ] 


[69] 


I (total g!;o>md wire current) = 3Iao 


— g 


^ww — g + (w — 1)Z^,,. 


tov — g 


[70] 


where Zoo is the zero-sequence self-impedance without ground wires, 
Z — . g is the average self-impedance with earth return of the ground 
wires, Z— „ the average mutual impedance with earth return between 
ground wires and conductors, and Z;^g the average mutual impedance 
with earth return between ground wires, the average mutual imped- 
ances corresponding to the geometric mean spadngs. 

Two or More Ground Wires Replaced by One Equivalent Ground 
Wire. Comparing [65] and [66] for two ground wires with [54] and [57] 
for one ground wire, it can be concluded that the total ground wire 
current and the zero-sequence self-impedance of a three-phase circuit 
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with two identical ground wires symmetrical with respect to the circuit 
are the same as with a single ground wire of equivalent self -impedance 
with earth return equal to + Zy,^g) and the same average 

mutual impedance This applies also to n ground wires. 

Replacing n in [69] by 2, 3, 4, etc., the equivalent self-impedances 
Zwvj-^o of 2, 3, 4, etc., identical ground wires carrying equal current are 

^{Zxx--o + for two ground wires x and y 

^{Zxx^g + 2Z’^g) for three ground wires x, y, and z [71] 

T^Zxx-o + ^Z'^g) for four ground wires x, y, 0 , and 5 


where Zxx^g is the self-impedance with earth return of one ground wire 
and Z^g is the average mutual impedance with common earth return 
between ground wires and corresponds to the geometric mean spacing 
between them. The average mutual impedance Z-^i^g between ground 
wires and conductors corresponds to the geometric mean spacing 
between ground wires and conductors. 

When there are more than two ground wires, and the assumption of 
equal ground wire currents in all ground wires cannot be made, 
although it can be for each of two groups of wires, it is convenient to 
replace each of the two groups by one equivalent ground wire, and use 
equations [61], [62], and [63] to obtain the total ground wire current in 
each of the groups and the zero-sequence self-impedance of the circuit. 
With two or more ground wires in one group, there may be one or more 
ground wires in the other group. The method may be applied to 
ground wire and counterpoises or ground wires and rails, symmetrical 
with respect to the circuit. 

Counterpoises. To reduce tower footing resistances, counterpoises 
are buried in the earth one to three feet below the earth’s surface. 
Continuous counterpoises are connected to the tower feet at every 
tower. They may be treated approximately as ground wires of zero 
height above ground. With two ground wires, x and y, and two coun- 
terpoises, p and 3 , the two ground wires may be replaced by a single 
ground wire w and the two counterpoises by a single counterpoise v. 
The self -impedance with earth return of the equivalent ground wire 
from [71] is 

Zfffyf^g = 2 {.Zxx—g H" Zxih^g) 

and of the equivalent counterpoise 


Zw-^g — 2 i^pp—g "h ^pq~~g) 


The mutual impedance with earth return between equivalent counter- 
poise and equivalent ground wire is corresponding to the geo- 
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metric mean spacing between ground wires and counterpoises, i.e., 
the fourth root of the product of the four distances. and Z^g 

are the mutual impedances corresponding to the geometric mean dis- 
tances between conductors and ground wires and conductors and 
counterpoises, respectively. 

The division of current between the two ground wires replaced by a 
single equivalent ground wire and the two counterpoises replaced by a 
single equivalent counterpoise can be determined from [61] and [62]; 
and the zero-sequence self-impedance of the circuit, from [63]. In 
these equations w and v then represent equivalent ground wire and 
equivalent counterpoise, respectively. 

Rails* Bonded rails, symmetrically located with respect to a cir- 
cuit, can be grouped into one equivalent rail as described above and 
treated as an equivalent ground wire. (See Appendix B for the resist- 
ances and internal reactances of various types of rails, bonded to permit 
signaling.) 

Three Ground Wires. When it is necessary to consider three sepa- 
rate ground wires, or three ground wire groups, the method used for 
two ground wires can be extended to three ground wires, w, v, and u. 
The zero sequence voltage drop Vao in any one of the three phase 
conductors in the direction of Joo and the voltage drops in the ground 
wires w, v, and u are 


l^aO ~ ^aO^OO H” ^V)Z'^ — g "1“ I^Z'i^^^g “f" ^uZ'^^g 

V y, = 0 = 3/aO^cnF— g ”1” ^w^ww^g “h Iv^wv—g “h luZ-wU’—g 
Vy = 0 = ^laO^lv^g ”f" ^w^wv — g TyZvv — g “f” ^u^vu—’Q 

Fu = 0 = S/aO-^oti— a + lyyZwu — g “f” Iv^vu — g "h ^uZtuu — g ' 


where Zoo is the zero-sequence impedance without ground wires; and 
bars over the subscripts Z^^g, Z-^g, and Z-^^g indicate average mu- 
tual impedances between the conductors and ground wires w, v, and w, 
respectivelyT^ 

Writing the equations for /«,, /», and in terms of 3/ao directly from 
[72], using determinants (see Appendix A), 


— - [Zaw-~^g{,Zyy^gZuu^g Z^y^g) 

A 

Z'i^^^giZyjy^gZyy — g Zyy^gZ %OU — 

+ Zji^^(Z tav—gZvu—g ^vv-~-gZiffu^g)] 




3L 


aO 


A 

4“ ZaV^g{Zy;tl>^l 


[ Zavih-gi.^wv—gZ^uu^g ^wu — gZyu^g) 


gZuu^g 




) 


ZaU^g{Zfff^ff^gZpu^g Zyyp^gZy,u^gy\ 


173 ] 
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/» = - 


3/, 


aO 


— g^^wv — g^vu — g 


vv—g^wu—g) 


^CLV — g(^^ww — a^vu — a ^wu — a^‘ 


+ Z^ 


aip—g 


ww—g^vu—g ^wu—g^wv^gj 

(,Zyjyj gZyf^g ff)] 


A = 

Zww — — gZuu — g -^nu— g) Z^-a—gi.Zyjy^gZuu—g Zyu—gZwu — g) 

+ Z wu — g (,Z xjov—gZ-ou^g Zvv—gZ wu—g ) 

Ig — ^ (3Jao + /u; + /» + lu) = ground current in the direction 


oil 


aO 


Substituting the equations for 7^, and lu in the first equation of [72], 
and dividing by 7oo, Vaoflao — Zqq^wvu is obtained. As this substitu- 
tion is simpler after numerical values of Iw, Ivy and lu in terms of 37ao 
have been calculated, a general equation for Zqo^wvu will not be given 
here. 

The additional precision obtained by the division of ground wires 
into three ground wire groups instead of two is seldom justified because 
of the uncertainty of the earth resistivity, temperature, and other 
variables which may not be definitely known. The above equations 
are given primarily for determining the portion of zero sequence current 
which returns in each of the ground wires. These equations will be 
further discussed in Volume II in connection with underground insu- 
lated cable, where the grounded lead sheaths are treated as ground 
wires. 

60-Cycle Ground Wire Correction Chart. The zero-sequence self- 
impedances of a three-phase circuit with one ground wire and with two 
identical symmetrical ground wires, given by [57] and [66], respec- 
tively, have as their first term Zqq, the zero sequence self-impedance 
without ground wires. The second terms in these equations may be 
considered a ground wire correction K{AZ), where 


K{AZ) = K{AR) +jK{AX) 

Figure 12 gives curves^® from which the corrections AR and AX for one 
and two ground wires at a frequency of 60 cycles can be obtained. 
The multiplier K is also given in Fig. 12. For both one and two ground 
wires, AR and AX were calculated with an earth resistivity of p = 100, 
and ZuvO'^g in [57] and [66] corresponding to a geometric mean spacing 
between conductors and ground wire or wires of = 20 feet. Any 
values of AR and AX as read must therefore be multiplied by K taken 
from the auxiliary multiplier curves corresponding to the actual earth 
resistivity and the actual geometric mean spacing between conductors 
and ground wire or wires. The multiplier K has a small phase angle 
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(here neglected) which has but little effect on zero-sequence imp>edances 
in the range given. An average height above ground of SO feet was 
assumed for ground wires. 

With one ground wire, AR and AX are determined by the type of 
ground wire and the earth resistivity p. With two ground wires, AR 
and AX are determined by the type of ground wire and p/s^y, the ratio 
of the earth resistivity in ohms per meter cube to the spacing between 
the ground wires w and v in feet. 


Problem 4. Find the zero-sequence self-impedance of the circuit described in 
Problem 2 with 

(a) one ground wire of No. 2 seven-strand copper, 8 feet above the center con- 
ductor. 

(b) two ground wires of No. 2 seven-strand copper, 8 feet above the two outside 
conductors. 

Solution, {a) = '^8(10^ + 8^) = 10.9 feet. Read from the auxiliary multi- 
plier chart with p = 1000 and = 10.9; K = 1.78. Entering the copper chart for 

one ground wire and locating the intersection of curve i with p = 1000, 

AR + 7 AX’ = 0.13 — jO.56 ohm per mile 
K(AR -f jAX) - 1.78(0.13 - jO.56) = 0.23 -jl.OO ohm per mile 

— 0.56 -f 7*3.20 -}- (0.23 “7*1.00) = 0.79 -f 72.20 ohms per mile 


(b) sa = ^8 XBX (lO^* + 8*)(202 + 8“) = 13.0 feet, = 20 feet. 
= 13.0 and p = 1000 and K ^ 1.70, 


P 

-Su’V 



With 


Entering the copper chart for two ground wires and locating the intersection of 
curve 2 with p/s^^f, = 50, 

AR + jAX = 0.10 — 7*0.84 ohm per mile 
K(AR + JAX) = 1.70(0.10 -70.84) = 0.17 -7*1.43 ohms per mile 

Zoo-wv = 0.56 + 73.20 + (0.17 — 7 * 1 . 43 ) = 0.73 +7*1.77 ohms per mile 


ZERO-SEQUENCE EQUIVALENT CIRCUITS FOR PARALLEL 
TRANSMISSION LINES 

Zero-Sequence Self-Impedances of Parallel Transmission Lines 
and Zero-Sequence Mutual Impedances between Them. In Chapter 
VI, equivalent circuits are developed for parallel transmission circuits 
in terms of their zero-sequence self- and mutual impedances. In a 
one-line diagram of the zero-sequence system, parallel transmission 
lines can be represented by an equivalent circuit when the zero- 
sequence self-impedances of each circuit alone and the mutual imped- 
ances between them taken two at a time are known. See Chapter VI, 
Figs. 5 and 6, for circuits with negligible capacitance and Fig. 8 for 
circuits with appreciable capacitance. 



402 


IMPEDANCES OF TRANSMISSION LINES 


[Ch. XII 


Figure 13 shows two parallel transmission circuits on the same 
towers, a, 6, c are the three conductors of one circuit and A, B, C the 
conductors of the other circuit, a and A, b and B, c and C being con- 
ductors of the same phase. One ground wire is indicated by w, two 
ground wires by w and v. The ground wire, or wires, in parallel cir- 
cuits on the same towers will be assumed symmetrically located with 
respect to the two circuits. 


O 


^ Ground wfres 



4i’ 



Fig. 13. Configuration of a double-circuit transmission line. 

The zero-sequence self-impedance of either of the two circuits is its 
self-impedance with the other circuit open. Equations [47], [57], [63], 
or [66], and [69] give the zero-sequence self-impedance of a circuit with 
no ground wires, one ground wire, two ground wires, and n ground 
wires, respectively. It should be remembered that when a circuit with 
ground wires is opened, the effect of its ground wires on the parallel 
circuit cannot be neglected. 

The zero-sequence mutual impedance between two parallel transmis- 
sion circuits is influenced by the spacing between the circuits and the 
characteristics, number, and location of the ground wires. The effect 
of ground wires is to reduce zero-sequence mutual impedance between 
circuits. The magnitude of the zero-sequence mutual impedance 
between two circuits on the same towers is of the order of 50% (plus or 
minus) of the self-impedance of either circuit. In the usual system 
problem it cannot therefore be neglected. 

Zero-sequence currents flowing in one of two parallel three-phase 
circuits induce voltages in the three phases of the other circuit which 



[Ch. XI] 


PARALLEL TRANSMISSION LINES 


403 


can be separated into their sequence components of induced voltage by 
substituting the induced phase voltages in [10]-[12] of Chapter II. 

The positive- and negative-sequence components of induced volt- 
age will be small. Considering only zero-sequence components of 
voltage induced by zero-sequence components of current, zero-sequence 
mutual impedance between two parallel transmission circuits will be 
defined as the ratio of the zero-sequence voltage induced in one circuit 
to the zero-sequence current per phase flowing in the other circuit 
which induces it. Zero-sequence mutual impedance between two 
parallel circuits can be determined with zero-sequence currents wily 
flowing in one circuit and the other circuit open at one end but the 
three pheise connected and grounded at the other. The avers^e of the 
three voltages induced in the three phases of the open circuit by zero- 
sequence currents in the closed circuit and by the ground wire currents 
is the zero-sequence induced voltage. The ratio of this voltage to the 
zero-sequence current per phase in the excited circuit is the zero-se- 
quence mutual impedance between the circuits. 

The average voltage Vao induced in phases A,B,Co{ the open circuit 
because of zero-sequence currents lao in phases a, b, c of the excited 
circuit and currents /„•••/„ in the ground wires w,v,’ • 'n is 

Vao = 3/o 0^5A— ff + Iv/Zaw—q + Iv^Jv—g + • • • + In^A^g [74] 


If the zero-sequence mutual impedance i 
Zom 


w — 9 ^ -9 

= = 3Zcr-, + ^z^g + ^Z7r^g + ■ • -^z^^ [75] 


is the average mutual impedance with ground return between 
the three conductors of the open circuit and those of the excited circuit 
and is determined from sjj, the geometric mean distance between con- 

duCtors of the two circuits, where 551 = ^ SaASaBSaC^hAShBShC^cAScBScC* 
525 can alsoJbe determined by logarithms. It is the number whose 
logarithm is one-ninth of the sum of the logarithms of the nine distances 
between the conductors of the two circuits. Z 315 — a» Za^q, • • • Zjj^g 
are the average mutual impedances with ground return between the 
conductor Ay By C of the open circuit and ground wires w, • • • », 
respectively, and correspond to geometric mean distances ij;?, 535 , 
525- With no ground wires, 7^ = /» = *•• = = 0. 7« is given 

in terms of 7ao in [54] for one ground wire, /«, and in [61] and [62] 
for the general case of two ground wires; and, under the assumption of 
equal currents in the ground wires, total ground wire current is given 
by [65], [68], and [70] for two, three, and n ground wires, respectively. 
Substituting ground wire currente in [75], Zom is obtained. 
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No Ground Wires. With /„ = /, = •••/„ = 0 in [75], 

Zom — = i{RaA—g + [76] 

RaA.—t and Xoa—o can be read from parts (a) and (c), respectively, of 
Figs. 3, 4, or 5 at 60, 50 or 25 cycles. 

One Ground Wire. Substituting [54] in [75], 


■^Qm — w 


= 


w — 


Om 


w—o^ aw^Q 


-fWVh—Q 


[77] 


If the ground wire is at the same distance from both circuits, Za^q = 

{Zaw—g. 


Zfi^jD^g and 


— Z^fn, 3 ‘ 




[78] 


^ww—g 


Two Ground Wires (General Case). Substituting [61] and [62] in [75], 

\.Zaw—gZ Aw—gZ-ffo^g "f“ Zav—gZAv^gZww~^g 


■*0m— ii>» 


= Zom ~ 3- 


i,Z gyj^gZ Av—g 4~ Z g-p^gZ Aw—g) Z wV—f^ 

Zww—gZw—g (^lov— (7) 


[79] 


Two Ground Wires, Assuming Identical Ground Wires and Equal 
Division of Ground Wire Current. 

= Zo,„ - 3 — [80] 

^ww—g "i ^wv~—g 

n Ground Wires, Assuming Identical Ground Wires and Equal Division 
of Ground Wire Current. 

7 7 I ^ (^Otg— g ) foil 

■^Om-n - ^Om O i _ i W- I®*! 

^ww—g v*' ^J^'m—g 

where Zom is given by [76]. 

Comparing [78] and [80] with [57] and [66], respectively, it will be 
seen that the terms involving ground wires are the same in the mutual 
impedance equations for these cases as in the self-impedance equations. 
The ground wire corrections given in Fig. 12 for frequencies of 60 cycles 
can be applied to the zero-sequence mutual impedance Zom without 
ground wires to obtain the mutual impedance with one ground wire 
equidistant from the two circuits and two identical ground wires carry- 
ing equal currents. 

Problem S. Find the zero-sequence mutual impedance per mile at 60 cycles 
between the two circuits shown in Fig. 13, assuming an earth resistivity of p = 500 
ohms per meter cube, (a) with no ground wires, if)) with one ground wire on the tower 
center line, and (c) with two ground wires spaced symmetrically 20 feet apart. 
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Solution, (a) The average height above ground of the six conductors is 55 feet; 
the average horizontal spacing between the conductors of one circuit and those of the 
other circuit is 24 feet; the geometric mean spacing between the conductors of one 
circuit and those of the other circuit is 

io2 = V 222 X 28(25* + 13*)(2S* + 12^)(25^ + 22*) = 27.6 feet 

From Fig. 3(a), — 0.093 ohm per mile. From Fig. 3(6) and Fig. 3(e), 

X’^^o = ohm per mile. Hence the zero-sequence mutual impedance is 

Zotn = 3(0.093 + jO.65) = 0.28 -f jl.95 ohms per mile 

(b) With one ground wire on the tower center line, the geometric mean distance 
from the ground wire to the six conductors is 

555 = V(8* + 11*) (21* + 14*) (33* + 11=*) = 22.9 feet 

From Fig. 12, the correction for a ^-inch Siemens-Martin steel ground wire is 
(0.18 — j0.20) with a multiplier of 1.25, giving 

Zom^u, = (0.28 + jl.95) 4- 1.25(0.18 - j0.20) = 0.51 -f- j 1.70 ohms per mile 

(c) With two ground wires spaced symmetrically 20 feet apart, the geometric 
mean distance from the two ground wires to the six conductors is 

S55 - + 8*)(4* + 2l2)(l2 + 33*)(21* + 8*)(24* + 21*) (21* + 33*) 

= 23.3 feet 

The ratio of resistivity to ground wire spacing is 500/20 = 25. From Fig. 12, the 
correction is (0.31 — jO.39) and the multiplier is 1.25, giving 

Zon^v ^ (0.28 +il.95) -f 1.25(0.31 — jO.39) = 0.67 -f jl. 46 ohms per mile 

Faults on Parallel Transmission Lines. When a fault occurs at any 
point on one of two parallel transmission lines, the lines may be considered 
to be divided into two sections by the fault. Each of these sections can 
then be replaced by an equivalent circuit. If the lines are bussed at their 
end points, the equivalent circuit for each section is an equivalent Y ; 
if not bussMTthe equivalent circuits are four-terminal circuits. In- 
stead of using a four-terminal circuit to replace two parallel lines 
supplied through separate transformers, a three-terminal circuit to 
replace the two lines and their transformers is sometimes more con- 
venient. This is illustrated in Fig. 14. Part (a) of this figure shows 
transformer and transmission circuit connections; the circuits AB and 
are parallel, the former extending beyond B to C; a fault is indi- 
cated at F on the section AB ; A and A\ F and F\ B and B' are corre- 
sponding points on the two parallel circuits. Part (6) of Fig. 14 is a 
one-line zero-sequence impedance diagram with mutual impedances 
between line sections indicated. In Fig. 14(h), let 



406 IMPEDANCES OF TRANSMISSION LINES [Ch. XI) 

Zx = total zero-sequence self-impedance between F and ground in 
the direction FA, 

Zy = total zero-sequence self-impedance between F' and ground in 
the direction F^A\ 

Z* = total zero-sequence self-impedance between F and ground in 
the direction FB, 

Zy = total zero-sequence self-impedance between F* and ground in 
the direction F^B\ 

2om = zero-sequence mutual impedance between lines -4 F and -d'F'. 
^ot» = zero-sequence mutual impedance between lines FB and F'jB'. 



<1 ^ 

(a) 



(b) 


Fig. 14. (a) One-line zero-sequence system diagram showing transformer connec- 

tions and ground fault at F on one of two transmission lines, parallel between points 
A and B, (b) Zero-sequence diagram with mutual impedances between parallel 
section of transmission line indicated by Zom and Z^. 

Making use of these definitions, the zero-sequence equivalent network, 
suitable for analytical calculations with a ground fault at F or F', is 
given by Fig. 14(c). In this equivalent circuit, the identity of all 
system points except F and F' has been lost. For faults at locations 
other than F or F', a different zero-sequence equivalent circuit is 
required. With a fault at F, the system of Fig. 14(c) can be further 
Amplified by replacing the A circuit between points ff, K, and F by an 
equivalent Y between these points, as indicated in Fig. 14(d), from 
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which the zero-sequence impedance viewed from the fault is 
determined. After the zero-sequence currents flowing into the fault 
and in Zom ^nd Z(^ of Fig. 14(d) have been calculated, the zero- 


'omb 


F 

Zx "Zom 

iZom 

1 y 






L 

Zy*Zom 

F' 

Zy'Zom 

J 


(c) 



Fig. 14. (c) Zero-sequence equivalent circuit for ground fault at F or F\ 

\d) At F only. 


sequence currents in the line sections FA, FB, F'A \ and F^B' can be 
obtained from them and Fig. 14 (r); and knowing the zero-sequence 
currents in these line sections, the zero-sequence system voltages and 
currents can be determined from Fig. 14(6). 

Two Parallel Three-Phase Circuits Operated at Different Voltages. 
When base voltage in two parallel three-phase circuits is the same, per 
unit mutual impedance is based on system base kva per phase and the 
base line-to-neutral voltage of the circuits. Consider two parallel 
circuits operated at different voltages — for example, a 110-kv circuit 
and a 66-kv circuit on the same towers. Let the two parallel circuits 
be a and A , with base system kva per phase indicated by kva, and base 
line-to-neutral voltage in kv in circuits a and A by kva and kvj., respec- 
tively. With I AO ill amperes in circuit A, the zero sequence voltage 
induced in circuit a is 


Vao (volts) 
Vao (per unit) 


Iao (amperes)Zom (ohms) 
Tap (amperes)Zo,n (ohms) 
kva X 10® 
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But I An (amperes) = Iao (per umt)(kva/kv^), so that 

Zom (ohms)kva 


Foo (per-unit) = /^o (per unit) 
= I AO (per unit) 


kv^kva X 10® 

Zom (ohms)kva 
(Vkv^kva)® X 10® 


[82] 


The mutual impedance in per unit is based on system leva per phase 
and a base line-to-neutral voltage equal to the geometric mean of the 
base line-to-neutral voltages in the two parallel circuits. In Fig. 14 
the two parallel transmission circuits may be operated at the same or at 
different voltages. 

With impedances in per unit, the mutual impedance may be greater 
than one of the self-impedances. This will offer no difficulty in an 
analytic solution; on an a-c network analyzer, if the mutual impedance 
is greater than the self-impedance of circuit a, Zoo — Zab in Fig. 6(a) 
of Chapter VI (either the resistance or reactance component, or both) 
is negative. Negative resistances can often be avoided by combining 
them with series impedances at the circuit terminals. 

Effect of Zero-Sequence Mutual Impedance between Parallel Cir- 
cuits. Consider two parallel, three-phase, 60-cycle, transmission cir- 
cuits of 19 strand, 4/0 copper, 25 miles long on the same towers. The 
geometric mean spacing between the conductors of each circuit is 12 
feet, that between conductors of the two circuits is 20 feet. Average 
conductor height above ground is 55 feet. There are no ground 
wires. Average earth resistivity is 100 ohms per meter cube. From 
Appendix B, Table II and Figs. 3(o) and 9(c), 

Zoo = [0.278 + 3(0.091)] +j2.79 = 0.55 -b j2.79 ohms per mile 
From Figs. 3(o), 3(c), and 3(d), 


Z„o = 3(0.091 -1-/0.600 -1-/0.004) = 0.27 -f/1.81 ohms per mile 


These impedances will be used in the problem which follows. 

Parallel Circuits Operated at the Same Voltage. The two circuits 
are operated at 115 kv, bussed at both ends A and B and connected to 
75,000 kva transformer banks of 10% reactance at each end of the line. 
The transformers are connected A-Y with the Y’s on the line side 
solidly grounded. A fault to ground occurs on one circuit near bus A 
and is followed by the opening of the breakers between the fault and 
bus A. This leaves the fault on the system and the circuits bussed at 
B only, as shown in Fig. 15(a). The equivalent circuit for the zero- 
sequence system of Fig. 15 (a) is shown in Fig. 15 (6) . In per unit based 
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on 75,000 kva and 115 kv, 

Zoo = 25(0.55 -|-i2.79) X = 0.078 -|- jO.396 

Zom = 25(0.27 +il.81) X = 0-038 -|-j0.257 

^00 - = 25(0.28 -f-iO.98) = 0.040 + j0.139 

The transformer impedances with resistance neglected are each jO.lO 
in per unit based on 75,000 kva and 115 kv. The transmission cir- 
cuits, which are bussed at 5, are replaced by an equivalent Y with the 
mutual impedance Zq^ connected to the bus B. 




rv[> 


to) 


Zero-Potential Bos 



Fig. 15. (a) One-line system diagram showing ground fault F on one of two parallel 

transmission lines and the breakers open between F and bus A , (b) Zero-sequence 

equivalent cifcuit for (a) with impedances in per unit based on 75,000 kva and 115 kv 
(25,000 kva per phase" and 115/\/3 kv line-to-neutral voltage). 

The problem is to determine the relative magnitudes of the ground cur^ 
rents in the transformer hanks at A and B. 

It can be seen that the transfer impedance in Fig. 1S(&) between il 
and F is less than that between B and F; and therefore the zero- 
sequence current from the bank at A is greater than that from the 
bank at B. If there were no mutual impedance, the ground current in 
the transformer bank at B would be larger than that in the bank at il. 
For the circuit given, the zero-sequence mutual reactance between cir- 
cuits is 65% of the zero-sequence self-reactance of either circuit. U 
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the mutual reactance were 50% of the self-reactance, neglecting resist- 
ance, the ground currents in the two transformer banks which have 
equal reactances would be equal; if less than 50%, the ground current 
in the transformer bank at B would be greater than that in the bank 
at A. 

Ground wires reduce both the zero-sequence self-impedance of trans- 
mission drcuits and the mutual impedance between two parallel cir- 
cuits. With identical parallel circuits, the self-impedance Zqo wd the 
mutual impedance Zom calculated without ground wire are reduced by 
the same correcting factor K{AR +jAX). In Fig. 15(6), Zqo — Zo», 
is unaffected by ground wires but Zom is reduced. If the circuits in 
Fig. 15 (o) have two §-inch ground wires of 40% conductivity copper- 
weld, 20 feet apart, and at a geometric mean distance of 20 feet from 
the conductors, the correction to be added to the zero-sequence self- 
and mutual impedances without ground wires to obtain seif- and mu- 
tual impedances with ground wires is obtained from Fig. 12. With 
p 100 and ssn — 20, the multiplier K is 1.0; with p = 100 and 
Stn = 20 feet, p/s = 100/20 = 5. The approximate correction 
K(AZ) = (0.12 — jO.92) ohms per mile. Applying this correction, 

Zoo-y,v = (0.55 -f-i2.79) + (0.12 - jO.92) 

= 0.67 -b jl.87 ohms per mile 
Zom—wv ~ (0.27 -f-jl.81) + (0.12 - jO.92) 

= 0.39 -f- jO.89 ohm per mile 
Zoo— wv — Zdm—wv — 0.28 -f-jO.98 


If these impedance values for 25 miles of line are expressed in per unit 
and substituted in Fig. 15(6), it will be found that the transfer imped- 
ance between A and F is now greater than that between B and F, 
and there will be more ground current in the transformer bank at B 
than at il. 

With the two given ground wires, the zero-sequence mutual reac- 
tance is approximately one-half of its value without ground wires. 
With ground wires, the mutual reactance is 47% of the self-reactance; 
without ground wires, it is 65% of the self-reactance. The poative- 
sequence reactance of either circuit from Appendix B is 0.79 ohm per 
mile; without ground wires, the zero-sequence self-reactance of either 
circuit is approximately 3.5 times the positive-sequence self-reactance 
of either circuit; wi^ the two given ground wires, the zero-sequence 
self-reactance is approximately 2.4 times the positive-sequence self- 
reactance. TTiese figures will vary with earth resistivity, conductor 
and ground wire diaractoistics, and circuit configuration . As approxi- 
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mations for 60-cycle overhead transmission circuits, where a hig h 
degree of precision is not required, the following figures may be useftil 
to have in mind : 0.8 ohm per mile for positive-sequence self-reactance; 
3.5 times the positive-sequence reactance for zero-sequence self-reac- 
tance without ground wires, and 60% of the zero-sequence self-reac- 
tance for mutual reactance between two parallel lines without ground 
wires. From Fig. 9(a), Fig. 3(c), and the charts of Appendix B, it will 
be seen that these are approximate figures only, but useful when the 
configuration of a drcuit and the earth resistivity are not given; or, if 
known, they would influence calculations but slightly. 



(o) 



Fig. 16. (o) Circuit BC of transmission loop paralleled by second circuit B'C', 

(fii) Zero-sequence network for (a) with mutual impedance Z«m between BC and B C 

indicated. 

The effect of one and two ground wires on the zero-sequena self- 
and mutual reactances can be determined from the charts of Fig. 12, 
not forgetting the multiplier K. Light steel ground wires affect zero- 
sequence self- and mutual reactances but slightly, while low-resistance 
ground wires reduce them appreciably. 

Zero-Sequence Currents in Ungrounded Transmission Loops. 
Figure 16(a) is a one-line diagram of a three-phase loop BCDEB sup^ 
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plied at B through a grounded transformer bank; the sections of line 
BC and B'C' are on the same towers, the section of line BE may be on 
the same or on a different right-of-way; the only grounds on the system 
are those at the neutrals of the supply transformer banks. The zero- 
sequence self -impedance of section BC is Zqo and that of jB'C' is 
Zoof the mutual impedance between BC and B'C' is Zom- A line-to- 
ground fault occurs at C\ causing the zero-sequence current /ao to 
flow in the line B*C\ which induces a zero-sequence voltage in the 
line BC. If the line BE is out of service, there will not be a complete 
path for zero-sequence currents, and the voltage drop laoZorn induced 
in jBC by lao flowing from B' to C^ will exist as a zero-sequence voltage 
drop between B and C. B will be at zero potential in the zero-sequence 
network, but the zero-sequence potential at C will be If 

the circuit BE is closed, completing the loop, the voltage drop laoZo^ 
in the direction of 7^0, or the voltage rise I'aoZom in the direction CB, 
tends to send current around the closed loop in the direction CBED. 
If the line BE is on a different right-of-way from B'C\ no voltage will 
be induced in it; if on the same right-of-way but not on the same 
towers, a voltage smaller than that induced in CB will be induced in 
BE; if BE is on the same towers with B'C' and BC, the voltages 
induced in BE and BC will be of the same order of magnitude. In any 
case, the vector difference between the zero-sequence voltages induced 
in BC and BE will tend to circulate current in the loop. Zero-sequence 
currents flowing in the loop will induce voltages in the ground which 
will circulate ground currents in closed loops beneath the conductors. 
If the assumption is made that the total ground current is equal in 
magnitude and opposite in direction to the sum of the currents in the 
overhead conductors, the impedance met by zero-sequence currents 
flowing in the closed loop will be the *)um of the zero-sequence self- 
impedances of the circuits of the loop, with zero-sequence mutual 
impedances between circuits or parts of circuits which make up the 
loop taken into account. An example of mutual impedance between 
parts of circuits would be provided if the circuit CD paralleled part of 
the circuit BED. In that case, the zero-sequence impedance of the 
loop would consist of the sum of the zero-sequence self-impedances of 
the circuits making up the loop minus twice the zero-sequence mutual 
impedance between any circuits or parts of circuits of the loop. 

The current Jao flowing in the loop through the circuit BC will in 
turn induce a voltage in the circuit B'C' which reduces the zero- 
sequence impedance viewed from C^ used to calculate the symmetrical 
components of fault current I^x == 7o2 = 7ao* In other words, there 
is a closed loop mutually coupled with circuit B'C' which reduces its 
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zero-sequence impedance. 

Let Zoo (loop) = impedance of loop CBBDC to zero-sequence 
currents 

Zo = zero-sequence impedance viewed from C' with 

loop closed. 

V'ao - zero-sequence voltage at C'. 

I'ao = zero-sequence current in circuit B'C' with direc- 

tion B'C'. 

lao = zero-sequence current in loop with direction CB. 

Z/ = impedance of transformer between A and 


Vao at C' and the voltage drop in the loop are 

V'aO = —I'aoZo = — /ooCZj -b Z'fyo) -|- /oO'^Om 

0 = /aO^Om -faO^oo (loOp) 

From [83], 

lad “ la/b 




Zoo (loop) 


and 


rf t! ’rt Tt ( r, I i rr! ^ 

'aO = “^oO^O = —^aO \^t -T ^00 ~ "Z 7, T / 

\ Zoo (loop)/ 


[83] 


[84] 


[85] 


Zoo (loop)> 

From [85], the equivalent zero-sequence impedance viewed from C' is 


Z'o = Z' + Z'oo - 


Zoo (loop) 


- [ 86 ] 


The zero-sequence impedance viewed from C' with the loop open is 
Z| H- Zoo. Closing the loop reduces this impedance by (Zow)*/ 
Zoo (loop).-JJsing the zero-sequence impedance given by [86], and 
the positive- and negative-sequence impedances viewed from the 
symmetrical components of current flowing into the fault are deter- 
mined. Knowing /ao» the zero-sequence current in the current 

in the loop is obtained from [84]. 

In Fig. 16(a), the line-to-ground fault is taken on a circuit supplied 
at one end only; the part of the system in which the fault occurs could 
be a network as well. In that case, the current /ao in the loop BCDEB 
is given by [84] in terms of the current I'ao in the circuit B'C', but I'go 
is not the fault current at C. 

In Fig. 16(a) the transformer bank between A and B is shown as a 
A-Y grounded bank. No zero-sequence currents flow in this trans^^ 
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former bank with a line-to-ground fault at C' however, if the fault 
occurs at C, there will be zero-sequence current in this bank and also 
zero-sequence volt^e induced in line B’C\ and, if the line B'C' is 
part of a closed loop, zero-sequence currents will flow in the loop. 


POSmVB- AND NEGATIVE-SEQUENCE SELF-IMPEDANCES AND 
MUTUAL IMPEDANCES BETWEEN THE SEQUENCE NETWORKS 


No Ground Wires. Equations [6] give the positive-sequence self- 
impedance and the mutual impedances associated with positive- 
sequence currents in a three-phase circuit without ground wires. 
Equations [6a] give the corresponding equations for negative-sequence 
self- and mutual impedances. In the development of [6] and [6o], the 
presence of the earth is neglected. With positive- or negative-sequence 
currents only flowing in the three conductors, the sum of the currents is 
zero and no currents can flow from the conductors into the ground. 
Voltages will be induced in the ground, however, at all points where the 
sum of the fluxes is not zero, and eddy currents will flow in the ground. 
If the assumption is made that each of the currents flowing in the con- 
ductors induces an equal and opposite current in the ground, the effect 
of the presence of the earth can be taken into account by replacing the 
self- and mutual conductor impedances in [6] and [6a] by the corre- 
sponding impedances with ground return. If this is done, the self- 
and mutual impedances become 


Zii = Z23 = J (Z«o-j + + Zee — 0 ) — \{Zdb-Q + Zac^g “f" Zifc^g) 

[871 


Z 2 I = i(2aa— a + O^Zin^g + (^Zee—o ) "f" ^(fi^Zab — g dZae — g "f" Z})c—g) 

[ 88 ] 

Z\2 “ ^(.Zaa — g -f- a Ztff—g dZee—g') "I" ® d" O^Zge — g -|- Zhg^g) 

[89] 

Zoi “ ZjO *= \iZgg^g -|- d^ZlUf^g -j- CtZge^g) 

~ ^(oZa|^^g -|- O^Zge—g "f" Zftc — g) [90] 

Zo2 ~ ZlO — ^(Zga^g ^ dZtlf^g d Zfg^g) 

Zaftig -|- dZge—g -|“ Zhe—g') [91] 


It will be noted that Zqi and Z02 are equal, respectively, to Z20 and Zio 
given by [45] and [46] ; Z30 and Zio were determined with zero-sequence 
currents only flowing in the circuit, while Zqi and Z02 in [90] and [91] 
were determined with positive- and negative-sequence currents, 
respectively. 
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The positive- and negative-sequence self4mpedance given by [87], with 
the effect of the earth included, differs from that given by [6] or [6o], 
with the presence of the earth neglected, only in small differences 
between terms involving conductor heights above ground and hori- 
zontal spacings between conductors. For any given case, the differ- 
ence in the resistance components can be determined from Figs. 3(a), 
4(o), and 5(a), for 60, SO, and 25 cycles, respectively. The difference 
in the reactance components at 60 cycles can be obtained from Fig. 3 (d) 
at 60 cycles. From these curves, it will be seen that the effect of the 
earth is to increase the positive- or negative-sequence resistance com- 
ponent of the self-impedance given by [7], and to decrease the react- 
ance component. These changes for conventional overhead circuits are 
negligible for frequencies of 60 cycles or less. Neglecting these small 
resistance and reactance components, [87] reduces to [7], in which the 
presence of the earth is neglected. 

Mutual Impedances between Sequence Networks. Remembering 
that (1 -H o + a^) — 0, the first terms on the right-hand sides of 
equations [88]-[91] disappear for conductors of equal diameters and 
equal heights above ground (fiat horizontal spacing), and even for 
conductors of unequal heights above ground they are relatively too 
small to be considered, because of the multipliers 1, o, and o*. This is 
true also of the terms in Ra^-g and Xab-g, involving conductor heights 
and horizontal spacings between conductors in the second terms on 
the right-hand sides of these equations; the resistance components of 
these terms therefore are practiceilly zero, and the reactance terms are 
functions of Sab, Sac, and Sbc, the spacings between conductors. Equa- 
tions [88]-[91] therefore reduced to [SHU], i” which the presence of 
the earth is neglected. 

Since the presence of the earth has but little effect upon the mutual 
impedances between the sequence networks in a three-phase circuit at a 
frequency crf-60 cycles or less, it can be concluded that sinusoidal cur- 
rents of a given sequence flowing in unsymmetrical untransposed trans- 
mission circuits without ground wires induce voltages of the other two 
sequences in the conductors, but voltages induced in the ground by 
positive- and n^ative-sequence currents and positive- and n^ative- 
sequence voltages induced in the conductors by zero-sequence currents 
in the ground are negligible. 

Untransposed Circuit with Inside Conductor Equidistant from llie 
Other Two. In the fiat horizontal or vertical arrangement of con- 
ductors, the inside conductor in high voltage circuits is usually equi- 
distant from the other two. This is frequently true also in circuits 
where two conductors are vertically arranged with the indd^ 
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conductor offset. Selecting phase a as the inside phase, if Sa]> = Sae, 
logio Sac/ Sab = logio 1=0; and the j terms in the reactances given by 
equations [8]-[ll] (which in effect are resistance terms) become zero, 
and in ohms per mile, 

2i2 = -^21 = i3.105/ X 10-® logio — [92] 

Sbc 

Zio = Zo 2 = -2^20 - -Zoi = -^Zi 2 = -jl.5S2f X lO"® logio — [93] 

She 

In fiat horizontal or vertical arrangements of conductors, with 
phase a equidistant from phases b and c, Sbc = 2sab — 2sae, and, in 
ohms per mile, 

Zi 2 = Z 21 = jSAOSf X 10^® logio h = -iO.935/ X IQ-^ 

= -i0.0561 [94] 

^10 = Zq2 = ^20 = Zqi = — 2^12 = jO.467/ X 10 ® 

-Jo.om(£) (951 

The mutual impedances per mile between the sequence networks given 
by [94] and [95] for a single circuit without ground wires are inde- 
pendent of the spacing between conductors, and are constant at a given 
frequency. 

Relative Values of Sequence Self- and Mutual Impedances. The 
following problem will serve to show the relative importance of the 
sequence self- and mutual impedances of a three-phase transmission 
line without ground wires, short enough for the effects of capacitance 
to be neglected. 

Problem 6. (a) Find the positive-, negative-, and zero-seqlience self-impedances 

and the mutual impedances between the sequence networks in ohms per mile of a 
three-phase, 60-cycle, overhead transmission circuit of 4/0 copper, 19 strands, 10-foot 
horizontal spacing between adjacent conductors, height above ground of all con- 
ductors 40 feet, earth resistivity 100 ohms per meter cube. 

(6) Assume a circuit 25 miles long, operating voltage 115 kv (line-to-line), line 
loading approximately 40,000 kva; the transformer banks at the ends of the line con- 
sist of three single-phase units connected A-Y with the Y’s on the line (high) side 
solidly grounded; each single-phase unit is rated 13,333 kva and has a reactance of 9% 
on its rating. Assume the negative-sequence impedances of the system viewed from 
the low voltage sides of the transformer banks to be 10% at the supply end and 15% 
at the receiving end based on 40,000 kva and base line-to-line voltages of 115 kv 
referred to the line side of the transformer banks. 

Determine the negative-sequence line currents and the ground currents in the 
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transformer neutrals. To simplify cslculutions, neglect resistance and assume a value 
for the positive-sequence current. 

Solution, {a) From Problem 1, Zoo = 0.55 + j2.78 ohms per mile. From 
Appendix B, Zu = Z22 = 0.278 + j0.805 ohm per mile. From [94], Z12 « Z21 * 
0 - j0.0561 ohm per mile. From [95], Zio = Z02 = Zoi == Z20 = j0.0280S ohm 
per mile. 

(b) Expressed in per unit, with resistance neglected, based on 40,000 kva (base 
three-phase kva) and 115 kv (base line-to-line voltage), the multiplier is 
40,000 

^00 =j0.210 

^22 = iO.061 

Z21 = Z12 = “-j0.00425 

Zoi = Z02 = Z20 = ^10 =7*0.00212 

40,000 

Base line current = —7= = 200 amperes 

V3 115 

Assume the positive-sequence current eqyal to base line current; then 
lai = 200 amperes = 1.0 in per unit = 100% 

The series negative- and zero-sequence impedances include the transformer banks at 
both ends of the line, and the negative-sequence impedance also includes the negative 
system impedances viewed from the transformer banks. In per unit, the total 
impedances Z 22 and zoo to negative- and zero-sequence currents are 

222 = j(0.18 + 0.25) -1- 7*0.061 =7*0.49 
200 = 7(0.18-1-0.21) =7*0.39 

Neglecting the effect of zero- and negative-sequence currents on each other, and sub- 
stituting in equations [40a] of Chapter VIII, 

, ^al^21 /0.00425\ 

Ia2 ) X 100% = 0.87% 

222 \ 0.49 / 

/ 0 . 00212 \ 

The negative^sequence voltage on the low voltage side of the receiving end trans- 
formers is /o2 X (negative-sequence load impedance) = 0.87% X 0.15 = 0.13%, or 
0.0013 per unit of base line-to-neutral voltage. 

With 200 amperes line current, the negative-sequence line current will be less than 
2 amperes; the current in the transformer neutral will be approximately 3 amperes. 
The negative-sequence voltage at the load is 87 volts. 

Although the high voltage overhead transmission line is an unsymmetrical circuit, 
the dissymmetry is but slight, and the error made by neglecting mutual impedance 
between the sequence networks is not serious unless a high degree of precision is 
required. See Problem 7 for unsymmetrical distribution circuits with ungrounded 
neutral conductor. 

The effect of ground wires on the positive- and negative-sequence self* 
impedance and the mutual impedances between the sequence ne;j^ 
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works is but slight. A ground wire equidistant from the three 
conductors will have no voltage induced in it by positive- or negative- 
sequence currents in the three phases, and therefore will not affect these 
sequence self- and mutual impedances. 

One Ground Wire, When the three conductors are at unequal dis- 
tances from the ground wire and ground, positive- or negative-sequence 
currents flowing in the conductors will induce voltages in the ground 
wire and ground, and a current will flow in the loop consisting of ground 
wire with earth return of magnitude determined by the resultant volt- 
age induced in the loop and its impedance. As the induced voltage is 
small and the loop impedance high, the current will be small. This 
current in turn induces voltages in the conductors which will influence 
the positive- and negative-sequence self-impedance of the circuit and 
the mutual impedances between the sequence networks. 

The current flowing in the loop consisting of ground wire and 
ground, in series, caused by positive- or negative-sequence currents in 
the conductors, is not a zero-sequence current. Zero-sequence cur- 
rents are equal and in phase in the three conductors; they flow from a 
grounded neutral and rietum by way of the ground wire and ground in 
parallel. Ground wire and ground currents resulting from positive- 
or negative-sequence currents do not flow from the neutral, but only 
in the loop consisting of ground wire and ground in series. The effect 
of this closed loop on the positiver and negative-sequence self-imped- 
ances and the mutual impedances between the sequence network can 
be determined by assuming only positive-sequence currents in the three 
phases; then, following a procedure analogous to that used in equations 
[S3]-[S9] to determine zero-sequence self- and mutual impedances, the 
following equations are obtained: 


= -Z23-W = Z\\ — 


^^WW—Q 


(^Zaw — g “I” — g O Zcw — g ) X 

— g “f" ^ ^bw — g “t" ^^cw-^g') 


Z 2 I—W = ^21 


1 


^ y {Zaw—g + CrZh uf — g “h 




= Z12 “ 


'to 10 — g 
1 


3Z 


(Zaio — g O'Zjfuff^g -f- Qr^Zcw — gll^ 


[ 96 ] 


1010 — g 


Zaw — a 


Zoi— to “ Z20— to ~ Zoi — * (Zaio— jr “f” ^^bw—g “h O^^e%o~~g) 

^vow—g 

^ai^g 

Zo 2 — 10 ~ Zio-.u> = Z02 y {^aw—g O^^buh^g “f“ ^^Z^to— g) 

"1010— g 
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where the impedances Zn = Z^, Zn, Z 12 , Zqi = Z 20 , and Z 02 = Zio 
(without ground wire) are given by [87H91], respectively. 

Because of the multipliers 1, o, and o*, the second terms on the right- 
hand sides of equations [96] which give the changes in the impedances 
because of the ground wire will have small numerators relative to the 
denominator Zwid— T herefore, unless a very high d^jee of precision 
is required, these terms are insignificant. For any given problem the 
self-impedance Z«„e_, and the mutual impedances Za,^_„ Z},y^„ and 
Zev)—a for substitution in [96] can be determined to any desired degree 
of precision from [IS] and [16], or from the charts prepared from equa- 
tions [30H37]. See Fig. 3 for a frequency of 60 cycies. 

For two or more ground wires, the cheinge in positive-sequence self- 
impedance resulting from the ground wires can be determined by a 
procedure anal(^ous to that used for determining the zero-sequence 
self-impedances with two or more ground wires. 

For a completely transposed circuit there would be no ground wire 
current resulting from positive- or negative-sequence currents in the 
conductors if the ground wire or wires were grounded at their termi- 
nals only; but, since ground wires are grounded through tower footing 
impedance at every tower, there will be ground wire currents in each 
section of line between transposition which are displaced 120“ from each 
other in phase. The positive- or negative-sequence impedance of the 
transposed circuit is therefore the same as the positive- or negative- 
sequence self-impedance of the untransposed circuit. The high-resist- 
ance loop or loops consisting of ground wire or wires with earth return 
tend to decrease slightly the positive-sequence self-impedance of the 
circuit calculated without ground wires but to increase the resistance 
component of this impedance. Theoretically, the increase in positive- 
sequence resistance would increase losses under normal operation. 
This increase in resistance, however, is usually much too small to be 
taken into, consideration for conventional overhead transmission 
circuits. 

Positive-Sequence Mutual Impedance. Positive-sequence currents 
flowing in one of two parallel three-phase circuits will induce voltages in 
the other circuit. Let the conductors of circuits 1 and 2 he a, b, c 
and A, B, C, respectively, a and A, b and B, c and C indicating con- 
ductors of the same phase. Positive-sequence mutual impedance 
between two parallel circuits will be defined as the ratio of the positive- 
sequence voltage induced in one circuit to the positive-sequence current 
flowing in the other circuit which produces it. The positive-sequence 
voltage induced in the reference phase of drcuit 2 by positive-sequence 
currents in circuit 1, in the general case, will not be exactly the saaie 
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as the positive-sequence voltage induced in the reference phase of 
circuit 1 by positive-sequence currents of the same magnitude flowing 
in circuit 2. The difference between either and the average of the two, 
however, will be small. In a static network, the mutual impedances 
between two conductors is reciprocal; in the sequence networks, the 
mutual impedances are not, in general, reciprocal. 

With only positive-sequence currents 7 ai, cl^Iau flowing in 
conductors A, B, C of circuit 2, the voltages induced in conductors o, 
b, c of circuit 1 are 

Va = jiXaA + a^X,B + aXac)lAl 
n = j{Xt,B + a^Xic + aXtA)a^lAi [97] 

Vc = j{Xcc + a^XcA + aXcB)alAi 

where X with two subscripts indicates the mutual reactande between 
the two conductors indicated by the subscripts. 

The positive-sequence voltage induced in phase a of circuit 1 is 
= \{Va + aVh + a^Vc) and the positive mutual impedance 
ZaAi by definition is VaillAi- Therefore, 

^ = UXaA + + X,c + a^XaB + X^c + X,a) 

+ a(Z„c + 

Likewise, the ratio of the positive-sequence voltage Vai induced in 
circuit 2 by the positive-sequence currents in conductors a, 6, and c of 
circuit 1 to the current Ia\ is 

^ = tex + XiB + -1- a\Xac + + X,b) 

+ a{XaB + Xbc + Xca)] 

Replacing the mutual impedances between conductors indicated by 
X's in the above equations by IwfM, where M is defined in [2], the 
average positive-sequence mutual impedance between two parallel 
circuits in ohms per mile is 

^ SaBSaCSbASbCScAScB r^r>i 

Zml = jO.0466 I — j logio 2- 2 2 [98] 

\oU/ SaASbBScC 

The average positive-sequence mutual impedance given by [98] may 
be positive or negative, depending upon whether the numerator or the 
denominator of the fraction following logio is the larger. In any case, 
the positive-sequence mutual impedance is small — usually not more 
than dbS% of the positive-sequence self-impedance of either circuit, 
and it may be zero. 
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If Vat Vb, and Ve in [97] are resolved in their negative- and zero- 
sequence components, the components of negative- and zero-sequrace 
voltages induced in circuit 1 by poative-sequence currents in circuit 2 
will be obtained. These induced components may be larger or smaller 
than the positive-sequence induced voltage, depending upon the con- 
figuration of the two parallel circuits. 

With negative-sequence currents flowing in one of two parallel circuits, 
positive-, negative-, and zero-sequence components of voltage will 
be induced in the other. These induced voltages can be calculated 
in a manner similar to that given above for positive-sequence applied 
currents. 

The question sometimes arises as to the arrangement of the phases 
in the six conductor positions on double-circuit towers which will give 
the lowest impedance during normal operation . The positive-sequence 
impedance of two parallel three-phase circuits with equal self-imped- 
ances Z\\ and mutual impedance Zm\ between them is 

■^1 = + Zmi) [99] 

Using the average mutual impedance given by [98] for Z^i and neglect- 
ing the mutual coupling with the negative- and zero-sequence networks, . 
Zi in [99] is a minimum when Zmi has its maximum negative value. 
With phases a, b, c occupying tower positions 1, 2, 3, respectively, in 
circuit 1, the phases A, B, C of circuit 2 can be assigned the tower 
positions 3, 4, 5 in six different arrangements. From [98], it is evident 
that the distances SaAt SbBi Sec between conductors of the same phase 
should be large relative to the distances between conductors of differ- 
ent phases to give Zmi its maximum negative value. By the ‘‘ cut- 
and-try method,” the arrangement which gives Zmi its m 2 iximum 
negative value can be readily obtained. 

Three-Phase Circuits with Neutral Conductors. Distribution cir- 
cuits, as distinguished from high-voltage main transmission circuits, 
are frequently provided with a neutral conductor. If the neutral 
conductor is multigrounded, it can be treated as a ground wire in deter- 
mining the sequence self- and mutual impedances of the circuit. 

Ungrounded or Unigrounded Neutral Conductor. It has been shown 
that &e presence of the earth has but slight influence on the positive- 
and n^ative-sequence self- and mutual impedances. With an 
ungrounded neutral conductor, or a unigrounded one and no ground 
fault on the circuit, zero-sequence currents flowing in the three phases 
return by way of the neutral conductor; as the vector sum of the 
currents in the same direction in the four conductors is zero, the volt- 
ages induced in the earth by zero-sequence currents is small, and th^ 
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effect of the presence of the earth on zero-sequence impedances is com- 
parable to that on positive- and negative-sequence impedances. The 
sequence self- and mutual impedances are given by [7], [8], [9], and 
[12], [13], and [14] with the presence of the earth n^lected. 

The location of the conductors in a 4-lcv, three-phase distribution 
circuit with neutral conductor is indicated in Fig. 17(a); Fig. 17(6) 
gives a diagram of the supply transformer and the transmission circuit 
with single-phase loads of equivalent impedances Za, Zb, and Ze taken 
off between phases a, b, and c and the neutral conductor at the termi- 
nals of the circuit. Because of circuit dissymmetry, positive-sequence 
currents flowing in the circuit produce negative- and zero-sequence 
voltages which cause negative- and zero-sequence currents to flow 
during normal operation. This is one cause of unbalanced currents 
and voltages. Another is provided by the unequal loading of the 
three phases. 

Although care is taken in assigning loads to the phases to obtain 
substantially balanced currents, variations in demand make it difficult 
to maintain this balance at all times. If the currents in the three 
phases are substantially balanced at full load, it is probable that they 
will not remain balanced at light load. The following problem illus- 
trates the effect of an uns 3 rmmetrical transmission circuit on the volt- 
ages at the load when the equivalent load impedances between phase 
conductors and neutral conductor can be assumed equal with all loads 
concentrated at the circuit terminals. 

Fioblem 7. In Fig. 17 (A), the transformer bank of three single-phase units, each 
rated 200 kva, supplies a three-phase load of approximately 600 kva, 2400 volts fline- 
to-neutral), 0.707 power factor, through a 60-cycle distribution circuit 4 miles in 
length, with conductor and phase arrangement shown in Fig. 17 (a). The neutral 
and phase conductors are of 1 /O copper. The voltages at R on the A side of the trans- 
former bank can be assumed balanced and of such magnitude, or equivalent magni- 
tude referred to the Y side, that approximately 2400 kv (line-to-neutral voltage) is 
maintained at the load. Each unit of the bank has a reactance of 5% based on 200 
kva and 2400 volts on the Y side. 

Determine the phase voltages at the load referred to the neutral conductor. 

Solution. Rated voltage on the A side of the transformer bank and the transformer 
turn ratio are not required for the solution of the problem, as all voltages will be 
referred to the Y side of the bank. 

Assume positive direction of current flow for phase currents and their symmetrical 
components from P to Q as indicated by arrows. Let base line-to-neutral voltage — 
2400 volts, and base kva 200 kva. Base line current is then 200/2.4 » 83.3 
amperes, and base ohms ^ 28.8 ohms. 

As a first approximation, the load impedances Za, Zs, and Ze in Fig. 17(6) will be 
assumed equal and of such values that, with balanced positive-sequence voltages of 
2400 volts applied to them, the kva of each phase at the load will be 200 kva and the 
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power factor 0.707. Then 

(2400)^ 

Zij ^ Za ^ Zb ^ Zc = / 45° ohms = 28.8 /45** = 20.36 -}- ^20.36 ohms 

“ 1 /45*^ — 0.707 + j0.707 per unit 

Equations [40] of Chapter VIII give the positive-, negative-, and zero-sequence 
currents flowing in an unsymmetrical series circuit between points P and 0 of an 
otherwise symmetrical system in which the two symmetrical parts of the system 

o n b c 

o o o o 

j- 14.5" — -|- 30“ «|* 14.5*—^ 

(a) 



Fig. 17. Three-phase with neutral conductor n. (a) 'Arrangement of conductors on 
tower, (b) Three-line diagram of system. 

viewed from P and Q are replaced by equivalent synchronous machines, as shown in 
Fig. 4 of Chapter VIIL Applying these equations to the system of Fig. 17(6) with 
the neutral conductor providing the return path for zero-sequence currents, Zi, Zt, 
Zq are the positive-, negative-, and zero-sequence impedances of the transformer bank; 
Zi = Z 2 = Zo = 0.05 per unit ■» 1.44 ohms. Ea is the voltage of phase a on the 
A side of the ban^eferred to the Y side. Z[, Z 2 , and Zq are the positive-, negative-, 
and zero-sequence impedances of the load. 

Zj * Zj = Zj = 28.8 As*" ohms 

As equal constant load impedances have been assumed, Ea = 0. The Z s, with double 
subscripts which are the sequence self- and mutual impedances of the unsymmetnca 
transmission circuit, are determined as follows; 

From Fig. 17(g), 

535 « -^14.5 X 44.5 X 59.0 = 33.6 inches « 2.80 feet 
5 Si * ^14.5 X 30 X 44.5 - 26.8 inches 

Fnan Appendix B, Table II, for 1/0 copper at 25®C, r « 0.554; d « 

Xi (at 60 cycles) 0.039 ohm per mUe; xn (from Fig. 5, Appendix B) » 0.67 oim 
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per mile. For 4 miles of line, 

Zii = Zm = 4(0.554 +i0.67) = 2.22 +i2.68ohms 
From [8] and [9], for 4 miles of line, 

r ( V 44.5 X 59 . V 3 , 59 \1 

Zii = 4 l^iO.1863 ^^logio iiis j J 

= -0.079 +i0.408 ohm 
Z 21 = 0.079 + j0.408 = 0.416 /79.0° ohms 

From Zii, Z 12 , and Z 21 and equations [12H14], for 4 miles of line, 

r 2(26.8)2 1 

Zoo = 2.22 +i2.68 +4 3(0.554 +^0.039) + jO.838 logio 

= 8.86 + jl0.08 ohms 

Zio = Z 02 == —0.040 — 7*0.204 

V'SO X 44.5 . .V3, 44.5\ 

- j4 (0.2794)nogio IT / 

= 0.126 — 7*0.653 ohm 

Z 20 = Zoi = -0.126 -jO.653 0.665 /79.1° ohms 

These impedances are expressed in per unit if divided by 28.8. 

Knowing the impedances of the system under consideration, the only unknown in 
[40] of Chapter VIII is £«, the equivalent applied voltage. Instead of assuming a 
reasonable value for Ea (possibly 10% above 2400 volts), a simpler procedure is to 
assume Ia\ and to calculate /o 2 , /ao, and Ea from /ai. The sequence voltages at the 
load can then be determined from /ai, /a 2 » /a0> and the load impedances. As these 
voltages vary directly with £oi they will be increased or decreased directly with the 
applied voltage. 

In the given problem, the negative- and zero-sequence voltage drops Z 2 i/ai and 
Zoi/ai in the direction PQ caused by positive-sequence currents during normal oper- 
ating conditions are small relative to £a> and the resulting negative- and zero-sequence 
currents are likewise small relative to lai. If the effect of /a 2 and /ao on Ia\ is 
neglected, equations [40a] of Chapter VIII can be used to determine /a 2 and /aO- 
The error in using [40a] instead of [40] will be negligible for this problem. It should 
be noted that there is no error in assuming Ia\ instead of Ea when [40] is used to 
determine Ia 2 and /aOt but that [40a] introduces an error which is negligible only when 
the mutual impedances in the unsymmetrical circuit are small relative to the total 
negative- and zero-sequence series self-impedances Z 2 and zo- 

Expressed in ohms, Z 2 and zo are 

S2 =■ Z2 + ^22 + z'i = (jl.44 + 2.22 +i2.68 + 20.36 +^20.36) 

= 22.58 + j24.48 = 33.3 /47.3° ohms 

*0 = ^0 + Zoo + Zo = (;1.44 + 8.86 +il0.08 + 20.36 +j20.36) 

= 29.22 +i31.88 = 43.2 /47.5° ohms 



[Ch. XI] LOADS OF UNEQUAL IMPEDANCES 425 


From [40a] of Chapter VIII, 

0.416 /TQ-O" 

/47.3^ = (-0.0125/^)/., 
-0.665 /79.1* 

43.2/471 ^ “ (0.0154 /31.6° )/.! 


£aintermsof/aicanbeobtainedfrom[37]ofChapterVIIIwith£i = 0. Neglecting 
the terms la^Z 12 and ladZiQ, which are small relative to Iai(Zii + Zi -f Zi), Ea in 
per unit of base voltage with lai = 1 /O** is 


Ea 



1 . 155 / 4 ^ 


Let the per unit positive-, negative-, and zero-sequence voltages at the load be Vai, 
Va 2 f and VaQ. Then, with lai = 1 /O^ as reference vector, 

Vai = laiZL = 1.00/^ = 0.7071 4- iO.7071 

Va2 = Ia2ZL = (~0.0125 /31.7° X 1.00 /45*^) = -0.0125 /76.7° 

= -0.0029 - j0.0122 

Vao = laoZL = (0.0154 /31.6^ X 1.00/452) = 0.0154 /76.6^ 

= 0.0036 +j0.0149 


The per unit phase voltages Fo, Fb, and Vc at the load referred to the neutral con- 
ductor are 


Va = 0.708 + j0.710 = 1.003 /45.r 


F6 = 0.274 - iO.947 = 0.986 /73 9° 

Vc 0.971 +j0.282 = 1.011 /l63.8° 

For the arrangement of the conductors considered and loads of equal impedances, 
the voltage of phase b at the load is 1.4% below the average voltage at the load and 
that of phase c 1.1% above this average. For the equal load impedances assumed, 
the power and kva at the load in phases a, d, and c will vary as the squares of the phase 
voltages. TheJoad kva of phase a is 201.2 kva; of phase &, it is 194.4 kva; and of 
phase c, it is 204.4. The total load kva is 600 kva, and therefore the given conditions 
of the problem are satisfied, although the loads in the three phases are only approxi- 
mately equal. If the total calculated load kva had been different from 600 kva, this 
value could readily be modified by assuming a higher oriower value for lai (or forJSa). 

Loads of Unequal Impedances. When the loads on the three phases 
at the terminals of the transmission line in Fig. 17(6) are unequal, they 
will usually be given in kva (or kw) at a specified power factor. As 
the voltages across the loads will be unbalanced, it may be necessary 
to assume several sets of values for the load impedances before the 
correct values are obtained. For any assumed load impedances, the 
system voltages and currents can be expressed in terms of lai or EatJ^ 
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explained in Problem 7. With unequal load impedances, the mutual 
impedances between the sequence networks, because of the unsym- 
metrical loads, may be much larger relative to the self-impedances than 
in Problem 7, and equations [40] of Chapter VIII rather than equations 
[40a] will be required. 

Ground Fault on Single-Phase Circuit Tapped from Three-Phase 
Four-Wire Circuit. In three-phase four-wire distribution circuits where 
loads are taken off between the phases and a neutral conductor, one or 
two phases and the neutral conductor n may extend beyond the termi- 
nals T of the three-phase circuit. If a ground fault occurs on a phase 
conductor beyond T, the conditions at T are similar to those for a fault 
to ground at T through a fault impedance Z/, where Z/ is the impedjance 
met by the fault current in the single-phase circuit. 

Neutral Conductor Grounded. Let Zoo be the impedance of con- 
ductor a in series with the neutral conductor n and ground in parallel. 
The voltage drops in conductors a and w, each with ground return 
(considering a second phase conductor b open, if extended beyond 
T)y are 


Va — la^aor-^o “h 


^an—g 


0 — IaZan--g “I” InZnn — g 


From these equations, 


7 ^ ^ ^ 

^aO — » — ^aa — g 


(Z^ 


an — g 




^nn~~g 


[ 100 ] 


where Zaa^g and Znn-g are the self-impedances with earth return of 
conductors a and «, respectively, and Zan-g is the mutual impedance 
between a and n with common earth return. 

With a fault to ground on the single-phase circuit, the symmetrical 
components of fault current in the three-phase part of the circuit, 
obtained by replacing Z/ in [28] of Chapter IV by Zao, are 


lal — Ia2 — -foO — 


Vf 


Zi Z 2 -h Zq -{■ 3Zao 


[ 101 ] 


where V/ is the voltage of phase a at T before the fault and Zi, Z,, and 
Zo are die positive-, negative-, and zero-sequence impedances of the 
three-phase part of the system viewed from T. 

If the neutral conductor n is ungrounded in the single-phase circuit 
but groimded in the three-phase circuit, the impedance met by the 
current in a ground fault is the impedance of the faulted con- 

ductor with earth return. Za*_, then replaces Zoo in [101]. 
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Impedances of Single-Phase Circuits. In a two^re single-phase 
circuit supplied through a transformer with the midpoint of the 
secondary winding grounded, the voltage drops in the two loop circuits 
condsting of conductors a and h, each with earth return, are 


Vb = laZab-g + Ib^bb-g 


[ 102 }- 


Replacing /« and h in these equations by their values in terms of 
their positive- and zero-sequence symmetrical components given by 
[7] of Chapter IX, resolving 7* and 7j, into their positive- and zero- 
sequence components by [6] of Chapter IX, and equating the coeffi- 
cients of lai and lao in the resulting equations to the corresponding 
coefficients in [21] of Chapter IX, 

Z\\ = 5(^00—® “1“ Zhb—g) Zab—g ~ Z^^g Zab—g 

Zoo = ^(Zaa-g + Zbb-g) + Zab—g = + Zab-g [103] 

ZlO ~ Zoi = ^(.Zaa—g Zbb—g) 


For identical conductors at equal heights above ground, Zaa^ = 
Zt^. Neglecting the terms in Zaa-g, Zbb-g, and Zab-g involving 
height above ground, Zn in [103] reduces to Zn given by [4] and 
Zio = Zoi = 0. 

Three-Wire Single-Phase Circuit. The impedances of the three-wire 
single-phase circuit with ungrounded neutral conductor are given by 
[4] and [5]. With grounded neutral conductor or ground wire n, zero- 
sequence currents are equal in phases a and b and return through the 
ground in parallel with ». With zero-sequence currents only flowing 
in the phases a and b, the voltage drops in the three loop circuits con- 
sisting of conductors o, b, and «, each with earth return, are 

7a ™ laoCZaor — g "H Zab — p) “H ^nZan — g 

Vb = Iao{Zbb-g + Zal^g) + I^bn-g [104] 

0 = Iao(.Zan — g "i” Zbn—g^ “f” 

Solving the last equation for In, 

[105] 

^nn^g 

Substituting /„ from [105] in the equations for 7« and Vb, resolving 7« 
and Vb into their positive- and zero-sequence components of voltage by 
[6] of Chapter IX, and equating the coefficients of lao in the resulting 
equations for 7*0 and 7ai to the correspcmding coefficient in [21] 
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Chapter IX, 

2oo ~ (^ao — 0 "I" ^ab — 0) 


2^»on — 0 

z 


■“nn — 0 


[1061 


Zio = Zqi = j(Zaa—g — Zbb—g) 


■'an — g 


{Zan-^g Zhn—g) 


‘*nn — g 


For identical conductors, the first term in mutual impedance equation 
is zero; if San = ^6n, the second term is also zero. 

Two-Phase, Three-Wire Circuits. In Chapter IX, two-phase, 
three-wire circuits are discussed, and the phase voltages and currents 
resolved into two different sets of components. If positive- and zero- 
sequence symmetrical components are used, Z\\ is given by [4]; Zoo 
and Zoi = Zio are given by [5] if the neutral conductor is ungrounded, 
and by [106] if grounded. 

If positive- and negative-sequence right-angle components Zii(90®), 
Z 22 , ^i 2 » and Z 21 are required, they can be determined by substituting 
the positive- and zero-sequence self- and mutual impedances in [40] 
of Chapter IX. 

If the phase quantities are used, Z^^, Zbbi and Zab can be deter- 
mined by substituting the positive- and zero-sequence self and mutual 
impedances in [42] of Chapter IX. The equivalent self-impedances of 
phases A and B and the neutral conductor n are 

Zaa — Zab = Zii + Zio = equivalent impedance of phase A 
Zbb — Zab = Zn — Zio = equivalent impedance of phase B [107] 
Zab = §(-^00 Zu) = equivalent impedance of neutral 

conductor 


For identical phase conductors equidistant from the neutral conductor, 
Zaa — Zab = Zbb — Zab = Zn 

= |(Zoo - Zii) ^ ^ 

where Zn is defined in [4], Zqo in [5] for an ungrounded neutral con- 
ductor, and in [106] for a multigrounded neutral conductor. 


ZERO-SEQUENCE EQUIVALENT CIRCUITS WITH IDENTITY OF 
GROUND-RETURN PATH RETAINED 

The zero-sequence equivalent circuits developed in the preceding 
pages are based on the assumption that phase voltages at any system 
point are referred to ground at that particular point. Fault imped- 
ance may be included in these equivalent circuits, as explained in 
Chapter IV, but impedance grounds between ground wires or multi- 
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grounded neutral conductors and true ground are neglected. Zero- 
sequence equivalent circuits in which the identity of the ground-return 
path is retained may be required in special problems. 

Riidenberg’s Equations. In calculating the impedance of a con- 
ductor with earth return, Dr. Reinhold Riidenberg'^ assumes that 
both an insulated underground conductor of diameter d at a distance h 
from the surrounding earth and an overhead conductor of diameter d 
at a distance h above ground can be replaced approximately by a con- 
ductor of diameter d at the center of a semicircular trough in the earth 
of radius h. Under this assumption, with uniform earth resistivity p 
in abohms per centimeter cube and the frequencies encountered in 
power systems, the impedance corresponding to the flux in the earth in 
abohms per centimeter is shown to be approximately 

+ jX, = + j2<0 log. ^ ^ [109] 

where 03 = 2 wf and h is the radius of the semicircular trough; h corre- 
sponds to the radius of the sheath of an underground cable buried 
directly in the earth or the height above ground of an overhead wire. 

The self -impedance of any conductor a with earth return includes, 
in addition to Zg, the impedance Zaa—h corresponding to the flux 
within the trough of radius h: 

Zaa-^h = {ra + jxi) + j2w loge ^ abohms per centimeter [110] 

da 

where r, d, Xi are the resistance, diameter, and internal reactance, 
respectively, of the conductor indicated by double subscriptsr of Z. 
The term conductor here includes ground wires and sheaths. 

Adding [109] and [110], and indicating the self-impedance of the 
conductor a with ground return by an additional subscript g, in abso- 
lute units, 

Zaa—o “ (^o "[" ^g) "h “t" ^i) 

2a,log.^^^ + =cA [111] 

' T / 

Zah—gt the mutual impedance with common earth return between two 
parallel conductors a and b within the trough of radius h with spacing 
Sah between their centers in absolute units, is shown to be 

Zab—o = Rg jX ah— g = + j2w loge [^^2] 


Em 
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can also be written as the sum of Zg and Zab-h, where 

h 

Zab-k = i2« loge — abohms per centimeter [113] 

Sab 

Riidenberg’s equations for Zaa-g and Zab-t at power system fre- 
quencies given in [111] 2 uid [112] are independent of h, the height of the 
overhead conductor above ground or the distance of the underground 
insulated conductor from the surrounding earth; they are therefore 
the same for underground as for the overhead conductors. 

Comparing equations [111] and [112] with Carson’s equations for 
•Roo-ffi Rab-gt Xaa-g, and Xgb-g in absolutc units given by [26H29], 
Mrith the terms involving conductor height above ground omitted and 
X replaced by 1/p, the earth resistance component Rg = Raa—g — 
Rgb-g = *■*/ is the same. The reactance terms of Carson’s equations 
are higher than Rudenberg’s by the difference 2« 1<^* 0.208/0.178 
abohms per centimeter. Expressed in ohms per mile, the difference is 

2 X 377 X 0.1609 X 10-^ X 2.303 logic = 0.019 

This difference is unimportant in circuits in which the effects of 
tower height can be n^lected. It has already been pointed out that 
the effect of tower height on self- and mutual impedances with earth 
return calculated by Carson’s equations is insignificant for frequencies 
of 60 cycles or less with earth resistivities of p = 100 ohms per meter 
cube or more. (See Figs. 3(a) and 3(d).) 

With a three-conductor cable in a lead sheath buried in the ground, 
the division of flux into flux vdthin the sheath and flux in the earth is 
helpful in calculating zero-sequence impedances of cables. This 
method is used in the chapter on insulated power cables in Vol. II. 
The conductors of the three-conductor cable are completely trans- 
posed so that the effective distance of each from the earth is the same, 
as is also the distance between any two conductors. 

With a completely transposed three-phase overhead transmission 
line, where the distance between conductors is less than the height of 
the conductors above ground, the eardi return components of self- 
and mutual impedances based on Riidenberg’s equations will be the 
same. It is possible, therefore, to separate the impedance of the earth 
return path Zg = Rg + jXg from the self- and mutual impedances with 
earth return. 

Determination of Impedance of Eaidi-Retom Path. The resistance 
component Rg of the impedance Zg of the earth-return path is inde- 
pendent of h, the conductor height above ground, but ^e reactance 
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component Xg is a function of h. 

Rg = 0.095 ^ ohms per mile [1141 

00 

Xg^ at frequencies of 60, 50, or 25 cycles per second, may be read from 
Figs. 3(c), 4(c), or 5(c), respectively, with average height in feet as 
abscissa instead of ‘'distance between conductors. Thus, with 
/ = 60 cycles, p = 3000 ohms per meter cube, and A = 40 feet, Zg is 
approximately 

Zg = 0.095 + jO.72 ohm per mile 



Fig. 18 . Approximate zero-sequence equivalent circuits with identity of earth 
return path retained, (a) Three-phase circuit with or without ground wires, no 
impedance between ground wires and ground. (6) Phase conductor a and multi- 
grounded neutral conductor n. No impedance between neutral conductor and 
ground, (c) Two sections of conductor a and multigrounded neutral conductor n 
with unequal impedances Zi, Z2, Z3, • • • , between n and ground for use on an a-c 

network analyzer. 


Zero-Sequence Equivalent Circuits with Impedance in Earth-Return 
Patii. Figure 18(a) shows an equivalent circuit on a per phase basis 
for a three-phase transmission circuit between 0 and P, in which iZg 
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is subtracted from ^00 f the zero-sequence self-impedance of the circuit 
(calculated as previously explained), and SZg placed between the 
ground points 0' and P' at 0 and P, respectively. The points 0 and P 
are to be connected into the zero-sequence equivalent circuit for the 
system, the zero-potential bus of the equivalent circuit being opened 
between O' and P' and 3Zg inserted in the opening. In the equivalent 
circuit of Fig. 18(a), voltages at 0 and P may be referred to ground at 
either O or P. For a single-phase circuit treated as a two-vector 
system (see Chapter IX) or for a two-phase circuit, 2Zg is placed 
between O' and P' and 2Zg subtracted from the zero-sequence self- 
impedance of the circuit. For the case of a single conductor a, with 
return in a multigrounded neutral conductor n in parallel with the 
ground, Zg is placed between O' and P' and Zg subtracted from Zao 
given by [100]. If it is desired to retain the identity of the multi- 
grounded neutral conductor n, Fig. 18(&) may be used in which Zg is 
subtracted from Zaa-^g^ Znn-gy and Zan-^gy and Zg placed in the ground 
return path. In this equivalent circuit impedances between n and 
true ground are neglected. 

To include resistance grounds between ground wires or multigrounded 
neutral conductor and ground, the equivalent circuit can be repre- 
sented on an a-c network analyzer in sections between the resistance 
grounds, the identity of each circuit and of each ground wire or 
grounded neutral conductor being retained. This is illustrated in 
Fig. 18(c) for the case of one conductor a and a multigrounded neutral 
conductor n with impedance grounds Zu etc., between n and 

ground ; two sections only are shown, one betv/een 0 and Q and one 
between Q and P. On an a-c network analyzer, the number of sections 
which can be set up is limited only by the number of available mutual 
coupling transformers. In the general case of more sections than avail- 
able coupling transformers, the zero-sequence equivalent circuit can be 
represented by several equivalent circuits in series. For example, if 
eight coupling transformers are available, eight sections are set up 
between 0 and P, then these eight sections can be replaced by one 
equivalent circuit with the identity of the six terminals O, On, O', P, 
Pn, and P' retained. The next group of eight sections is then replaced 
by a second six-terminal equivalent circuit, and so on, until all sections 
are included. These equivalent circuits can then be reduced to one 
equivalent circuit, if desired. 

A six-terminal equivalent circuit, in which each terminal is directly 
connected to every other terminal through impedance, is readily 
obtained on the a-c network analyzer; a voltage is applied between a 
reference bus and each of the terminals in turn, all other terminals being 
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connected by leads to the reference bus. The ratio of the applied volt- 
age to the current in any leads will give one of the fifteen branch imped- 
ances of the six-terminal equivalent circuit. For example, with a volt- 
age E applied between any reference bus B and terminal P„ of Fig. 
18(c), with terminals O, 0„, O', P, and P' shorted by leads to bus B, the 
ratio of E to the current in the lead from 0 will give the impedance to 
be inserted in the equivalent circuit between terminals 0 and P„. This 
is the second method of determining an equivalent circuit given in 
Chapter I. 
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CHAPTER XII 

CAPACITANCES OF OVERHEAD TRANSMISSION LINES 


The importance of capacitance in overhead transmission lines 
depends not only upon the length of the line, but also upon the manner 
in which capacitance influences a given problem. In short-circuit 
calculations or in determining voltage regulation in a transmission 
circuit, the error in neglecting the capacitance of lines less than approxi- 
mately 50 miles in length at 60 cycles is relatively unimportant. On 
the other hand (as illustrated in Vol. II), the capacitance of a line only 
a few miles in length supplying an unloaded or lightly loaded un- 
grounded transformer bank may be of importance if one of the con- 
ductors should be open, or open and grounded, and the capacitive 
reactance of the circuit approximately the same as the magnetizing 
reactance of the transformer bank. 

Assumptions. The surface of the earth will be assumed to be an 
equipotential plane of zero potential in calculating capacitances of 
overhead transmission lines. The electric held above ground and 
at the surface of the ground resulting from the charge on a conductor 
and the presence of the zero-potential ground plane is the same as that 
which would be produced by the charge on the conductor and an 
equal and opposite charge on the image of the conductor, the image 
being as far below ground as the conductor is above ground.^ Making 
use of this principle, calculations of capacitance can be simplihed by 
considering the charges on the conductors and on their images instead 
of the charges on the conductors and on the earth. 

It will also be assumed that the charge on a conductor is uniformly 
distributed, and the potential of a conductor is the same throughout 
the length considered. Under the latter assumption, the effects of 
leakance and impedance upon capacitance are neglected. Trans- 
mission lines operated below corona starting voltage are effectively 
insulated so that leakance is negligible. Impedance is taken into 
account in developing equivalent circuits for transmission lines with 
distributed constants, but in calculating capacitance, the effect of 
impedance is neglected. As contrasted with this, the effect of capaci- 
tance upon impedance is taken into account in the fundamental equa- 
tions® for ground return circuits used in calculating zero-sequence 
impedances of overhead transmission lines. 

434 
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The conductors are assumed to be at constant distances from the 
surface of the earth. Sag in conductors can be taken into account 
by using equivalent constant distances between the earth’s surface 
and the conductors. The effect of supporting structures, trees, build- 
ings, and the character of the soil and its covering are neglected. 
These effects, in that they effectively bring the conductors nearer 
to the earth, tend to increase capacitance, especially zero-sequence 
capacitance. 

Zero-sequence capacitances calculated from equations based on the 
assumptions given here, in general, are lower than zero-sequence 
capacitances obtained from tests® on actual transmission lines. The 
equations, however, are judged adequate unless a high degree of pre- 
cision is required; as, for example, in the design of a ground-faxdt 
neutralizer, where the reactance used depends upon the zero-sequence 
capacitances of the circuits involved. (See Chapter VI.) When 
capacitance formuleis are developed which include effects now neg- 
lected, they can probably be expressed in terms of equivalent height 
above ground of conductors; if this is done, the equations and charts 
given in this chapter and elsewhere in the literature can still be applied. 

Capacitance is defined as the ratio of charge to potential. In ab- 
solute units. 



Equation [1] can be used in the calculation of capacitance of over- 
head transmission lines if Q is the charge in statcoulombs per centi- 
meter length of conductor, V the potential of the conductor in, stat- 
volts, and C the capacitance in statfarads per centimeter. To express 
C in farads per mile, C in statfarads per centimeter is multiplied by 
10-“/9 X 1.6093 X 10® = 0.17881 X 10“®. 

Potential^ a Conductor Due to Its Own Charge. The potential 
of a conductor a above ground in statvolts due to its charge Qa and 
the charge —Qa on its image a in statcoulombs is 

Va = 2Qa log. ~ [21 

where h is the height of the center of the conductor above ground and 
r is the radius of the conductor.^ When h is large relative to r, as is 
the case with overhead transmission lines, [2] becomes 

r. - 20. log.- -20, log. ^ PI 

f Tq 
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where Saa is the distance between conductor a and its image a. (See 
Fig. 1(a).) 

Single Conductor. The capacitance to ground of a single conductor 
f parallel to the ground from [1] and [3] is 


r 


- 1 = 


1 


2 logt 


2h 


statfarads per centimeter 




(a) 




(b) 


Replacing loge by 2.3026 logio and multiply- 
ing by 0.17881 X 10“®, 


C = 


0.03883 

, Ih 
logio — 


10 ® farads per mile [4] 


Fig. 1. (a) One conductor 

a parallel to ground, {b) 

Equivalent capacitance cir- The capacitance to ground of a single conduc- 
cuit for (a) where Ca is de- parallel to the ground with leakance and 

impedance neglected is indicated in Fig. 1(6). 


fined in [4]. 


The capacitive susceptance h in mhos per mile is 

14.64 


b = lirfC 




1 

T 


X lOr® 


I4a] 


The admittance to ground of a conductor f miles in length, with leak- 
ance and impedance neglected, is 

7 = 0 + = jlTja mhos [46] 


Example 1. The capacitance to ground of a single conductor with diameter of 
0.5 inch, 40 feet above the ground, in farads per mile, from [4], is 

0.03883 _ « 0.03883 


C = 


logic 


80 X 12 
0.25 


X 10- 


3.584 


10-® = 0.0108 X 10“® 


The capacitive susceptance per mile at 60 cycles from [4o] is 
h = 2ir/C = 4.09 X 10”® mho per mile 
The admittance of f miles of line is 

Y = 7*4.09 X 10”® / mhos 

Potential of a Conductor Due to the Charge on a Neighboring Con- 
ductor. The potential of a conductor a in statvolts due to the charge 
Qh in statcoulombs per centimeter on a neighboring conductor 6 and 
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the charge 

—Qb on the image of b is 



Va = 2Qb log. ^ 

Sab 

[S] 


where 5o6 is the spacing between the centers of conductors a and b. 
Sab that between conductor a and the image of conductor b (or between 
conductor b and the image of a), and the distortion of the field because 
of the presence of the second conductor is neglected.^ (See Fig. 2(o.)) 

Potential Coefficients. With more than one conductor the capac- 
itance of each conductor is influenced by the presence of the other 
conductors. Consider the n conductors a, b, ••• n charged with 

quantities of electricity Qa, Qb, • • • Qn to potentials Va, Vb, • • • 7„. 

The potential above ground of a conductor due to its own charge can 
be expressed in terms of that charge by [3], and the potential due to 
the charge on a neighboring conductor by [5]. By superposition, the 
potential of a conductor above ground due to its own charge and the 
charges on all neighboring conductors can be expressed in terms of 
these charges. The potentials to ground of the conductors in terms 
of the charges are 

Va = PaaQa + P abQb + • * • + PanQn 
Vb — PbaQa + PbbQb + • ' ' + PbnQn 
[ 6 ] 


Vn — PnaQa + PnbQb + ‘ ‘ + PnnQn 

where the potential coefficients Poo. Pbb, • • • P»». and Pab, P<u, ' • • Pan 
depend upon physical dimensions and can be obtained from the follow- 
ing equations : 

Poo = 2 loge — 
fa 

m 

Pab = Pba = 2 log* ^ 

^ab 

where r denotes radius of conductor, s spacing between the two con- 
ductors indicated by its subscripts, and S spacing between a conductor 
and its own image or the image of another conductor as indicated by 
its subscripts.^ Figures 2(a) and 3(o) show s and S with subscripts 
for two and three conductors, respectively. 

Sequence Capacitances. When the method of symmetrical com- 
ponents is applied to the solution of problems whidi involve the 
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capacitances of transmission circuits, the positive-, neg<Uive-, and zero- 
seguence capacitances of the circuits, as distuiguished from the capac- 
itances between conductors or between conductOTs and ground, are 
required. Two methods of determining sequence capacitances will be 
given : one by means of Maxwell’s coefficients and the other by the use 
of potential coefficients only, the two methods giving identical results. 
The differences between the two mediods are summarized briefly as 
follows: 

When Maxwell’s coefficients are used, an equivalent capacitance 
circuit is developed of the same number of terminals as there are 
conductors (including ground wires) in the given circuit. In this 
equivalent circuit, the direct capacitances between conductors and 
the direct capacitances between conductors and ground are given. 
If one of the conductors is a ground wire, that conductor is grounded 
in the equivalent circuit by shorting out its direct capacitance to 
ground, giving an equivalent circuit of one less terminal but with its 
capacitan<%s determined with all conductors (including the ground 
wire) considered. The sequence capacitances are not given directly 
by Maxwell’s coefficients but they ctin be calculated from them, as 
explained later. 

When potential coefficients only are used, the charges on the ground 
wires (or grounded neutral conductor) are eliminated in the equations 
of [6], and these equations reduced in number to the number of the 
phases. For the three-phase circuit with two ground wires, for ex- 
ample, there are five initial equations in [6], but the potentials of the 
ground wires are zero, and therefore the five equations can be reduced 
to three by eliminating the charges on the ground wires. From the 
resultant equations (three in number for a three-phase system), the 
sequence potential coefficients are determined as explained in detail 
later; and from the sequence potential coefficients, the sequence 
capacitive impedances. From the capacitive impedances, the sequence 
capacitive admittances or capadtances are obtained if required. 

For the two-wire single-phase drcuit and the three-phase drcuit 
without ground wires, there is but little choice between tiie two meth- 
ods. For drcuits with ground wires or with a grounded neutral con- 
ductor, the potential coeffident method involves considerably less 
work. Moreover, it is possible to prepare charts based on this method 
from which the zero-sequence capadtive impedances of three-phase 
circuits and the mutual capadtive impedances between parallel three- 
phase drcuits, with and without ground wires, can be quickly deter- 
mined. Zero-sequence capadtive impedances are used in the equiva- 
lent drcuits of Chapter VI. 
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Circuit and Sequence Capacitances Determined from Maxwell’s 
Coefficients 

Maxwell’s Coefficients. The charges on the conductors can be 
expressed in terms of the potentials of the conductors and arbitrary 
coefficients by the following equations: 

Qa ~ CaaVa CabVi, CaeVe — • • • — CanVn 

Qh “ ~CbaVa + CbbVb — CbeVe — • • • — CbnVn 

Qe ~ Cea^a CebVb CeeVe — • • • — Cenl^n [8J 

Qn ~ CnaVa CulVb CneVe — ‘ ' *1" Cnn^\ 

The significance of the coefficients, called Maxwell’s coefficients, be- 
comes apparent if all conductors except conductor a are grounded. 
Then Vb — F* = • • • = Fn = 0, and [8] becomes 

Qa ~ CooFb 

Qb = —CbaVa 

Qc = -G„Fa [9] 


Qn — CnaVa 

From [9], Caa = Qa/Va is the capacitance to ground of conductor a 
when all other conductors are at zero potential. Similarly, Cbb> Cce> 

• • • Cnn are the capacitances to ground of conductors b, c, • • • n when 
all conductors except b, c, • • • n, respectively, are at zero potential. 
The C’s with two identical subscripts (Coo, Cbb, • • • C„») are called 
the coefficients of self-induction of electrostatic charge. 

With the charge Qa on conductor a and all the other conductors 
grounded, each of the grounded conductors has a part of the induced 
negative charge. From [9], these induced negative charges {Qb, Qe, 

• • • Qn) are proportional to the potential Fo, and therefore the C’s 
with two different subscripts (Cba, Cca, • • • Cna) represent direct 
capacitances between the conductors indicated by the subscripts. 
ThatCfta = CabiCea = Coe, etc., will be shown in the following develop- 
ment. (See [14] and [31].) 

Equations [8] are frequently written with all positive signs; when 
this is the case, the C's with two different subsaipts are called the 
coefficients of mutual induction of electrostatic charge and are nega- 
tive. With n^ative signs before these C’s, the C’s themselves are 
positive and represent direct capacitances between conductors. Max- 
well’s coefficients can be expressed in terms of the potential coefficients 
by solving [6] fm the charges Qa, Qb, ' • ‘ Qn and then equating the 
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coefEcients of Fo, Ft, • • • F* in the resultant equations to the coeffi- 
cients of Fo, Ft, • • • Fn in corresponding equations in [8]. This will 
be illustrated for two- and three-conductor circuits. 

Maxwell’s Coefficients for Two-Conductor Circuit. With two 
conductors, a and h, [6] becomes 

Fo = PaaQa + P abQb 

Ft = Po60a + ^ ^ 


Solving [10] for and Qj,, 


Qa = 
Qb = 


PtbFp — Pot Ft 

PaaPbh Pot 

— PotFp -b PppFt 

P aaP bb Ppt 


[111 


With two conductors, a and b, [8] becomes 

Qa = CppFp — Cot Ft 
Qb = — CtpFp -f- CttFt 


[ 12 ] 


Equating the coefficients of Fp and Ft in the corresponding equations 
of [11] and [12], 

Cpo = ~ — ^ statfarads per centimeter 

aa^ hb -*06 

p 

Cbb = “^ 1 — ^ — ^ 2 “ statfarads per centimeter [13] 

p ^ 

Cab = Cha = ^ statfarads per centimeter 

’Laa^hb ah 

where the potential coefficients Ppp, Ptt, and Ppt are defined in [7]. 
Expressed in farads per mile. 


^ 0.03883/, 5tt\ ,,, 8 

Coo — Hogio -f) X 10-* 

C., - C„ - M X lor* 

A \ Sab/ 

where 



[Ch. XllJ COEFFICIENTS FOR TWO-CONDUCTOR CIRCUIT 


441 


The equivalent circuit for the capacitances associated with two 
conductors is given in Fig. 2(6). This circuit satisfies the conditions 
that (1 ) the total capacitance to ground of conductor a with b grounded 
is Caaf (2) the total capacitance of b with a grounded is Cbb, and (3) the 



Fig. 2. (a) Two conductors a and b parallel to ground, (b) Equivalent capaci- 

tance circuit for (a) in terms of Maxwell’s coefficients defined in [14]. 


direct capacitance between a and b is Cah- From Fig. 2(6), the direct 
capacitance to ground of each of the two conductors, their total capac- 
itance to ground in parallel, and the total capacitance between the 
conductors can be obtained. 

The direct capacitances to ground of conductors a and b from 
Fig. 2(6) are 


CaO — ^ab 

ObO “ ^bb Oab 


,[151 


The total capacitance to ground Cg of the two conductors in parallel, 
obtained by applying equal voltages to ground at a and 6, is the sum 
of their direqt^capacitances to ground. 

Cg = CaO + CbO = Caa + Cbb 2Cab [16] 


The capacitance between the conductors, when they form an unsym- 
metrical single-phase circuit, will depend upon whether the midpoint 
of the applied single-phase voltage is grounded or isolated. 

The total capacitance C between conductors, obtained by applying 
a single-phase ungrounded voltage between a and 6 in Fig. 2(6), is 
Cah^ the direct capacitance between conductors a and 6 paralleled by 
the capacitance between a and 6 by way of the ground, which is 


Cab + 


(,Caa — Cab^ (,Cbb Cab) CggCbb Cgb 


Cog + ^66 2Cab 


Caa "t” Cbb 2Cab 


[in. 
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The total capacitance between conductors with the midpoint of the 
applied voltages grounded can also be obtained from Fig. 2(6); the 
direct capacitance Ca& between a and 6 can be replaced by 2Cab from 
a to neutral in series with 2Co& from 6 to neutral. The total capaci- 
tance between a and 6 is the parallel value of (Coo — Cab) and 2Cab in 
series with the parallel value of 2 Cob and {Cbh — Cob), giving 

r — Cob)(Cbb + Cob) 

Coo + Cbh + 2 Cob 


The total capacitance between conductors given by [17] and [18] are 
calculated under different assumptions. In [17] there is no ground on 
the system other than that resulting from the capacitance to ground; 
in [18] the applied voltages are grounded. In [17] the phase charges 
are equal and opposite; in [18] the phase voltages are equal and oppo- 
site. 

If the conductors are identical and at equal heights above ground, 
Coo = Cub, and the total capacitance C between conductors by either 
[17] or [18] is 


C — 2 (^oo "I" Cob) 


0.03883 X 10~° 


farads per mile 


[19] 


Single-Phase Two-Wire Circuit, One Conductor Grounded. Let 
the conductors be a and 6, with 6 grounded at frequent intervals. The 
capacitcuice to ground of conductor a is Caat given by [14]. 

Single-Phase Two-Wire Circuit, without Ground Wires. Figure 
2(6) is an equivalent two-conductor circuit, suitable for use where 
calculations are made with phase quantities rather than by means of 
their positive- and zero-sequence symmetrical components defined in 
Chapter IX. However, when symmetrical components are to be used, 
the sequence capacitances can be determined from Fig. 2(6) or equa- 
tions [12], in terms of Maxwell’s coefficients, defined in [14]. 

Positive- and Zero-Sequence Capacitances of Two-Vector Circuits. 
Following the definitions and notation of Chapter XI, the positive- 
sequence capacitances of phases a and 6 will be indicated by Coi and 
Cbi and defined as the ratios of the phase charges Qa and Qb to the 
phase voltages Va and Vt, respectively, with positive-sequence volt-. 
ages only applied to the sjrstem. Similarly, the zero-sequence capaci- 
tances of phases a and 6 will be indicated by Cao and Cbo and defined as 
the ratios of the phase charges to the corresponding phase voltages 
with zero-sequence voltages only applied to the system. 

With poffltive-sequence voltages only applied to the two-vec^ 
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drcuit, Vb = —Va. 


From [12], by definition, 


Cal — — Caa + Coft 

y a 

Chi = ^ = Cbh + Cab 

Vb 


[ 20 ] 


Coo and Cjo are the direct capacitances to ground of conductors a 
and b given by [15]. 

Since capacitive admittance with no leakance is directly proportional 
to capacitance, [S3] of Chapter IX can be used to determine sequence 
capacitances from the positive- and zero-sequence capacitances of the 
two phases. Substituting [15] and [20] in [53] of Chapter IX, in which 
the Fs have been replaced by C’s with the same subscripts, 

Cll = ^(Col + Cbl) = 2(Coa + Cbb + 2Co6) [21] 

Coo = ^(CoO + Cjo) = ^(Cao + Chb ~ 2Co6) [22] 

Cio “ Coi = a (Col ~ Cbl) = 5(Coo ~ Cfto) = ^(Coo — Cbb) [23] 


where Coo» C^, and Cab are given in farads per mile by [14] in terms of 
circuit dimensions. 

For identical conductors at equal heights above ground, Caa 
the mutual capacitance between the sequence networks disappears, and 


Cll = Caa + Cab = 


0.03883 


( *S'aa \ / Sg^ \ 

~J\sJ 


logio 


Coo — Caa Cab — 


0.03883 




X 10“* farads per mile 


X 10^ farads per mile 


[24] 

[25] 


Equation {24f gives the capacitance to neutral of a symmetrical 
single-phase circuit with the presence of the earth considered. For 
overhead trjmsmission lines, Saa and Sab are of the same order of magni- 
tude. (See Fig. 2(o).) If the earth is assumed infinitely distant, 
which is equivalent to neglecting its presence, Saa and Sab become 
equal, and the capacitance to neutral is 

Cll — X 10“® farads per mile [26] 

t ^ab 


The capacitance C between conductors is one-half that given by [26], 
.which ^ecks [19] with Saa = •Sot* Equation [26], which n^lects the 
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presence of the earth, is generally used for calculating capacitance to 
neutral in a single-phase circuit; and capacitance between conductors 
is one-half of this amount. It is shown in Example 2 that the differ- 
ence between [24] and [26] is negligible for conventional overhead 
transmission circuits. 

Two Wires Alone in Space. Of interest is the capacitance C between 
two parallel round wires alone in space, taking into account the 
non-uniform distribution^ of the charge on each wire: 


^ 8.467 X 10“®^ ^ 

C farads per 1000 feet 

u-i 


cosh-^ * = log,(a: + V a:® - 1)* = 2.3025 logio (»: + V rc* - 1) 

When Sah is large relative to r {s/2r = 10 or more), the capacitance 
between wires becomes, with negligible error, 

3.677 X 10""® 

C = farads per 1000 feet 

. ^ah 

Ic^ioy 


For overhead transmission lines, C\\ = 2C in farads per mile is cor- 
rectly given by [26], with the presence of the earth neglected. 

Example 2. Given two conductors each 40 feet above ground with 0.5 inch diame- 
ters, spaced 10 feet apart. From [14], 

80 X 12^* y/W + l0*\* 

— To — ; 

= (3.S843)* - (0.9064)* = 12.026 
0.03883 

Caa = Cb6 = ■ - ^ X 3.5843 X 10 ® = 0.01157 X 10 ® farad per mile 

lz.U2o 

0.03883 „ . 

~ ^ 0-^04 X 10 ® == 0.00293 X 10 ® farad per mile 

12.026 

The total capacitance to ground of either conductor with the other conductor 
grounded is 

Caa = Cbb = 0.01157 X 10""* farad per mile 
The direct capacitance to ground of either conductor is 

Cao = ^60 = Caa — = 0.00864 X 10“® farad per mile 

The capacitance to ground of the two conductors in parallel is 
Coo 4* ChQ = 0.0173 X 10"’* farad per mile 

• Equation 680, A Short Table of Integrals, by B. O. Peirce, Second Revised Edi- 
tion, Ginn and Co. 
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The zero-sequence self -capacitance from [22] is 

Coo = i (Cao -f- Cbo) = 0.00864 X 10~* farad per mile 

The positive-sequence self -capacitance of the single-phase circuit with the presence 
of the earth considered from [24] is 

Cii = (Caa + Cab) = 0.01450 X 10“* farad per mile 

From [26], with the presence of the earth neglected, it is 


Cii 


0.03883 


logio 


10 X 12 
0.25 


X 10 * = 0.01448 X 10 * farad per mile 


Comparing the results of Example 2 with the capacitance to ground 
of the single conductor given in Example 1, which has the same 
diameter and is located at the same height above ground, it can be 
seen that (1 ) the total capacitance to ground of a conductor is increased 
by the presence of a second conductor at ground potential, but (2) the 
direct capacitance to ground of a conductor is reduced by the presence 
of a second conductor at the same potential. The difference in 
positive-sequence capacitance calculated from [24] and [26] for a 
symmetrical single-phase circuit of the given dimensions is negligible. 

Example 3. The effect of unequal conductor heights above ground upon the 
sequence capacitances will be determined for a single-phase circuit with 0.5 inch 
diameters. Conductors a and h are 40 and 50 feet, respectively, above ground and 
10 feet apart. From [14], 

/ 80 X 12\ / 100 X 12\ / QOV 

= (3.5843) (3.6813) - (0.9542)* - 12.28 
0 03883 

Caa = X 3.6813 X 10“* = 0.01164 X 10”® farad per mile 

12. 2o 


c» 


0.03883 

"TZ:28 


X 3.5843 X 10-« 


= 0.01133 X 10 * farad per mile 


Co5 


0.03883 

12.28 


X 0.9542 X 10“* = 0.00302 X Iff"* farad per mile 


From [21J-I23], the sequence capacitances in farads per mile are 
Cii = |(C«, + C65 + 2Ca.) = 0.01450 X 10"* 

Coo = + Ctb- 2Cos) = 0.00847 X KT* 

Coi = Cw = ^ (C«, - Cti) = 0.00015 X 10-» 

Comparing the sequence capacitances for the unsymmetrical circuit 
with those for the symmetrical circuit of Example 2 with the same 
conductor diameter and the same distance between conductors, there 
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is no appreciable difference in Cn the positive-sequence self-capad- 
tance; the zero-sequence self-capacitance Coo is decreased slightly 
because of increased average conductor height above ground. The 
mutual capacitance between the positive- and zero-sequence networks 
is appronmately one per cent of the positive-sequence self-capadtance, 
and relatively too small to be considered. 

Maxwell’s Coefficients for Three-Conductor Circuit. With three 
conductors a, b, and c, [6] becomes 

Va — PaaQa P abQb "t" P aeQe 

n = PabQa + PbbQb + PbcQc [27] 

Ve ~ P aeQa "b P bcQb "b P eeQe 

Solvii^f [27] by determinants (see Appendix A), 

Qa = ^[Va(PbbPcc-Pl^)-Vb(PabPcc-PacPbc)+Vc(PabPbc-PacPbb)] 

a 

Qb = ^[-V„(PabPcc-P<^bc) 

A 

+ n(P««P«c -Pl) - Vc {PaaPbc -PobPac)] [ 28 ] 

Qe “ T [PaiPahPbe PaePbb) 

A 

-P ahP ac)”!" V ciP aaPhb'~^ P 

where 

A = P fiaiPhhP cc P 6c) P ah{P abP ee P acP 6c) “t" PaciPahPhc PacPhb^ 

For three conductors, [8] becomes 

Qa ~ CaaVa CabVb Cac^c 

Qb = -CftaFa + CuVi, - CuVc [ 29 ] 

Qe “ CcaFa Ccb^b "1“ Cee^e 

Equating the coefficients of Fa, F5, and in the corresponding 
equations of [28] and [29], the capacitance to ground of each of the three 
conductors with the other two grounded and the direct capacitances 
between the conductors in statfarads per centimeter are given by the 
following equations: 

Co. = 7 {PbbPcc - Pt) 

A 

Cbb = 7 (PaaPcc - Pic) 

A 

Ccc = 7 {PaaPib - Pl>) 

A 


[ 30 ] 
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Cba — ~ (.PabPce — Pae^bc) 
Coe ~ Cca ~ {PacPhb PabPbe) 
Cbc ~ Ceb ~ ^ (PbePaa PabPac) 


where 


A — P aa(.PbbPec -^e) P ab{P dbP ee — PaePbe) 

"h Pae (.P abP be P bbP oe) 

and the potential coefficients are given by [7]. 

Expressed in farads per mile, 


Caa — 


Cbb = 


0.03883 X 10^ 


0.03883 X 10“ 


0.03883 X 10“ 


[(log., (log.. ^)- (log.. ^)*] 
{(io..o^)(.^..^)-(ic«..^)‘; 

' [O'**" ~ (“*" sy. 


^ ^ 0.03883 X 10-« ,, 

^ob ““ ^ba ““ . ^ 


[(lo...^)(lo...^)-(lo.„^)(,«,..^)] 


^ ^ 0.03883 X 10-« ^ 

Cac ““ ^ca ^ 




^ ^ 0.03883 X 10-^ ^ 

Cftc — Cc6 — * ^ 




where 


4 - ^ [(‘O8.0 (><«■• - (i»e.« jy] 


+ 


'1311 
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-logio ^ r (logio — ) (l<^io — ) - (logic — ) (logic — 

-logic ^ r (logic — ) (logic — ) - (logic — ) (logic — 

^ac L\ ^ac / \ ^b / \ ^ab/ \ ^bc 

Figure 3(a) shows the spacings between the conductors and between 
conductors and images indicated by s and 5, respectively, with two 
subscripts. The equivalent three-conductor circuit for the capaci- 




(Cod 


^ab> 


(Cby 

"Cab“Coc) 


?bc 


Coc 

"Cgjj'Cjjc) 

(CccCqc 


“^bc^ 


////////////////////////// 

(b) 

„ h 


I 




Poa-Cob Cm,-c „5 + 


///////////////////// 


(c) 


Fig. 3. (a) Three conductors parallel to ground, {b) Equivalent capacitance cir- 
cuit for (a) in terms of Maxwell’s coefficients defined in [31]. (c) Equivalent circuit 

for (o) with conductor c shorted to ground in terms of Maxwell’s coefficients defined 

in [31]. 


tances associated with three conductors is given in Fig. 3(6). It 
satisfies the conditions for the total capacitance to ground of each of 
the cpnductors with the other two grounded, and also for the direct 
capacitances between conductors. From this equivalent circuit or 
from [29], the sequence capacitances* of a single-phase circuit with one 
ground wire, a three-wire single-phase or two-phase circuit with 
grounded neutral conductor and a three-phase circuit without ground 
wires will be determined. 

Single-Phase Circuit with One Ground Wire. Let the phases be a 
and 6 and the ground wire c. If conductor c is grounded, Fc = 0 in 
[29], and the first two equations reduce to those of [12]. In Fig. 3(6), 
with conductor c at ground potential, its direct capacitance to ground 
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Cco ~ Cce “■ Cac ““ Cbc is shorted, and the circuit becomes that shown 
in Fig. 3(c), which is similar to Fig. 2(b) with the important distinction 
that Caay Cbb, and Cab = Cba are defined by [31] and not by [14]. Equa- 
tions [21]— [23], already developed for the positive- and zero-sequence 
self-capacitances and the mutual capacitance between the positive- 
and zero-sequence networks for the two-conductor single-phase circuit 
without ground wires in terms of Caa, Cbb^ and Ca6, can be used for the 
single-phase circuit with one ground wire if Caa, Cbb* and Cab are under- 
stood to be defined by [31] instead of by [14] and the ground wire is 
indicated by c. 

Three-Wire Single-Phase cr Two-Phase Circuit with Grounded 
Neutral Conductor. When the components of current and voltage are 
positive- and zero-sequence symmetrical components, the positive- 
and zero-sequence self-capacitances and the mutual capacitance 
between the positive- and zero-sequence networks are the same for the 
three-wire single-phase or two-phase circuit with grounded neutral 
conductor as for the two-wire circuit with one ground wire. 

Three-Phase Circuit without Ground Wires. Figure 3(b), which 
gives the equivalent circuit to replace the distributed capacitances of 
the transmission line, is a three-conductor equivalent circuit, suitable for 
studies in which phase quantities rather than symmetrical components 
are used; therefore, after Maxwell’s coefficients have been calculated 
from [31] and Fig. 3(6) constructed, additional work is necessary to 
determine the sequence capacitances of the three-phase circuit. 

In systems where the currents and voltages are sinusoidal, the elec- 
trostatic charges are also sinusoidal and the phase charges can be 
resolved into their positive-, negative-, and zero-sequence components 
of charge just as phase voltages and currents are resolved into their 
symmetrical components of voltage and current, respectively. 

Current is defined as time rate of change of charge. If the charge Q 
is sinusoidal 

Q = \Q\ sin (at 

where \Q\ denotes crest value of the sinusoidal charge. The current I 
is sinusoidal if Q is sinusoidal. 

dO 

J ss — = cos (at 


or vectorially 

I = j(aQ = j2TfQ 

where the subscripts of / and Q are identical, and I and Q may be rms 
values. 
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Equations [64], Chapter VIII, express the symmetrical components 
of phase currents flowing into an unsymmetrical three-phase shunt 
circuit in terms of the phase voltages to ground at the circuit terminals 
and the sequence admittances of the circuit. These equations are 

lal == YiiVal + Yi2Va2 + 1^10 ^aO 

Ia2 = Y 2 lVal + Y22Va2 + FaoVaO [32] 

laO = YoiVal + F 02 V 02 + 1^00 ^aO 

where the F's with two subscripts represent the sequence admittances 
of the circuit, the first subscript referring to the sequence of the current 
given by the equation and the second to the sequence of the voltage 
associated with the admittance. 

Since I = j2TrfQ and Y = jlvfC, dividing both sides of [32] by jlirf 
with Q and C having the same subscripts as I and F, respectively, the 
following equations are obtained: 

Qal = CiiVal + C 12 F 02 + CioVaO 

Qa2 = C 2 \Val + C22Fa2 + ^ 20^*0 [33] 

QaXS = CoiVal + C*02Fa2 + CooFaO 

The Cs with two subscripts in [33] represent the sequence capaci- 
tances of the circuit, the first subscript referring to the sequence of the 
charge given by the equation and the second to the sequence of the 
voltage associated with the capacitance. Cn, C 22 > and Coo represent 
the positive-, negative-, and zero-sequence self-capacitances, respec- 
tively; the C’s with two unlike subscripts represent mutual capaci- 
tances between the sequence networks indicated by the subscripts. 

If Va, Vj,, and Ve in [29] are replaced by their symmetrical compo- 
nents of volteige and Qa, Qb, and ^cthen resolved into their symmetrical 
components of charge, the sequence self- and mutual capacitances can 
be determined by equating the coefficients of Vax, Va 2 , and Vao in the 
resultant equations to the corresponding coefficients in [33], giving 

Cll — C22 ~ 's[('aa "t" Cbb “h Cee “h Cab “ 1 “ Cae "f" 

Coo = i[Caa + Cw> Cec — 2(Col> + Cac + Cbc)] 

Cl2 — ^[Caa + + dCce ~ 2{aCab + d^Cae + Cbc)] 

C 2 I = i[Coo + flCbb + <**Cec ~ 2 (a^Cob + oCae + Cbc)] [34] 

Cio = C 02 = i[Coo + aCbb + O^Cce + 0*Cob + aCac + Cbc] 

C 20 Coi = f [Coo + a^Cbb + oCce + oCob + O^Coc + CbJ 

where Maxwell’s coefficients Caa, Cbb, Cee, Cab, Cae, and Cbe are defined 
in [31]. 

The sequence self-capadtances and the mutual capacitances assod- 
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ated with the zero-sequence network can also be obtained from 
FIr* 3(^)* The zero-sequence self-capacitance Coo «md the mutual 
capaatances Cio and C 20 (equal to C 02 and Coi, respectively) ran be 
obtained by substituting the direct capacitances to ground of the three 
phases in [72] of Chapter VIII, in which Fs have been replaced by C’s. 
The positive- or negative-sequence capacitances are capacitances to 
neutral which are determined from the capacitances between conduc- 
tors. In the equivalent circuit of Fig. 3(6), the point representing the 
ground is also a neutral point since it is common to the three phanog. 
In this three-coilductor equivalent circuit, the capacitances to ground 
represent part of the positive- and negative-sequence capacitances, the 
capacitances of the equivalent A between phases the other part. This 
does not mean that part of the positive- and negative-sequence capaci- 
tances are capacitances to ground. In fact, the ground can be neg- 
lected with but slight error in calculating them. But in an equivalent 
circuit, part of the positive- and negative-sequence capacitances can 
be represented by the same three-phase shunt circuit that represents 
the zero-sequence capacitances. In the usual equivalent circuit repre- 
senting positive- or negative-sequence capacitances only, the capaci- 
tances are shown to neutral and there is no point representing ground. 

The positive- or negative-sequence self-capacitances of the A, which 
are the average capacitances in the three phases of the A, are 
i(Cci6 + Coc + Cbc)- Sequence self-capacitances are by definition 
equal in the three phases and form a symmetrical circuit. The sym- 
metrical self-impedance A can be replaced by an equivalent symmetri- 
cal Y. The admittances of a symmetrical Y are three times the 
admittances of the equivalent symmetrical A; therefore the posltive- 
and negative-sequence self-capacitances of the equivalent Y are 
(Ca6 + Coe + Cje)- The positive- or negative-sequence self-capaci- 
tance of the shunt circuit to ground is ^(Coo + Cw + Cee — 2Cab — 
2Cae — 2Cfrc^ Adding the positive- or n^ative-sequence self-capaci- 
tance of the two circuits which together form the equivalent circuit of 
Fig. 3(6), 

Cii =* C 22 = i(Coo + Cbb -f- Cee + Cab + Coe + Cbe) 

This checks the equations for Cn = C 22 given by [34]. 

Three-Phase Equivalent Capacitance Circuit from Calculated 
Positive- and Zero-Sequence Self-Capadtances. When the mutual 
rapacitflTifft>g between the sequence networks are n^lected and pod- 
tive- anrf zero-sequence self-capacitances have been calculated, an 
equivalent S3munetrical three-phase capacitance circuit dmilar to 
Fig. 3(6) can be coiwtructed, as shown in Figs. 4(a) and (6). In these 
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equivalent three-phase circuits, the direct capacitances to ground in 
the three phases are Coo- Since Coo forms part of the positive-sequence 
capacitances, the remainder is (Cn — Coo)» which is the capacitance 

to neutral of the symmetrical Y 
between phases shown in Fig. 4(a). 
If an equiyalent A is used, the 
capacitance between phases is 
^(Cii — Coo)» as shown in Fig. 
4(&). These equivalent three-phase 
circuits can be used on the a-c 
network analyzer or the transient 
analyzer® in cases where it is desir- 
able to represent the three phases of 
a system rather than the sequence 
networks. 

The use of Maxwell's coefficients 
has been illustrated for two-conduc- 
tor and three-conductor circuits. 
MaxwelFs coefficients can be used 
to determine the equivalent capac- 
itance circuits for transmission cir- 
cuits of any number of conductors 
and ground wires, but the work 
involved becomes increasingly la- 
borious as the number of wires is 
increased. For example, in a three- 
phase circuit with two ground 
wires there are five wires and th'ere- 
Fig. 4. Equivalent three-phase capaci- five equations in [6] and [8]. 
tance circuits in terms of positive- and potential coeffid- 

zero-sequence self-capacitances Cu and . i i r i r 

Coo, with mutual capacitances between ^i^ts is fifteen, and the formulas for 
the sequence networks neglected. MaxwelFscoefficientsin terms of the 

potential coefficients are lengthy. 
With two of the five wires grounded, only six of Maxwell’s coefficients 
are required, but each of them is a function of all fifteen potential 
coefficients. Moreover, if the sequence capacitances are required, 
additional work is necessary to determine them from Maxwell’s 
coefficients. 

The sequence capacitances of a three-phase circuit without ground 
wires are calculated in Problem 1 from Maxwell’s coefficients, using 
the equations of [34]. Before discussing these sequence capacitances, 
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the potential coefficient method will be developed, so that Problem 1 
may be solved by both methods. 

Sequence Capacitances Determined from Potential Coefficients 

Relations between Capacitances and Potential Coefficients. Capac- 
itance is defined as the ratio of charge to potential : C ~ QIV. From 
[6], potential 7 is a direct function of the potential coefficients. As V 
occurs in the denominator of the capacitance equation, oaparitanroa 
and potential coefficients are inversely related. 

Capacitances of transmission lines are normally expressed in farads 
per mile, the total capacitance of any sequence in farads varying 
directly with the length of line. The quantity which is dimensionally 
the reciprocal of capacitance is elastance.® The unit of elastance is the 
daraf (farad spelled backward). Potential coefficients are dimension- 
ally the reciprocals of capacitances. With the capacitances of a trans- 
mission line expressed in farads per mile, the potential coefficients will 
here be expressed in daraf-miles, the potential coefficient of any 
sequence for the line in darafs varying inversely as the length of line. 
The symbol P with numerical subscripts will be used to indicate the 
sequence potential coefficients. 

Given / miles of line with capacitance of a specified sequence in 
farads per mile represented by C with appropriate subscripts (the 
zero-sequence self-capacitance is Coo), then the admittance Y corre- 
sponding to C is 

Y = jb = jlvfCl mhos [35] 


where the subscripts of Y and b (the capacitive susceptance) are the 
same as those of C, and C is some function of the jjotential coefficients 
of the circuit. 

The capacitive impedance of a specified sequence of / miles of line will 
be indicated by Z with appropriate subscripts (the zero-sequence 
capacitive selTlmpedance is Zoo) J then 


P ^ . P 

j2vft ^ lirft 


—jx ohms 


[36] 


where Z, x (the capacitive reactance), and P in [36] have the same 
subscripts as F, 6, and C in [35] when they refer to the same sequence 
or sequences, but Z is not the reciprocal of x is not the reciprocal of 
6, and P is not the reciprocal of C unless the circuit is a symmetrical 
one. 

It is proposed to determine the sequence potential coefficients which 
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ccMTespond to sequence capacitive reactances, and from them, if 
required, sequence capacitances or capacitive admittances. 

Tliree-Phase Circuit. If a, b, and c indicate the three conductors, 
equations [6] are given by [27] for the case of no ground wires. With 
ground wires, the number of equations in [6] is equal to three plus the 
number of ground wires but the voltages on the ground wires are zero. 
Eliminating the charges on the ground wires, the equations are reduced 
to three. If the charges Qa, Qb, and Qt in the resultant equations are 
replaced by their symmetrical components of charge, and the phase 
volt£^;es then resolved into their symmetrical components, the follow- 
ing equations in absolute units are obtained : 

Val = PllQal + PuQai + -PloQoO 
Va2 — PilQal + P22Qa2 + P 2oQaO [37] 

= PoiQal + Po2Qa2 + PooQaO 

where, for the case of no ground wires, 

Pll = P 22 — ^[-Poo + Pbb + Pee ~ (Pab + Pae + Pftc)] 

Poo = ^[Poo + P66 + Pee + 2 (Pab + Pae + Pftc)] 

P 18 — §[P<»o + O'^Pbb + flP«e + 2 {aPab + 0*Pae + Pbe)\ r^gi 
P 2 I = \[Paa + oPw + a^P.c + 2(a2p„» + aPac + Pbe)\ 

Pio = P 02 = 5[Poo + (tPub + a^Pee ~ ifl^Pab + oPoe + Pic)] 

P 20 “ Poi = \{Paa + O^Pvb + oP ce ~ (flPab + O^Pae + Pic)] 

and the conductor potential coefficients Poo, Poi, etc., are defined in [7]. 

The P’s in [37] with two numerical subscripts represent the sequence 
potential coefficients of the circuit, the first subscript referring to the 
sequence of the voltage given by the equation and the second to the 
sequence of the charge associated with the coefficient. Pn, P 22 , and 
Poo represent the positive-, negative-, and zero-^quence potential 
coefficients, respectively; the P’s with two unlike numerical subscripts 
represent mutual potential coefficients between the sequence networks 
indicated by the subscripts. With the subscripts of Z, x, and P identi- 
cal in [36], the sequence capacitive impedcinces or reactances can be 
obtained directly from the corresponding sequence potential coefficients 
(given by [38] for no ground wires) in terms of conductor potential 
coefficients. Equations [38] are in absolute units, the P’s with numeri- 
cal subscripts being dimensionally reciprocals of capacitances in stat- 
farads per centimeter. If logio instead of 2 log« is used in determining 
the potential coefficients defined in [7] which appear in the original 
equations of [6], the multiplier to convert to the unit l/(farads per 
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mile) or daraf-miles id 

2 X 2.3026 . 10® 

0.17881 X 10-« “ X 10 - 

Impedances versus Admittances in Calculations. In a three-phase 
unsymmetrical capacitive shunt circuit, just as in a three-phase unsym- 
metrical impedance shunt circuit, the symmetrical components of 
phase voltages at the circuit terminals are expressed in terms of the 
symmetrical components of phase currents flowing into the circuit 
and the sequence self- and mutual impedances of the circuit by equa- 
tions [11] of Chapter VIII. These equations are 

Val = lalZii + Ia2^12 + laO^io 

Va2 = Ia\Z2l + -fa2^22 + -i^o0^20 [39] 

VaO = lalZoi + Ia2^02 + 

Since the relations between the phase voltages to ground at the 
terminals of the capacitive shunt circuit and the phase currents flowing 
into the circuit can be expressed in terms of the sequence impedances 
by [39] with the same degree of precision as in terms of the sequence 
admittances by [32], the choice between admittances and impedances 
becomes a matter of the most convenient set of equations for the given 
problem. In analytic calculations and in the development of equiva- 
lent circuits for parallel transmission circuits discussed in Chapter VI, 
capacitive impedances will be found more convenient. By the poten- 
tial coefficient method, the sequence potential coefficients are calcu- 
lated from the cpnductor potential coefficients, and the sequence 
capacitive impedances from them by [36] for use in [39] or in equivalent 
circuits developed from [39] or from analogous equations. 

If the sequence admittances are required for use in [32], they may be 
calculated from the capacitive impedances using [65] of Chapter VIII; 
or, after the tPa^erical values of the sequence potential coefficients have 
been determined, the sequence capacitances can be obtained from them 
by the following equations, determined by solving [37] for Qa\, Qa 2 f and 
Qao and then equating the coefficients of Vai, Va2f and Vao in the result- 
ant equations to the coefficients in the corresponding equations of [33]. 

Cii = C22 = T (-P11-P00 “ -Pio^oi) 

A 

Coo — T (-Pfi ” P12P21) 

A 

C \2 = T + -Pfo) 

A 


[ 40 ] 
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C21 = { (-P21P00 + P§i) 

A 

Cio = C02 = “ (— -Pio-Pii + -Pia^oi) 

A 

Coi = C20 = T + J’21-Plo) 

A 


where 

A =» FiiPqQ — 2PioPoi^ll ” P12P21PQQ + Pl2P%\ + -^21^10 

If the sequence potential coefficients are expressed in daraf-miles, the 
sequence capacitances in [40] will be in farads per mile; if they have 
been calculated using logio and no conversion factor, the multiplier to 
convert to farads per mile is (0.1788 X 10”®)/ (2 X 2.3026) = 

0.03883 X 10”®. 

Summary of Procedure by Potential Coefficient Method. The pro- 
cedure in determining the sequence capacitive impedances or admit- 
tances of three-phase transmission circuits with and without ground 
wires at constant frequency may be summarized in the following 
steps: 

1. Write the equations of [6]. The number of these equations is the 
same as the total number of wires, i.e., three phase conductors plus 
the number of ground wires. The voltages of the ground wires in 
these equations are zero. 

2. Reduce the number of equations in [6] to three by eliminating the 
charges on the ground wires. 

3. Replace the charges on the phases by their symmetrical com- 
ponents of charge and resolve the phase voltages into their sym- 
metrical components of voltage; then equate the coefficients of 
the charges in the resultant equations to the corresponding coeffi- 
cients in [37] to obtain the sequence potential coefficients in terms 
of the conductor potential coefficients defined in [7]. 

4. (a) If sequence capacitive impedances are required they are 
obtained by substituting the sequence potential coefficients in 
[36]. 

(6) If the sequence capacitive admittances are required, the 
sequence capacitances are first calculated from the sequence 
potential coefficients, using [40]; and then the corresponding 
sequence capacitive admittances are obtained by substituting the 
sequence capacitances in [35]. 
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The sequence capacitances calculated by the procedure summarized 
above will be eocactly the same as those obtained by calculating 
Maxwell’s coefficients and from them the sequence capacitances. The 
positive-, negative-, and zero-sequence potential coefficients and 
capacitances are unaffected by the choice of the reference phase; the 
sequence mutual potential coefficients and capacitances, however, 
depend upon the phase selected as reference. The sequence capaci- 
tances of a three-phase circuit without ground wires will be calculated 
from Maxwell’s coefficients and also by the potential coefficient method 
in the following problem, before considering three-phase circuits with 
ground wires. 

Problem 1. Given three conductors, each 40 feet above ground with 0.5 inch 
diameters, spaced 10 feet apart (see Fig. 5(o)). Determine: 

(а) The equivalent three-conductor capacitance circuit. 

(б) The sequence capacitances of the three-phase circuit using Maxwell's coeffi- 
cients. 

(c) Use potential coefficient method for (6). 



( 0 ) (W 


Fig. 5. (o)jrhree conductors parallel to ground. (6) Three-conductor 
capacitance circuit for (a). 


Solution. 
as b and c, 


Designating the middle conductor as a and the two outside conductors 

Saa , , 5„ 80 X 12 

logic — = logic — = logic — = logic 3.5843 


logic 




logic — = ioglO 

Sae 


V 80^ + 10^ 


10 


= 0.9064 


logic — = logic 

Sh9 


VgO* + 20* 


20 


0.6152 
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(a) Substituting these logarithms in [31], Maxwell’s coefficients in farads per mile 
are obtained. 

A - 3.S843[(3.5843)* - (0.61S2)*] - 2(0.9064)*[3.5843 - 0.6152] = 39.813 
0 03883 X 10”® 

Cm - [(3.5843)* - (0.6152)*] = 0.012161 X lO"* farad per mile 


0.03883 X KT* 

C» = Cct = [(3.5843)* - (0.9064)*] 

A 

s* 0.011729 X 10”® farad per mile 

0 03883 X 10”® 

Ca6 * Cfta = Coe « Cea = — [(0.9064) (3.5843) - (0.9064) (0.6152)] 


Che = Cch 


0.002625 X 10 ® farad per mile 
0.03883 X 10”® 


[(0.6152) (3.5843) - (0.9064)^] 


«* 0.001349 X 10 ® farad per mile 


The equivalent three-conductor capacitance circuit is obtained by substituting 
Maxwell's coefficients in Fig. 3 (b). This circuit is shown in Fig. 5 (5), where 

Caa “ Cab — Cac == 0.006911 X 10”® farad per mile 

Cbb — Cab — Che = 0.007755 X 10”® farad per mile 

Cee — Cae ~ Che = 0.007755 X 10”® farad per mile 

(b) Substituting Maxwell’s coefficients in [34], the following sequence capacitances 
of the three-phase circuit are obtained: 

Cii = C 22 = 0.014073 X 10”® farad per mile 

Coo = 0.007474 X 10”® farad per mile 

Ci2 ** C21 = 0.000995 X 10”® farad per mile 

Cio =“ C02 = C20 = Coi =“ —0.000281 X 10”® farad per mile 

For the flat horizontal configuration assumed, and a the center conductor, the 
mutual capacitances are reciprocal. The zero-sequence self-capacitance Coo is 53% 
of the positive-sequence self-capacitance Cn. The mutual capacitance between the 
positive- and negative-sequence networks is about 7% of the positive-sequence self- 
capacitance. The mutual capacitance between the zero- and the positive- or nega- 
tive-sequence networks is negative and less than 4% of the zero-sequence self- 
capacitance. 

(c) Substituting the conductor potential coefficients from [7] in [38], the sequence 
potential coefficients in daraf-miles are 

0:^ - 1(2 X 0.9064 + 0.6152)1 - 5;^ (2.775) 

10 ® 10 ® 

- 5555 X - 65555 
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Pu-Fa- Pa - Pn - + O.MS2)I - 5 ;^ (O.OOTl) 

Substituting the sequence potential coefficients in [40], 

/ 10* V 

A - ((2.775)* X 5.203 - 2 X 2.775 X (0.0971)* - 5.203 X 

(-0.1941)* + 2 (-0.1941) (0.0971)*] = 39.813 

0 03883 X 10"“* 

Cl, = Ctt = 3 ^ [2.775 X 5.203 - (0.09707)*] = 0.014072 

X 10~* farad per mile 

0 03883 X 10“"* 

Coo = [(2.775)* - (0.1941)*] = 0.007475 X lO"* farad per mile 


0.03883 X 10“"® 

Ci 2 « C 21 [-0.1941 X 5.203 - (0.09707)*] 

=s 0.000994 X 10“* farad per mile 


Cio 


Co 2 = C 20 = Coi 


0.03883 X 10-* ^ 

39.813 ^ 

[- 0.1941 X 0.09707 - 2.775 X 0.09707] 
= — 0.000281 X lO""* farad per mile 


The sequence self* and mutual capacitances calculated by the two methods are the 
same within the degree of precision used in the calculations. 


Approximate V^ues for Positive-, Negative-, and Zero-Sequence 
Self-Capacitances. By the method here called the potential coeffi- 
cient method, the positive-, negative-, and zero-sequence self-capaci- 
tances and the mutual capacitances between the sequence network can 
be determined to any desired degree of precision based on the initial 
assumptions: — These assumptions are not exact, as explained at the 
beginning of the chapter; therefore an extremely high degree of preci- 
sion in calculating capacitances is not worth while. Moreover, the 
overhead three-phase transmission circuit is an unsymmetrical circuit, 
and therefore, when treated by the method of symmetrical com- 
ponents, has small mutual capacitances between the sequence net- 
works. In a completely transposed circuit, these mutual capaci- 
tances are substantially zero; in an un transposed circuit, they are 
small and in the usual system problem cari be neglected. Because of 
this coupling, the positive-, negative-, and zero-sequence capacitive 
self-impedances and their corresponding admittances are not the 
eocact reciprocals of each other; but, since the mutual capacitive coujp- 
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ling between the sequence network is small, it is to be expected that 
one set of values will be very nearly the reciprocals of the other set. 
And this is the case. 

In Problem 1, part (c), Pqo is greater than Pn = P22» aJid P 12, P2i» 
Pio, and Poi are all less than 10% of Pn. In both numerator and 
denominator of the equations of [40] for Cn = C 22 and Coo» the mutual 
potential coefficients occur only as second or higher powers. If Pqo 
were equal to Pn and all mutual potential coefficients were equal to 
10% of Pn, the error in neglecting all terms except the first in numera- 
tor and denominator of Cn = C 22 and Coo would be less than 3%; 
but with Poo greater than Pn and the mutual potential coefficients all 
less than 10% of Pn, the error may be less than ^%. 

Neglecting terms containing second or higher powers of mutual 
potential coefficients in Cn = C 22 and in Coo iii [40], 


Cn = C 22 — 


Coo = 


p2 

■III 


PiiPoo 


PiiPpo 
PflP 00 

_ JL_ 

Poo 


1 

Pll 


[41] 


Substituting calculated values of Pn and Poo from Pi^blem 1 in [41] 
and comparing with the calculated values of Cn and Coo in Problem 1, 
expressed in farads per mile: 

Cn = Ca 2 (from [41]) = -^ = 0.01400 X 10“®; from Problem 1, 

Pll 

Cn = C 22 = 0.01407 X 10“® 

Coo (from [41]) = — = 0.00746 X 10“®; from Problem 1, 

Poo 

Coo = 0.00747 X 10“® 

The errors in the approximate equations of [41] are negligible for the 
given circuit; they are also shown to be negligible with one ground 
wire (see Problem 3), It can be shown that the errors in [41] are 
unimportant for any other of the usual configurations of three-phase 
overhead transmission circuit both with and without ground wires. 
This has been pointed out and illustrated with examples by Professor 
W. V. Lyon.^ 

The influence of circuit configuration on the sequence potential 
coefficients for a three-phase circuit without ground wires can be 
determined by rewriting Pn = P 22 and Pqo in [38] in terms of radius 
of the conductors, spacings between the conductors and between 



[Ch. xii] capacitive susceptance curves 

conductors and images. Expressed in daraf-miles, 


461 


Pii = P 22 = 


10 « 


0.03883 




I a / Sab^ac^bc II o / 

logic h logic 


^aa^bb'^ct 

^ab'^ac^bc Ji 


-Poo = 


10 ® 


0.03883 


logic 


</ SaaSbbSccSlbSLSi 


be 


.2 


^ab^ac^bc 


[42] 

[43] 


Presence of Earth Neglected in Positive- and Negative-Sequence 
Self-Capacitances. For the usual transmission line, the height above 
ground is such that the distances between conductors and their own 
images and the images of other conductors are of the same order of 
magnitude. If the distances Saat Sbb* Sce^ Sabi Saci Sbc are assumed 
equal, which is equivalent to neglecting the presence of the earth, [42] 
in daraf-miles becomes 


-Pii = P 22 


10 ^ \/^ ^ab^ac^bc 

O:^*ogio 


[44] 


For the circuit of Problem 1, [44] gives in daraf-miles. 


Pii = P 22 


10® , -^10 X 10 X 20 

0.03883 ^ 

24 


10 ® 

0.03883 


(2.7815) 


Substituting this value in [41], 

Cii = C 22 = 0.01396 X 10“® farad per mile 

Compared with 0.01400 X 10“®, also obtained from [41], the error in 
neglecting the presence of the earth for the circuit considered is less 
than one-half per cent. 

Capacitive Susceptance Curves for Three-Phase Circuit without 
Ground Wire^T^ Substituting Pu = P 22 and Poo from [44] and [43], 
respectively, in [41], and multiplying by 2wf, the positive-, negative-, 
and zero-sequence capacitive susceptances per mile in mhos to a close 
approximation are 

\ 60 / , Sab 

•ogio — 


boo = 2irfCoo 


(f \ 4.88 

\60j. 

logio 


88 X 10- 


2H 




[461 
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where 

r sa radius of conductor 

S55 =» SabSaeSbe = geometric mean spacing between conductors 
H = ^ root of nine distances 

between conductors and images) 
= average height above ground of 
conductors, approximately 



Fig. 6. Capacitive susceptances at 60 cycles of three-phase transmission circuits 
without ground wires. 

H/ s « ratio of H (the average height of conductors above ground, approxi- 
mately), to 5 (the geometric mean distance between conductors) both in feet 


Figure 6 gives the positive-, negative-, and zero-sequence capacitive 
susceptance at 60 cycles in micromhos per mile for a three-phase 
circuit without ground wires calculated from [45] and [46]. In these 
equations r, 535, and H are in the same unit of length, but for con- 
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venience the curves have been plotted with the ratio sji as abscissa, 
where s is the geometric mean spacing between conductors in feet and 
d is the diameter of the conductors in inches; for the zero-sequence 
capacitive susceptance, the parameter is the ratio of if to 5 both in 
feet, where if represents the average height above ground of the 
conductors. 

Transposed Three-Phase Circuit. Under the assumption of con- 
stant voltage along the conductors, the capacitances of a completely 
transposed three-phase circuit form a symmetrical circuit between 
terminals in which there is no mutual capacitive coupling between 
the sequence networks. The sequence capacitances of the symmetri- 
cal circuit are equal to the corresponding self-capacitances in any 
section between transpositions and are determined by the same equa- 
tions. Equations [41] are approximate to the same degree for the 
completely transposed circuit as for the untransposed circuit; but 
the capacitive coupling between the sequence networks in the un- 
transposed circuit (normally neglected) does not exist in the com- 
pletely transposed circuit. 


Problem 2. Find the positive-, negative-, and zero-sequence capacitive suscep- 
tances per mile at 60 cycles from Fig. 6 for a three-phase circuit without ground wires 
in which the conductors are 40 feet above ground, have 0.5 inch diameters and are 
spaced 10 feet apart. Compare with Problem 1. 


Solution. 

- -^10 • 10 • 20 - 12.6 feet; d = O.S inch; H = 40 feet; ^ 

a 


H 


40 

12.6 


*3.2 


12.6 

0.5 


25.2; 


From Fig. 6; With s/d * 25.2, 

5ii = 622 = 5.28 X 10~® mho per mile 


With s/d * 25.2 and H/s * 3.2, 

5oo * 2.82 X lO""* mho per mile 


From Problem 1: 

bn s bii * 2wfCii » 377 X 0,01407 X lO"* * 5.30 X ICT* mho per mile 
5oo » 377Coo « 377 X 0.00747 X 10~® - 2.82 X 10“® mho per mile 

In bn * bit, read from Fig. 6, the effect of the earth is neglected and Cn ie assumed 
equal to 1/Pii. These two assumptions together produce an error of less than }%. 
For boof the check is within the degree of precision obtainable from the curves. 
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One ground wire will be indicated by w, and two ground wires by 
V) and V. 

With one ground wire w, [6] becomes 

Va = PaaQa + PabQb + PacQc + P awQvi 

Vt = PbaQa + PbbQb + PbcQe + PbwQie , .y, 

Ve — PeaQa + PcbQb + PecQe + PewQv 

Vyf ^ P tpa Qa + PwbQb + P wcQc + p wwQw 

The ground wire w is at zero potential. With = 0, Q„ in the 
last equation of [47] is 

Qu — ~ {PwaQa + PwbQb + PweQe) [48] 

Substituting [48] in the first three equations of [47] and replacing Pe>o 
by Pab, P«,a by Paw, etc., 


V. - (p„ - 0. + (p„ - g, + (i>„ - g, 

\ wtu/ \ u>w; / \ / 



Replacing the charges in [49] by their symmetrical components of 
charge and resolving the phase voltages into their symmetrical com- 
ponents of voltage, the coefficients in the resultant equations when 
equated to the corresponding coefficients of [37] give the sequence 
potential coefficients. These sequence potential coefficients will 
consist of two parts. The first part is given by [38], the second part 
will be treated as a correction. Let AP indicate this correction, the 
subscripts of P indicating the sequence potential coefficient to which 
the correction applies. An additional subscript w will be added for 
one ground wire, and two additional subscripts wv for two ground 
wires. Thus, for use in [37], 

•Pii— -Pii + = positive-sequence potential coefficient with 

one ground wire w 
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-Poo-to = Poo + APoou_w = zero-sequence potential coefficient with 

one ground wire .w 

Pi 2 -tc = Pi 2 + APi 2 _„ = mutual potential coefficient of Qai in 

equation for Vai with one ground wire w 


Pi 1 — toe = Pii + APii— too = positive-sequence potential coefficient 

with two ground wires w and v 

Poo-ioe = Poo + APoo-toe = zero-sequence potential coefficient with 

two ground wires w and v 

Poi-toe = Poi + APoi-ioe = mutual potential coefficient of Qai in 

equation for Vao with two ground wires 
w and V 


where Pxi, Pooi etc., are the potential coefficients without ground 
wires, given by [38]. 

The corrections to the sequence potential coefficients for one ground 
wire in statdaraf-centimeters are 


^5^11— tn — ^P22— le ~ [(P aw "I" Pbw "I" Pcio) 

Ox tolo 

i-Paw^bw “4" P awP cw “I” PbufP ctii)l 

APoO-u» = — Tn (P*" "I" Pc»)* 


AP 


12— w — 


3Pww 

1 

3P ww 


[{Piw + a^Pbw + aPl„) 


+ 2(aP aw Pbw’\~^ P awP cw "f” P bwP ctp)] 

AP21-ie = [(Pow + 0 ,F\w + O^Pcw) [SO] 

•JX yjyj 

"t* 7 ,{c^PawPbw (J'P awP cw “t" PbwPcw)] 


APio = APo2 = — — [(Poie + oPbw + P%w) 

Ox tiitP 

ipU^PawPhw “h ^P awP ew^ PbwP cw)\ 

APao = APoi = - 7^ [(PS« + + oP?») 

OX 

(oP awPbtii~\~d P awP ew "t" PfciePew)] 

where 

P55 = |(P«1I. + Pbw + Pew) 
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Adding the numerical values of the corrections given by [50] resulting 
from one ground wire to the numerical values of the sequence potential 
coefficients without ground wires given by [38] and substituting the 
resultant values in [40], the sequence capacitances are obtained. 

If the ground wire could be assumed equidistant from the phase 
conductors and their images (as is the case in a completely transposed 
circuit), the potential coefficients Pawt Phwy and Pew in [SO] would be 
equal and all the AP’s except APoo_«, would be zero. Even if this 
assumption is not made, Pau,, P 510 , and Pew are of the same order of 
magnitude and all AP’s except APoo-tr are relatively unimportant. 


Problem 3. For the conductor arrangement of Problem 1 with one ground wire 
I inch in diameter, 8 feet above the center conductor, find the sequence capacitances 
using both [40] and [41]. 

Solution, 

Sww I X 24 »rooe 

logic = logic — 73^ = 3.7885 

logic = logic— = 1.0414 

Saw o 

I f ^CV9 . 88.6 

logic = logic logic 777 *= 0.8398 

^t0 ^eto Ia.o 

Replacing Pwwt Paw, Pbw = Pew, respectively, in [50] by the above logarithmic 
values multiplied by 2 X 2.3026, and dividing the equations by 0.1788 X 10”®, the 
changes in the sequence potential coefficients resulting from one ground wire w 
expressed in daraf-miles are 


APii-w 


APoo-to 


APi2_w 


APic-w 


AP2S-W = 
10 ® 

0.03883 

AP21— w “ 


APc2-|0 = 
10 ® 

0.03883 


10® 0.0406 ^ 

0.03883 ^ 11.365 ““ 

7.404 ^ 10® 

^ 11.365 “ 0.03883 

_ 10® 0.0406 

0.03883 ^ 11.365 ” 

AP2C-1P « APci-w = - 


- 0:^ <»•'*“> 

(0.6514) 

10 * 

- ;r ;r,.o : (0.0036) 
0.03883 

10* 0.5486 

0.03883 ^ 11.365 


(0.0483) 


Adding the corrections for one ground wire to the sequence potential coefficients 
calculated in Problem 1, the potential coefficients with one ground wire in daraf- 
miles are 


Plt-m “ Ptt-jm “ i’ll + APii.^ 


10 * 


(2.775 - 0.004) 


10 * 


(2.771) 


0.03883 


0.03883 
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10 ® 10 ® 

Poa-tr = Poo +' APoo^«, = (5.203 - 0.651) = (4.552) 


0.03883 


Pl2-Ii> = P21-II» = Pl2 + APi2-ttf 


10 ® 


10 ® 

0.03883 


0.03883 


(-0.1941 - 0.0036) 


(-0.198) 


0.03883 

PlO-ii» “ P20-u» = Poi-u» =* P02-w = PlO H- APio^m 


10 ® 

0.03883 


10 ® 

0.03883 


(0.0971 - 0.0483) 


(0.049) 


Substituting the above potential coefficients in [40], the sequence capacitances in 
farads per mile are 

0.03883 X 10“® 

Cn-v, - C22-U, = iTTT (12.61) = 0.01405 X 10“® 


Coo-to = 

Ci2— = C2l_tp == 


34.76 

0.03883 X 10“® 
34.76 

0.03883 X 10“® 
34.76 


(7.64) = 0.00851 X 10“® 
(0.904) = 0.00101 X 10“® 


0.03883 X 10“® 

Cio-u, = C 2 (U« = Coi-u, = Co2-«, (-0.145) 

- -0.00016 X 10“® 

Substituting Pn-w and Poo-w in the approximate equations of [41], 


Cll—w — C22—W — 


CoO—io — 


1 


Pll-W 


= 0.01401 X 10 ® farad per mile 


P 00—10 


0.00853 X 10 ® farad per mile 


Comparing the sequence capacitances with those of Problem 1, the zero-sequence 
self-capacitance iTmcreased 14% by the presence of the ground wire, the positive- 
and negative-sequence self-capacitances are substantially unchanged, the mutual 
capacitances between the sequence networks remain relatively unimportant. The 
errors in Cii-_t 0 — C 22 ^w and Coo-w calculated from [41] are negligible. 

With two ground wires w and v, [6] becomes 

Va = PaaQa + PdbQh + PaeQe + PawQw + PavQv 
Vh = PbaQa + PbbQb + PbeQe + PbwQw + PbvQv 
Vc ~ PcaQa “h P cbQb “f* PecQe “h PcwQw “f* P evQv 
Vy, = PwaQa + PfffbQb + P weQe + P vftpQw *4" P wvQv 
Vy — PvaQa “1“ PvbQb “t" Pw^e "H PvwQw PmQw 


(511 
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Since F,® = = 0, and Qv from the last two equations of [51] are 

P awQa^ PhwQh~\~ P ewQe) P wviP avQo4~ PhvQh'\‘ P cvQc) 

P WwP W P WV [52] 


Qw — 


Q.- - 


P ww{P avQa~^ PbvQb~\~ P cvQe) P v)v(^PawQa~\“ PbwQb~\~ P cwQe) 
PwwPw P WV 


Qw and Qv are given by [52] in terms of the charges Qa, Qbt and Qc 
for the general case of ground wires of different diameters, unsymmet- 
rically spaced with respect to the conductors a, i, and c. As in the 
case of one ground wire, the changes in sequence potential coefficients 
because of two ground wires are relatively unimportant except for the 
change APoo-«>v in the zero-sequence potential coefficient. Only 
APoo-tov will be given here; if the other sequence potential coefficients 
are required, they can be obtained by replacing the conductor 
potential coefficients in [51] and [52] by their numerical values, sub- 
stituting [52] in [51], and then proceeding as for one ground wire. 

The correction APqq^wv can be obtained by assuming only zero- 
sequence charges on the phase conductors. This is analogous to the 
method used in Chapter VI 1 1 for determining zero-sequence self- 
impedance by assuming only zero-sequence currents ^flowing in the 
circuit. With only zero-sequence charges on the conductors, Qw and 
Qv in [52] become 


where 


^ ^ P vvi^P aw) Pwv(^Pav) 

Vw - VaO p p _ /p \2 

ww-^ w v,-^ wvj 

^ ^ P ww ( 3 P 5 ;) - P WV 

Voo p p — (p 

. Paw “ s’ (P aw “f" Phw P cw) 

P^ == \{Pav + Pbv + Pev) 


[53] 


The voltages in the three phases resulting from the charges on the 
ground wires, or the changes in these voltages because of the ground 
wires, from [51] are 

A Fa = QwP aw ”t" QvP av 


AFft — QwPbw “h QvPhv 


AFc = QwPcw + QvPcv 

The change in Fao because of the ground wires is 

+ AFj + AFe) = Q„P^ + QpPsi [54] 
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With only zero-sequence charges on the conductors and no ground 
wire, from [37], 

VaO = QaoP 00 

With two ground wires, 

^oO "1“ aO = OooC-PoO ^-PoO--u>t>) 

Substituting [S3] in [54], and dividing both sides of the equation by Qao» 

^-PoO— 


Al^oO ^ P aw) “H P towC-Pov)^ wvP awP av rm 

7~Zi To 


QaO 


P wwP w (P wv) 


Dividing numerator and denominator of the fraction on the right-hand 
side of [55] by PwwPwt 



Rewriting [56], 

APqq^io -f- Ai^oo— V 2^/ {APoo^y,) {APqq^v) y/lCyjKff 


APi 


OO—itfV 


1 KioKy 


[571 


where 


APoo^y, is the correction for one ground wire w alone, given by [50] 


APoo-r is the correction for one ground wire v alone, also given 
by [50] if w is replaced by v 


Ky, = 

Ky = 



Ky, and Ky are ratios and therefore without dimensions. APoo-w and 
APoo_» are both negative and the sign of the term in [57] involving 
the square root of their product is opposite to the sign of APoo-w and 
APoo-i>. 

If the ground wires are identical and at equal heights above ground, 
Ky, = Ky and [57] becomes 

^ ^ APoo—w ”1" ^^00— • 2V^(AP 00— w)(AP oo^y)Ktp 

APoo-tw j ^2 [5^1 

If in addition to being identical and at equal heights above ground, the 
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ground wires are symmetrically spaced with respect to the conductors, 

A/^oo— to ~ APoo— i> 


and 


APoO— too = 


2 AP 00 — to 
1 + Kyj 


[59] 


Equation [59] may also be written 

AP 00— too ” 


\{P ww “h -Ptoo) 


[60] 


Comparing [60] with the equation for APoo-to in [50], two identical 
ground wires equidistant from ground and symmetrically spaced with 
respect to the conductors are equivalent as far as zero-sequence capac- 
itances are concerned to one ground wire with the same geometric 
mean spacings between ground wire and conductors and ground wire 
and images of conductors, but with replaced by \{Pv>w + Pwv)- 

60-Cycle Zero-Sequence Capacitive Reactance Curves for One 
Three-Phase Circuit with Ground Wires. Zero-sequence capacitive 
susceptances of three-phase transmission circuits with ground wires 
cannot be simply given by means of charts because of the large number 
of parameters involved. This is not the case with zerohequence capac^ 
itive reactances which are directly proportional to their corresponding 
potential coefficients and can be given by simple graphs. Figure 6 
gives JoOf the 60-cycle zero-sequence capacitive susceptance per mile 
of a three-phase circuit without ground wires based on Coo = 1/Poo 
given by [41], and therefore acoo» the zero-sequence capacitive reactance 
of one mile of line, can be obtained by taking the reciprocal of ioo 
read from Fig. 6. The corrections to acoo for one, two, or more ground 
Mures can be obtained from Fig. 7 and applied to xqq to give the zero- 
sequence capacitive reactance with ground wires. The zero-sequence 
capacitive susceptance with ground wires is the reciprocal of the corre- 
sponding capacitive reactance to a close approximation, as illustiated 
in Problem 3. 

From [36], for f miles of line, the zero-sequence capacitive self-re- 
actances without ground wires and with one and two ground wires are 


_ ^00 _ ^ ^ 

2rft iTflCoo boo 

^00— w = ^00 + AXqo^v, = Xqo -f- 


APpo-to 

2ir/f 


^OO^wv ~ ^00 4“ AXqo— “ ^00 “H 


APqo— wv 
2irft 
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where Xqq is the reciprocal of ftoo given by [46] and Fig. 6; APoo-w is 
given by [50], and APoo~wt> by [57] or [59]. 

One Ground Wire w. From APoo-u; in [50], 


Aasroo— w ~ 


APoo^to 

2irf! 


where 



[61] 


= a/ SawSbwScw = geometric mean distance between 

ground wire w and images of conductors 
= height of ground wire plus average 
height of conductors, approximately 


^ SawSbwSew = geometric mean distance between 
ground wire w and conductors 


fu,, hio = radius and height above ground of ground wire w, 
respectively 


In [61], 5^^;, Aw, and are in the same unit of length, but for 
convenience the curves of Fig. 7(a) are plotted with the ratio 
Sw/s^ (5^^ and both in feet) as abscissa and the ratio hw/du, as 
parameter, where Au,, the height above ground of the ground wire, 
is in feet, and the diameter of the ground wire, is in inches. 
Problem 4 illustrates the use of Fig. 7(a). 

Two Unsymmetrical Ground Wires w and u. From APoa_w» in 
[57], 

^ APoO— wv 

Axoo-„, - 

Ascoo — uf “f“ Axoo — tr 2*\/(A^oo — ti>)(A^oo — ^ f621 

1 - KJi, ~ ^ 


With two identical ground wires w and v, equidistant from earth and 
symmetrically spaced with respect to the conductors, from APoo-«, 
in [59], 


A*oo— w* 




[63] 
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Fig. 7(a), 60-cycle correction for one mile of circuit to be added to Xw, without 
ground wires to include the effect of one ground wire on the zero-sequence capacitive 
reactance, (d is diameter and h is height above ground of ground wire.) For f miles 

of line, the capacitive impedance is --jxoo-^ = —7 — |- — where bn is 

Lf&oo i J 

read from Fig. 6 for one mile of circuit. Note that A:coo-«, is negative. 


where Aocoo-u? is given by [61] and Fig. 7(a). Axqo— p is also given by 
[61] and Fig. 7 (a) if w is replaced by v. 


P V)V 
- — 

WtD 


logic • 


logic 


2h„ 


logic 




, 2 *. 

logic 


[ 64 ] 
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where 

Swv = distance between one ground wire and image of other 
Swv = distance between ground wires 
Tto, U = radii of ground wires, w and w, respectively 
Aw, A® = height above ground of w and v, respectively 



» RATIO OF SPACINO BETWEEN GROUND WIRE W AND IMAGE OF GROUND 
y TO SPACING BETWEEN GROUND WIRES. 

F IG. 7 (6). Kxo and to be substituted in [62], or ir«, in [63], to obtain the correction 
Aacoo-tov for two ground wires to be applied to Xw without ground wires. 

Kyf and can be read directly from Fig. 7(6). In this chart, the 
abscissa is the-ratio S^^/s^v (both in feet) and the parameter is hxoldra 
or Ay/d», where Aw or Ay is in feet, and dw or dy is in inches. 

For unsymmetrically spaced ground wires, Axoo-wi J^wi 

and Kv are substituted in [62], where the third term in the numerator 
is opposite in sign to Axoo~u» and Axoo-y, which are negative. For 
symmetrical ground wires, [63] may be used. (See Problem 4 for 
application of Figs. 7(a) and (6).) 

More Than Two Ground Wires. The method given for two un- 
symmetrically spaced ground wires can be extended by analogy to 
more than two ground wires if the ground wires are divided into groups. 
For example, if a three-phase circuit has one (or two) ground wires 
and another circuit (assumed for the present to be out of service) 
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on the sam& right-of-way but not on the same towers has one (or two) 
ground wires, the ground wires can be divided into two groups, the 
first group consisting of the ground wire or wires on the same towers as 
the given circuit, the second group on other towers on the same right- 
of-way. The procedure is to calculate the correction to the zero- 
sequence capacitive reactance for the ground wire or wires of the first 
group with the other group disregarded, calling the correction Af*oo— w » 
then to calculate the correction for the second group with the first 
group disr^;arded, C2illing this correction APoo-p. and Kp for the 
two ground wire groups are given approximately by Fig. 7 (6) if s„p 
and Spjp are the geometric mean distances between the ground wires 
of one group and the ground wires and images of the ground wires 
of the other group, respectively, and Ap, and Ap are the geometric mean 
heights above ground of the ground wires of the two groups. APoo-wf 
APoo-«, Kp,, and Kp are then substituted in [ 62 ] to determine the 
correction Axoo-tvv to be applied to xoo- 

Three-Phase Circuit widi Grounded Neutral Conductor. The effect 
of a grounded neutral conductor upon the sequence capacitances of a 
three-phase circuit is similar to that of a ground wire and can be 
determined from the same formulas. 

Problem 4. Determine the 60-cycle zero-sequence capacitive impedance and 
admittance of t miles of one of the three-phase circuits shown in Fig. 13 of Chap- 
ter XI, with the second circuit assumed open 


(а) With ground wires not installed 

( б ) With one ground wire over the center line of the double circuit towers as indi- 
cated by shaded wire 

(c) With two ground wires as indicated by solid wires. 


Solulion. (a) No Ground Wires. 


J 35 =• 16.04 feet, d - 0.9S3 inch; - 16.85 

d (mches) 

H » 54.9 feet (one-half of ninth root of nine distances between conductors and 
images) 

■■ 55.3 feet, approximately (average height of conductors above ground) 


— 3.42 (or 3.45, approximately) 

From Fig. 6 , with 555 (feet)/d (inches) - 16.85 and H/s^ « 3.42 (or 3 . 45 ), 
boo * 2.86 X KT"* mho per mile 


Foo 


Zoo 


* 72.86 X 10“« X f mhos 

.0.349 X 10* , 

* —7 — ^ ohms 
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(6) One Ground Wire, 

5S5 = 131.5 (= approximately 76 -f 55.3 = 131.3), 55^ - 22.9; — * 5.74 

Aw = 76 f^t, <fw = J inch, * 152 

dfff (inches) 

Read from Fig. 7(o), with Ssi/s^i = S.74 and *„ {het)/d„ (inches) = 152, 
Ajcoo-10 = — 0.031 


0. . 

Foo-» = 73.14 X 10-‘ X t mhos 

(c) Two Ground Wires, With nearer ground wire indicated by w and the other 
byr. 


55i5 * 131.1, 

- 17.8; — = 7.35 

555 = 132.8, 

iS; = 30.4; — = 4.37 




Atg (feet) 
du) (inches) 

'Stov 

SW9 


hy (feet) 
dy (inches) 


153.3 

20 


= 7.66 


76 

0.5 


152 


Read from Fig. 7(a), with S^/s^ = 7.35 and (feet)/d„ (inches) = 152, 

Axoo-u, = “0.040 X 10® 


and with 555/55; = 4.3/ and hy (feet)/dg (inches) - 152, 

Axoa-g = “0.022 X 10® 

Read from Fig. 7(6), with 5wg/5uw = 7.66 and Aw/d«, =» 152, 

Ky, =Ky ^ 0.233 

Substituting A*oa^ Axoo-vi and Ky, — Ky in [62], 

-0.040 - 0.022 + 2V0.O22 X 0.040 (0.233) 0.051 X 10* , 

A*oo-. tl - (Olslm f 

(0.349 - 0.051)10* .0.298 X 10* 

2oo-i» - -i J = -J -f ohw* 

Foi>-«. - i3.36 X 10“* X t mhos 

For two unsymmdricaUy spaced identical ground wires equidistant 
from ground on the same towers, very nearly the same result is obtained 
by assuming Axoo-w ^oo-* equal and using [63] instead of [62], 
where s^ ssi = the geometric mean spacing between ground wires 



476 


CAPACITANCE OF TRANSMISSION LINES 


ICh. XII) 


and conductors and = 5^^ = average height of ground wires 
plus average height of conductors. Using [63] instead of [62] for the 
circuit of Problem 4, with Kw — Kv = 0.233, 

^ = 23.3; = 5^ = 76 + 55.3 = 131 feet; • = 5.62 

Saw 

From Fig. 7(a), 

0.030 « , 

— X 10® ohms 

and from [63], 

2(0.030) X 10® 0.049 X 10® 

Axoo-wi> - - i. 233 f . f 

(0.349 - 0.049)10® .0.300 X 10® , 

Zoo^r^v = -j ^ J ^ ohms 

Foo-wt; = i3.33 X 10”® ( mhos 

PARALLEL THREE-PHASE CIRCUITS 

The capacitances associated with transmission circuits are capac- 
itances to neutral in the positive- and negative-seqifence networks 
and capacitances to ground in the zero-sequence network. Capac- 
itances of parallel circuits, therefore, have a common neutral point in 
the positive- and negative-sequence networks and a common ground 
point in the zero-sequence network. Neglecting mutual capacitive 
coupling between the sequence networks because of dissymmetry, 
the equivalent capacitive circuits for two parallel transmission circuits 
in the sequence networks are three-terminal circuits which can be 
represented by either equivalent Y’s or equivalent A's. If capacitive 
impedances are used, the equivalent Y’s are more convenient; if 
capacitive admittances, the equivalent A’s. Since either circuit, can 
be obtained from the other (see Fig. 7, Chapter VI), and the simpler 
procedure where there are ground wires is to determine the equivalent 
capacitive impedance Y, the equivalent Y's will be developed to 
replace the capacitances of parallel circuits, with and without ground 
wires, in the sequence networks. The equivalent admittance A to 
replace the capacitances of two parallel circuits without ground wires 
in the zero-sequence network will be determined directly as well as 
from the corresponding impedance Y. The equivalent capacitive 
circuits are those to be used in the nominal equivalent circuits of 
parallel lines with distributed constants (see Fig. 8, Chapter VI). 

The equivalent Y to replace two circuits with self-impedances Zaa 
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and Zhh and mutual impedance Zab between them when they have one 
terminal in common is given by Fig. 11(6) of Chapter I. Equivalent 
circuits of this type can be used to replace the capacitive impedances 
of two parallel transmission circuits in the sequence networks if Zaa 
and Zbb are the capacitive self-impedances of a given sequence of the 
two circuits, each with the other circuit open, and Zab is the capacitive 
mutual impedance of the same sequence between the two circuits. 
The sequence capacitive self-impedance of either circuit with the other 
circuit open (but with ground wires remaining in place) are deter- 
mined as for the single three-phase circuit already described. The 
capacitive mutual impedances between parallel circuits with and 
without ground wires remain to be evaluated. 

It will be shown that the capacitive coupling in the positive- and 
negative-sequence networks between two parallel transmission circuits 
is small, depends upon the relative arrangement of the phases in the 
two circuits, and in most transmission problems can be neglected. 
The zero-sequence capacitive coupling, however, may be an appreciable 
part of the zero-sequence self -capacitance of either circuit alone. 



(o) (b) 

Fig. 8. (a) Capacitive impedance Y, and (b) capacitive admittance A to replace 

two^afallel transmission circuits in the zero-sequence network. 


Zero-Sequence Capacitive Equivalent Circuits for Two Parallel 
Transmission Circuits. Figures 8(a) and (6), respectively, show 
the capacitive impedance Y and the capacitive admittance A, either 
of which may be used to replace the two parallel transmission circuits 
in the zero-sequence network. In these equivalent circuits, the 
coupling between the zero-sequence network and the positive- and 
negative-sequence networks because of dissymmetry is neglected. 
If the conductors of one circuit are indicated by a, 6, c, and of the other 
circuit by Af B, C (a and A , jb and B, c and C being of the same phase) , 
Xaao and xaao in Fig. 8(a) are the zero-sequence capacitive self- 
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reactances of circuits a, b, c, and A, B, C, respectively, each with the 
other circuit open, and Xmoo is the mutual capacitive reactance 
between the two circuits. In Fig. 8(b), baao and b^Ao are the total 
zero-sequence capacitive susceptance of the two circuits, each obtained 
with the other circuit grounded, and 6 oao is the transfer zero-sequence 
capacitive susceptance between the two circuits. Figures 8 (a) and (b) 
are the same as Figs. 1(b) and (o), respectively, of Chapter VI with 
different notation; in the former a and A are the two parallel three- 
phase circuit, in the latter A and B. 

Mutual Capacitive Impedances between Parallel Circuits — Two 
Circuits without Ground Wires. With diarging currents la, h< and 7* 
flowing in circuit a, b, c, and circuit ^4, B, C open, there will be voltages 
to ground on conductors A,B,C of the open circuit but, on the assump- 
tion of equal potential along the conductors and no leakance, there 
can be no charging currents. With no charging currents in circuit 
A, B, C, there can be no charges if sinusoidal quantities only axe con- 
tidered. 

The potentials of conductors A , B, and C due to the charges Qa, Qb, 
and Qe on the conductors of the closed circuit and the equal and oppo- 
site charges on their images in absolute units from [6] are 

Va — QaPaA + QbPbA + QePtA 

Vb = QttPaB + QbPbB + QePcB [65] 

Vc — QaPaC + Qb^ bC + QePeC 

where Poa - 2 log* SaA/saA, PbA - 2 log, SbA/sbA, etc., s and S 
representing distances between the conductors of the two circuits and 
between the conductors of one circuit and the images of the other 
circuit, respectively, indicated by the subscripts. 

Replacing Qa, Qb, and Qe in [65] by their positive-, n^ative-, and 
zero-sequence components of charge and resolving Va, Vb, and Vc 
into their symmetrical components of voltage, the f(^lowing equations 
in absolute units are obtained: 

VaI — QalPmU + QaaPml2 H" QaoPmlO 

Va2 — QalP mSl + Qa2Pm22 H“ QaoPm20 [66] 

^AO ~ Q«l7*m01 ■]■ Qa2P m02 "I” QoO^mOO 

where 

Pmll = ^[(T’ao + PBb + Pce) + (a^PAb + aPBa) 

+ (o^Pbc + aPcb) + (Or^Pca + oFac)] 

7 *m 22 “ i[(-Pao + PBb + Pce) + (aPAb + O^Pbo) 

+ (oPbc + a^Pcb) + (oPca + O^Pab)] 
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■Pmoo = + Psh + Pce) + (Pa6 + Psa) + {Pbc + Pch) 

+ {Pca + PAc)] 

Pfnl2 = iK-Pxa + d^Psh + aPcc) + a{PAh + Pbo) + {Pbc + Pch) 

+ a\Pca + PAc)] 

Pm21 - \[{PAa + aPsb + d^Pcc) + €L^{PAh + Pbo) rgyt 

+ {Pbc + Pch) + CbiPca + -Pile)] 

PfnlQ = i[(-Pila + dPBh + CL^Pcc) + {PAh + CiPbo) 

+ (aPBc + a^Pcb) + (a^Pca + Pile)] 

Pm02 = i[(Pilo + dPBb + d^Pcc) + («Pil5 + Pbo) 

+ (a^PBc + aPcb) + (Pea + a^PAc)] 

Pm20 = iKPila + a^PBb + aPcc) + (Pa5 + a^PBa) 

+ (a^Psc + aPcb) t (aPca + Pac)] 

PmOl = i[(Pilo + CL^Psb + dPce) + (o^PAb + P^a) 

+ (^PBe + a^Pcb) + (Pea + aP^e)] 


Pmiii Pm22i and PmQQ are the positive-, negative-, and zero-sequence 
mutual potential coefficients between the two parallel circuits. Pmi2» 
Pm2i> Pmioi Pmoii Pm20» and Pn»o2 are mutual potential coefficients 
between the sequence networks. For example, Vao in [ 66 ] is the sum 
of three teims: QaiPmou Oa2Pm02, and 0 aoPmoo- These three com- 
ponents of zero-sequence voltage on the open circuit are produced by 
0 aif Qa2t and QaOv respectively, the positive-, negative-, and zero- 
sequence charges on the closed circuit. 

If all conductor potential coefficients P^oi PAb • • • Pbci etc., in [ 67 ] 
could be assumed equal, all mutual potential coefficients except Pmoo 
would be zero. In high-voltage transmission circuits, where parallel 
circuits are on^pposite sides of the center lines of double circuit towers 
or on different towers on the same right-of-way, the conductor potential 
coefficients are of the same order of magnitude and, because of the 
multipliers 1 , a, and a^, the mutual potential coefficients other than 
P»oo are relatively small. From [ 67 ], it is also apparent that except 
for P»po» the mutual potential coefficients depend upon the relative 
arrangements of the phases in the two circuits. 

Expressed in daraf-miles, the zero-sequence mutual potential 
coefficient is 


P mOO 


10^ X 3 , Su 
0.03883 


[ 68 ] 



[Cb. xiij 


480 CAPACITANCE OF TRANSMISSION LINES 


The zero-sequence mutual capacitive impedance Xmoo for f miles of line 
in ohms is 


^ . .Pmoo_ . 0.205 X 10\ , 

^mOO J^mXiO J rt m J - ^ 


2vft 


t 


O'-f 


[69] 


where 

S’^ = y/ SaAShAScASaBShBScBSacShcScC 

= ninth root of the product of the nine distances between the 
conductors of one circuit and the images of the other circuit 

SdA^bA^ cA^cLB^bB^cB^aC^bC^cC 

= ninth root of the product of the nine distances between the 
conductors of the two circuits 



i 2 3 4 5 6 7 8 10 20 30 40 5060 60 100 

S— (F«if) 

t geometric mean distance between conductors of one 

CIRCUIT AND IMAGES OF OTHER CIRCUIT TO THAT BETWEEN 
CONDUCTORS OF THE TWO CIRCUITS. 

Fig. 9. 60-cycle zero-sequence mutual capacitive reactance between two parallel 
three-phase circuits without ground wires, calculated from [69] for one mile of circuit. 

Figure 9 gives the 60-cycle zero-sequence mutual capacitive reac- 
tance *»,oo between two parallel three-phase circuits without ground 
wires for one mile of line, plotted from [69] with the ratio 5sj/5SZ as 
abscissa and.,z:moo as ordinate. The value read from Fig. 9 is to be 
divided by t for lines t miles in length and the numerical value of 
Xmoo then inserted in the equivalent circuit of Fig. 8(a). • 

Two Parallel Circuits with Ground Wires. The zero-sequence 
mutual impedances Zm-a and between two parallel circuits 


\Cm. Xlfl TWO PARALLEL CIRCUITS WITH GROUND WIRES 4S1 

with one ground wire w and two ground wires w and v, respectively, are 
given by the following equations: 


— w ^inOO "f" — w ^(^wiOO 

f P mOO “I” ffi — yj y 


( -PmOO + APm-w\ 
) 


^tn — wv ^mOO “I” — wv ji.^mOO “f” — tow) 

mOO “f" — iow\ 

"Mf / 


= -■(- 


[701 


[71]. 


where Xmoo is the mutual impedance without ground wires given by 
[69] and Fig. 9, and Axm-^j, and are the corrections to the 

mutual impedance without ground wire for one and two ground wires, 
respectively. 

The corrections and APm^tav to the zero-sequence mutual 

potential coefficient Pmoo because of one or two ground wires can be 
determined by assuming only zero-sequence charges on the conductors 
a, 6, c of the closed circuit and calculating the change in zero-sequence 
voltage of the open circuit resulting from the presence of the ground 
wire or wires, the ratio of this change AF^o to the zero-sequence charge 
Qao giving the correction to be applied to Pmoo- A similar procedure 
was used to determine the correction to be applied with two ground 
wires to the zero-sequence potential coefficient without ground wires. 
Following this procedure, it is found that the corrections A^m-u> and 
^m^wv to be inserted in [70] and [71] can be expressed in terms of the 
corrections to the zero-sequence capacitive reactance of each of the 
circuits alone with one ground wire w or v defined by [61] and given by 
Fig. 7(a). 

One Ground Wire. For the general case of one ground wire w unsym- 
metrical with respect to the two circuits, 

= V(A*oo-»)-(A*oo-»)a (72J 

where Axoo-u is given by [61] and Fig. 7 (c) and subscripts a and A out- 
side the parentheses refer to circuits abc and ABC, respectively, and 
Axm-w has the sign of Axoo-v,, which is negative. 

If the ground wire is symmetrically spaced with respect to the two 
circuits, (Aacos-w). = (Aacoo-w)^, and 


AaC gi — t. “ Aacoo— 1 


(731 
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Two Ground Wires. For the general case of two ground wires w and 
V, unsymmetrical with respect to the two circuits, 




y/ ( AXqO— 4" ^ (^^00— v)a(^^00 — v)a K^ioKy X 

[y/ {^XoQ^^)a{AXoo^v)A 4~^ (Ayoo_w)^(AXoo^t>)o] 

1 - Ky,K^ 


[74] 


where Axoo-w and A^^oo-v are obtained separately from Fig. 7(a) for 
each of the circuits a, 6, c and A, B,C as indicated by subscripts a and 
i4, respectively, outside the parentheses. K^, and Kv are read from 
Fig. 7(6), and the sign of the third term in the numerator of [74] is 
opposite to that of the first two terms, which have the sign of Axoo-u, 
and Axoo-v and are negative. 

For two identical circuits on the same towers and ground wires sym- 
metrical about the center line of the towers, as in Fig. 13 of Chapter XI, 
(Axq()_ii>)_^ (A^oo__^;)fl, (Axqq — 1 >)^ (A^oo — w)ai and giving 




7,y/ (A^o()_to) ( A^oo — v) Kw(^^oo — to H” A^oo — v) 


1 - Kl 


[75] 


where ;coo-io and atoo-i; are read from Fig. 7 (a) for circuit a, 6, c, 
from 7(6), and the sign of the first term is the same as that of A:x:oo-«> 
and Axoo^y which are negative. 

With more than two ground wires, the ground wires can be divided 
into two groups and the effect of each group determined as though 
acting alone; then, using [74] or [75], the change in x,noo resulting 
from both ground wire groups can be obtained. 

The capacitive susceptances of two parallel circuits without ground wire 
for use in Fig. 8(6) can be obtained from the equivalent impedance Y, 
or directly as follows: Comparing 6oo in [46] for the three-conductor 
circuit with 6 in 4(a), for a single conductor, it will be noted that 6oo 
is equivalent to one-third the capacitive susceptance of a single con- 
ductor with a geometric mean radius of ^ r(s^)^ and height above 
ground equal to one-half the geometric mean distance between con- 
ductors and images. Equation [46] was determined from the reciprocal 
of the capacitive reactance; it could as well have been developed on 
the assumption that the zero-sequence capacitive susceptance of an 
unsymmetrical circuit is the same as that of a symmetrical circuit with 
all distances between conductors and between conductors and images 
equal to the corresponding geometric mean distances. Under this 
assumption, there is no mutual coupling between the sequence net- 
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works, and the zero^sequence admittances in the equivalent circuit of 
Fig. 8(6) can be obtained by analogy from the two conductor equiva- 
lent circuit of Fig. 2 and equations [14] if the three conductors of each 
circuit are replace d by one equivalent conductor with geometric mean 
radius distances between conductors and between con- 

ductors and images being replaced by corresponding geometric mean 
distances. Zero-sequence admittances, which are admittances per 
phase, are one-third those calculated by using two such equivalent 
conductors. Multiplying equation [14] by 3 (27r/) and replacing radii 
and spacings for the two parallel conductors of Fig. 2 (a) by the geo- 
metric mean values calculated from the two parallel circuits, 6oao» 
bAAQf and baAQ for insertion in Fig. 8(6) can be obtained as illustrated 
in the following problem. 

Problem 5. Determine the 60-cycle zero-sequence equivalent capacitive imped- 
ance Y’s and susceptance A's for 50 miles of the two parallel three-phase transmission 
circuits shown in Fig. 13 of Chapter XI, (o) with ground wires not installed, (6) 
with two ground wires as indicated. 

Solution, The zero-sequence self-capacitive reactances Xaao and xxao to be sub- 
stituted in Fig, 8 (a) have already been determined in Problem 4 for either of the two 
circuits with the other open. 

(a) ZaaO = Zaao = ^00 (Problem 4) = -j (0.349 X 10«)/50 ohms = --j6980 
ohms. Sal and SaA defined under [69] are 113 feet afid 28.3 feet, respectively. 

From [69] or Fig. 9, with Soa/Soa 3.99, the zero-sequence mutual impedance 
between the two circuits is 

0.123 

Zfnoo = — i - X 10® ohms * — 7*2460 ohms 


The capacitive impedance Y determined by substituting ZaaO = Zaao and Znoo in 
Fig. 8(a) is shown in Fig. 10(a). The equivalent admittance A calculated irom 
Fig. 10 (a) by using the reciprocals of equations [40] of Chapter I is shown in Fig. 10 (b). 
The capacitive admittance equivalent circuit of Fig. 8(6) will be calculated directly 
as outlined above. Referring to Problem 4, the geometric mean values to be sub- 
stituted in [14], are 

fi = = ^(16.04)* = 2.17 feet 

Saa~ Sn, = 2H = 109.8 feet; logio— = 1.704 


Sgb 

Sab 


^ - 3.99; 

SaA 



0.601 


From [14] multiplied by 2irfl3 and 50 (for 50 miles of line), 

4 QQ V 10""* 

(«.o “ bjuo - ° (1.704) X 50 - 163.6 X lO"* mhos 

hoAO - * (0.601) X 50 = 57.6 X 10“* mhos 

2.542 


Substituting these values in Fig. 8(6), the circuit of Fig. 10(6) is obtained. 
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From [711, 

^m~wv — = — j(2460 — 950) = — jlSlO 

Replacing both ZaaO and Zaao in Fig. 8(o) by Zoa-w», and Z«oo by Zm^, the 
equivalent capacitive impedance circuit of Fig. 10(c) is obtained and from that the 
equivalent admittance circuit of Fig. 10(d). 
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Two Parallel Three-Phase Circuits Operated at Different Voltages* 

It is shown in Chapter XI that, with different base voltages in two 
parallel circuits, the self-impedance of each circuit is based on system 
base kva and the base voltage of the circuit, while mutual impedance 
is based on system base kva and the square root of the product of the 
base voltages in the two circuits. This applies to capacitive imped- 
ances as well as inductive impedances and to admittances as well as 
impedances. 

SINGLE-PHASE AND TWO-PHASE CIRCUITS 

When positive- and zero-sequence symmetrical components (defined 
in Chapter IX) are used in the analyses of single-phase and two-phase 
systems, the positive- and zero-sequence self -capacitances and the 
mutual capacitance between the positive- and zero-sequence networks 
are given by [21]--[23] in terms of Maxwell’s coefficients. For the 
single-phase circuit without ground wires, Maxwell’s coefficients in 
[21H23] are defined in [14] ; for the single-phase circuit with one ground 
wire, or for the three-wire single-phase or two-phase circuit with ground 
neutral conductor, Maxwell’s coefficients in [21]-[23] are defined in [31]. 

The potential coefficient method of determining the sequence capaci- 
tive impedances and from them the capacitive admittances, used for 
the three-phase circuit, can also be applied to single-phase and two- 
phase circuits treated as two-vector systems. In Chapter IX, the rela- 
tions between the positive- and zero-sequence components of currents 
and voltages are given'by [21] in terms of sequence self- and mutual 
impedances and in [52] in terms of sequence self- and mutual admit- 
tances; the sequence admittances are given in terms of the sequence 
impedance in [54]. To apply these equations to the calculation of 
sequence capacitances, the sequence potential coefficients are 
determined and from them the sequence capacitive impedances 
[Z = - jx = if the capacitive admittances are required, 

they are obtained by substituting the capacitive impedances in [54] 
of Chapter IX for a rigorous solution based on initial assumptions. 
As for the three-phase system, it can be shown that the positive- and 
zero-sequence capacitive susceptances are the reciprocals of the posi- 
tive- and zero-sequence capacitive self-reactances to close approxi- 
mation. 

6ii = — and Joo = “ (approximately) 

^11 ^00 

Single-Phase Circuit without Ground Wires. Expressed in terms of 
conductor potential coefficients, the sequence potential coeffidents 
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Pn, Poo, and Pio = Poi in l/(statfarads per centimeter) are 

Pll = |(Pa« + P» - 2Pa6) 

Poo = hiPaa + P» + 2P.ft) [76] 

PlO “ Pol ~ \iPcM Pii) 

where the factor to convert to daraf-miles is 10*/0.03883 if logic 
instead of 2 log, is used to determine the conductor potential coeffi- 
cients. 

Neglecting the coupling Pio = Poi between the sequence networks 
and the presence of the earth, Cn is given by [26]. The positive- 
sequence capacitive susceptance &ii, with the presence of the earth 
neglected, obtained by multiplying C\i in [26] by 27r/is the same as bn 
for the three-phase circuit given by [45] if is replaced by 5a6. The 
positive-sequence capacitive susceptance curve of Fig. 6 will give the 
positive-sequence capacitive susceptance for the single-phase circuit 
at 60 cycles if spacing between the two conductors replaces the geo- 
metric mean spacing between the three conductors. 

Based on the assumption that the capacitive impedance coupling 
between the sequence networks can be neglected, Coo — l/-Pooi and 
the zero-sequence capacitive susceptance in mhos per mile is 


6oo = 27r/Coo 


*00 \60/ 


7.32 X KT” 

logio-7= 

VWa6 


[77] 


where 

= average height above ground of conductors, 
approximately 

Single-Phase Circuit with One Ground Wire, or Three- Wire Single- 
Phase or Two-Phase Circuit with Grounded Neutral Conductor. 
Let w indicate the ground wire or ground neutral conductor, Zn^yg 
and 4?oo^w the positive- and zero-sequence self-capacitive impedances, 
and Zio— w — -^oi— w the mutual capacitive impedances between the 
positive- and zero-sequence networks. Then, 

Zw^w = — -4- 

= “"i(^oo + ^00— w) == 

^01— IP = -“i^oi—tp = + AXoi—ip) *= 


-7 


. -Pll + 


-7' 


iTTft 
Poo + APoo-ip 


2tr/f 


-7 


.Pqi + APoi„ 


2ir/f 


[ 78 ] 
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where the sequence impedances are in ohms if the sequence potential 
coeffidents P n, Poot and Pjo = Poi given by [76] and their corrections 
are expressed in daraf-miles. 

The corrections are 


where 


^^11— v> ~ «p (Paw Pbw)^ 

ttjT WW 

AP — ^ (p I r 

K-^av) “T -Thw) T 

tow * tow 

01— to ~ 10— w ~ "Zn aw p\w) 

JLjt ww 


■Pss = ^(-Pau. + Pbw) 


[79] 


For a ground wire symmetrical with respect to the two conductors, 
Paw = -Pfctt and APii_„ = APoi_w = APio-m = 0. For an unsym- 
metrical ground wire, Paw and Pbw are of the same order of magnitude 
and all corrections except APoo-w are small. 

In ohms. 




APqo— to 

2ir/f 



[80] 


where 


Sfiw ^aw^bw and ^aw ” 




hw and Tw = height and radius of ground wire, respectively 


Comparing [80] with [61], Axoo-te for the single-phase or two-phase 
drcuit is two-thirds of Axoo_w for the three-phase circuit and can be 
obtadned from Fig. 7 (o) by taking two-thirds of the' reading corre- 
sponding to Szz/saw and Atw(feet)/du, (inches). 

For two ground wires w and v, the correction Axoo-wv is given by [62] 
for unsymmetrical ground wires and by [63] for symmetrical ground 
wires, where Axoo-i« is given by [80] and two-thirds the value read from 
Fig. 7 (a) for the ground wire w; Axqo-v is the corresponding vadue for 
ground wire v, and K„ and K, are read from Fig. 7(6). 

Two Parallel Single-Phase Circuits. Let the conductors of one 
drcuit be a and b and of the other drctiit A and B, a and A , and b and B 
bdng of the same phase. Proceeding as fm* two parallel three-phase 
drcuits, without ground wire the equations for the single-phase dr- 
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cuit corresponding to [66] for the three-phase circuit are 

= QalPmll "h OaoP nIO 

KiO — QatJ^mOl + QttoPmOO 

where 

-Pmll = \[{PAa + Psb) - (PAb + Psa)] 

P mOO ~ h[(PAa + Psb) + (PAb + PBa)] 

PmlO = \[{.PAa ~ Psb) + {.PAb ~ -Pbo)] 

•^mOl ~ \\P Aa ~ Psb) ~ {PAb ~ -Pbo)] 


ICh. xilj 


[811 


[82] 


-Pmiit -Pmioi and Pmoi given by [82] depend upon the relative arrange- 
ment of the phases in the two circuits. For any given case, they can be 
calculated. 

.Pmoo . 0.1366 /60\. 533 

—r {jJ ™ 

where 

Ssj — ^ SaASasSbASbB = geometric mean spacing between the 

conductor of one circuit and the im- 
ages of the other circuit ^ , 

SSI = SaASaBSbASbB = gcometric mean spacing between the 

conductors of the two circuits 


Comparing [83] with [69], Xmoo for two parallel single-phase circuits is 
two-thirds of *n,oo for two parallel three-phase circuits and can be 
obtained by taking two-thirds of a;«,oo read from Fig. 9, corresponding 
to the ratio of the geometric mean spadngs Ssi and ssi of the two 
parallel single-phase circuits. 

The equivalent capacitive impedance Y for two parallel single-phase 
circuits with ground wires or two parallel three-wire single-phase or two- 
phase circuits with grounded neutral conductors can be determined by 
analogy from two parallel three-phase circuits with ground wires. 
The correction to the mutual impedance Zmoo between two parallel 
single-phase circuits defined in [83] is given by [72] for one ground wire 
in terms of (Axoo-ii>)a and (Aacoo-w)^ which can be obtained from [80] 
fOT circuit o, b and A, B, respectively. For two parallel single-phase 
circuits with two ground wires or for two parallel three-wire single- 
phase or two-phase drcuits, each with a groimded neutral conductcM*, 
equations [74] or [75] give the correction to be apjdied to Z»oo, defined 
in [83]. In these equations (A*oo-w)o, (A*oo-»)ii, (A*oo-«)o, and 
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(A^oo— refer to the correction to the zero-sequence seU-capadtive 
teactasvc.^ ol a. dtewit mtli one ground mre ea\eu\a.ted lTom\%0\ 
ior each of the circuits a, b and A, B with each of the ground wires w 
and V. 
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APPENDIX A 
DETERMINANTS 


By the use of determinants the solution of linear simultaneous equa- 
tions can be greatly simplified. It is often convenient to express the 
unknowns in terms of the ratio of two determinants which can be evalu- 
ated for specific problems when numerical values are given. 

Expansion of Determinants. The simplest determinant consists of 
two rows and two columns. Thus, 

= ^162 — (l 2 ^l [A— 1 ] 


A2 


^ k 
k b2 


This determinant is merely a symbolic way of writing the difference of 
the diagonal products, the diagonal product starting from the upper 
left-hand corner being the positive one. 

A determinant consists of the same number of rows as columns. The 
value of a determinant is not altered by changing the columns into 
rows and the rows into columns. Thus, 


A2 


ai 

h 

(l\ CL2 

(I2 

hi 

bi b 2 


= ^162 — ^2^1 


All laws true for the rows of a determinant, therefore, hold for the 
columns, and vice versa. 

A third and order determinant, respectively, are written : 



ai 

hi 

Cl 

A3 = 

Ct2 

hi 

C 2 


az 

hi 

Cz 



ai 

hi 

Cl 

••• «i 


(I 2 

hi 

C2 

• • • n2 

> 

il 

dz 

hi 

Cz 

••• nz 


dn 

hn 

Cn 

• • • «n 


A determinant is expanded by adding algebraically all the products 
formed by taking one element from each row, with no two from the 
same column. Various rules* which have been formulated for evalu- 
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ating determinants can be used to advantage when the elements of the 
determinants are numerical values. When the elements are letters to 
which numerical values will be aissigned later, the determinant can be 
simplified by expansion into the products of elements and minors of the 
next lower order. The minor associated with any element is the deter- 
minant remaining when both the row and the column in which the 
element appears are omitted. If the elements are taken in order from 
the first column (or the first row) the signs of the terms will be alter- 
nately positive and negative. Thus, for the third-order determinants. 



62 ^2 


bi Cl 


bi Cl 

II 

eo 

< 


— 0^2 


+ dz 



ba C3 


ba Ca 


62 ^2 


A minor with proper sign is called a cofactor. 

Expanding the second-order determinants, 

A 3 = (ii{b2Cz — & 3 C 2 ) ~ diibiCz — b^Ci) -b 03(&iC2 — b^Ci) 
= O 162 C 3 — 0163^2 — 02^1^3 "b 02^3^1 “b fl3&lC2 — <lzb2Cl 


A particular minor is indicated by reference to its element, 
the fourth-order determinant, 


ai 

bi 

Cl 

di 

(I 2 

ba 

C2 

d2 

dz 

ba 

cz 


d4 

b4 

Ci 

d4 


The minor of the element C3 is 

®i ^1 di 
O 2 ^2 ^2 

04 &4 


Given 


lA-21 


The sign associated with the product of C3 and its minor can be deter- 
mined from the number of interchanges of rows and columns required to 
bring C3 into the first row and the first column, the order of the constitu- 
ents of the minor remaining unchanged. If the number of changes is 
even, the sign is positive; if odd, negative. Interchanging the third 
row of the given determinant in [A-2], first with the second row then 
with the first row, and afterwards interchanging the third.column first 
with the second column and then with the first column, will make a 
total of four interchanges to place cs in the first row and the first col- 
umn; therefore the sign of the product of C3 and its minor is positive. 
In [A-3] the interchanges to bring ca into the first row and first column 
have been made. 
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ai 

h 

Cl 

di 


C3 

O3 

bz 

dz 

02 

62 

C2 

d2 


Cl 

Oi 

bi 

di 

a3 

CO 

C3 

CO 


C2 

O2 

bz 

dz 

04 

b4 

C4 

di 


C4 

04 

bi 

di 


[A-31 


Rules for Solving Linear Simultaneous Equations. 1 . Write the 
equations with the unknowns on the left of the equality signs and the 
given quantities on the right, the unknowns being in the same order in 
all equations. Thus, for three simultaneous equations, 


aix + biy + ciz = ki 

a2X + b2y + C 2 Z = k2 [A-41 

+ b^y + c^z = ^3 


2. Express each unknown as the ratio of two determinants in the 
form of a fraction. The denominator of the fractions will be the 
determinant formed from the coefficients of the unknowns. The 
numerators will be the determinants obtained from the denominator 
by replacing the column consisting of the coefficients of the unknown 
by the quantities on the right of the equality signs. For the three 
simultaneous equations of [A-4] the solution is 


ki bi Cl 

^2 ^2 C2 

k3, 63 C3 


01 ki Cl 

02 ^2 C2 

03 ^3 C3 

A 

y = 

A 

di bi ki 


Oi bi Cl 

02 ^2 ^2 

A = 

02 ^2 C2 

03 ^3 ^3 


O3 ^3 C3 


By expanding the determinants, the value of any of the unknowns can 
be obtained. For the three simultaneous equations of [A-4] the solu- 
tion is given in convenient form for numerical calculations by the 
following equations; 


( 62^3 bsC2) 
A 


T" {biCs — hci) + — (biC 2 — 62^1) 
A A 


y = — ^ {a2C3 — 0.362) + “ {01C3 — 0361) 


k3 


{aiC2 — a2Ci)[A-5] 
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where 

A = — ^3^3) — 61 (^ 2^3 — (1^02) “ 4 " Ci{a 2 bs — ^362) 

Two simultaneous equations are written 

aix + biy = ki 
a2X + b2y = k2 

The solution is 

1*1 h \ 



^2 ^21 

1 

1 

*- 

A 

1 

II 


ai k\ 



CL2 ^2 

— k\(l 2 

y = . 

A 

— (l 2 b\ 

A = 

laj 61 

P2 

= (l\b 2 — U2^l 


[A-6] 


where 
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TABLES AND CHARTS 
FOR OVERHEAD TRANSMISSION CIRCmTS 

Characteristics of Copper, Aluminum, and Copperweld Conductors 

Tables I— V, compiled by Mr. G. K. Carter, give conductor diame- 
ters, d-c resistances at 25“C, and — for frequencies of 25, 50, and 60 
cycles — a-c resistances at 25°C, internal reactances, and conductor 
equivalent geometric mean radii. 

The copper tables are based^ on an average (commercial) conductiv- 
ity of 97.3% of that of annealed copper; for wires of any other con- 
ductivity, the resistance will be in inverse ratio to the per cent con- 
ductivity. Skin effect and the effect of spiraling are taken into 
account. The temperature coefficients are given at 25®C; indicating 
this coefficient by k 26 , the resistance R, at temperature i is 

R% = Rssll + iasff ~ 25)] [B-1] 

The equivalent geometric mean radius^ is related to the conductor 
radius and the conductor internal reactance by the expression 

, *< = 0.0046565/ logio — » [B-2] 

gmr 

where 

Xi ’=* internal reactance, in ohms per mile 
/ = frequency, in cycles per second 
gmr * geometric mean radius 

r s conductor radius, in same unit as gmr 

From [B-2], Xi can be calculated from gmr or the gmr from 
depending upcm which is the more readily obtained. In cases where 
the positive-sequence reactance of ms^etic or partly magnetic con- 
ductors at given spadngs and a specified current are obtained by test, 
the internal reactance of the conductors can be obtained by subtracting 
the positive-sequence reactance external to the conductors from the 
total positive-sequence reactance. (See [4], Chapter XI.) 

Table I. PCX' the solid copper conductors in this table, skin effects 
is negligible at frequendra of 60 cydes <x less. 

45»5 
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Table II. Resistance for stranded copper conductors is on the same 
basis as that for solid conductors of the same copper cross section, 
except that 2% is added to allow for spiraling.^ To change a con- 
ductor of given cross section from a given stranding to the next higher 
number of strands, the following table niay be used : 


To change 

Multiply 

Increase Xi by 

Multiply 

stranding 

gmr by 

25^ 

50^ 

60^ 

r by 

from 3 to 7 


0.003 


0.007 

0.008 

0.9115 

7 to 19 


0.002 


0.004 

0.005 

1.0117 

19 to 37 


0.001 


0.001 

0.002 

1.0033 

37 to 61 

1.007 



0.001 

0.001 

1.0013 

61 to 91 

1.004 





1.0007 

91 to 127 

1.002 





1.0004 

127 to 169 

1.001 





1.0002 


Skin effect is calculated on the assumption that the per cent change in 
resistance or reactance is the same as that for a solid conductor of the 
same copper cross section^; the skin effect ratios were taken from 
reference 3. 

Table HI, Characteristics are given for hollow cylindrical copper 
conductors of specified outside diameter and ratios of inside to outside 
diameters. Skin effect at 60 cycles and less is negligible. Resistance 
and reactance are calculated as for the other copper conductors, the 
gmr being obtained as described in reference 2. 

Table IV. Characteristics of aluminum cable, steel reinforced 
(A.C.S.R.) were derived from handbook data^^ and checked against 
the files of the Aluminum Company of America. 

Table V. The Copperweld tables include a wide enough variety of 
types, so that practically any of the usual copperweld conductors can 
be found either directly or by interpolation. These tables were 
supplied by the Copperweld Steel Company. As an approximation, 
the resistance temperature coefficient for copper, 0.00375, may be 
applied to this table. 
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TABLE I 
Solid Copper 

Hard Drawn (97.3% Conductivity) 
Temperature Coefficient =* 0.00375 per ®C 


A.W.G. 

Diameter, 

Inches 

D-c and A-c 
Resistance, 
25®C, 

Ohms/Mile 

Internal Reactance, 
Ohms/Mile 

Equivalent 
Geometric 
Mean Radius 
Feet 

25^ 50^^ 60 


0000 

mSm 

0.271 

0.013 0.025 0.030 

0.0149 

000 

mESm 

0.342 





0.0133 

00 

BIh 

0.431 





0.0119 

0 


0.543 





0.0105 

1 

0.289 

0.686 

> 

r > 

f y 

k 

0.0094 

1 

2 

0.258 

0.864 




1 

0.0084 

3 

0.229 

1.090 





0.0074 

4 

0.204 

1.373 





0.0066 

5 

0.1819 

1.733 





0.0059 

6 

0.1620 

2.185 

■> 

r ^ 

f > 

r 

0.0053 

7 

0.1443 

2.75 





0.0047 

8 

0.1285 

3.47 





0.0042 

9 

0.1144 

4.38 





0.0037 

10 

0.1019 

5.52 





0.0033 

11 

0.0907 

6.96 

> 

r > 

r y 

r 

0.0029 

12 

0.0808 

8.78 





0.00262 

13 

0.0720 

11.08 





0.00234 

14 

0.0641 

13.97 





0.00208 

15 

0.0571 

17.62 





0.00185 

16 

0.0508 

22.2 

> 

r > 

r > 


0.00165 

17 

0.0453 

28.0 





0.00147 

18 

0.0403 

35.3 





0.00131 

19 

0.0359 

44.5 





0.00116 

20 

0.0320 

56.1 





0.00104 

21 

0.0285 

70.8 

i 

r \ 


r 

0.00092 











TABLE II. Stranded Copper. Hard Drawn (97.3% Conductivity). Temperature Coefficient 0.00375 per ®C 
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Equivalent Geometric 
Mean Radius, Feet 

i 

oo^Hioc^ov ooosocMvo 

OOvOOr^NOiOiO^ 

ooooS SSSSS pSSSSSSo 

odooo doooo oooooooo 

s 

SS558 SSS88 58888888 

oddoo ooodo oooooooo 

i 

to 

OO^tOcqOv OOOvOP^vO 

u)<^oi^os oot^r^NO»o oovoo^oto»OTj< 

ooopS SoSSS oSSSSSSS 

oodod dddoo oooooooo 

Internal Reactance, 
Ohms/Mile 

1 

s 

C\0\0\0v0\ OvOsOvOO 

cOfOfOfOfO 

ooooo ooooo oooooooo 

ooodo ooooo oooooooo 

1 

s 

rOPOfO<OPO cOPOCOfOPO 

ooooo ooooo oooooooo 

ooodd doooo oooooooo 

1 

lO 

nOOvOvOO >ovO>OvOvO OOOOOOOO 

ooooo ooooo oooooooo 

ooodo doooo oooooooo 

A-c Resistance, 2S®C, 
Ohms/Mile 

60 

0.276 

0.349 

0.440 

0.554 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

2.81 

3.54 

g 

0.276 

0.349 

0.440 

0.554 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

2.81 

3.54 

i 

«o 

0.276 

0.349 

0.440 

0.554 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

2.81 

3.54 

D-c 

Resistance, 

25®C, 

Ohms/Mile 

0.276 

0.349 

0.440 

0.554 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

0.700 

0.881 

1.112 

1.400 

1.768 

2.23 

2.81 

3.54 

Conductor 

Diameter, 

Inches 

cs<^'<4<00 00 (NQCS>0^ Q^'O^t^esQQ 

r«i'0^>oc^ os^poow ocseotocsooo^ 

IOT|4^pCO POPOCNICMC^CM^^ 

d d d d d d d d d d d d d d d d d d 

Strands 

P0P0P0P0pp>P0P0Pp> 

A.W.G. 

or 

Circular 

Mils 
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TABLE IV. Aluminum Cable Steel Reinforced (A.C.S.R.)* 
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* DftU on A.C.S.R. conductor! furnished by the Aluminum Company of America. 
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Geometric Mean 
Radius, Feet 

60 

0.0421 

0.0402 

0.0392 

0.0388 

0.0369 

0.0375 

0.0394 

0.0349 

i 

0.0421 

0.0402 

0.0392 

0.0388 

0.0369 

0.0375 

0.0394 

0.0349 

Internal Reactance, 
Ohms/Mile 

60 

0.026 

0.026 

0.026 

0.026 

0.026 

0.025 

0.023 

0.026 

i 

lO 

CN 

p o o o o o o o 

oooooooo 

Effective Resistance, 
Ohms/Mile, 25X 

1 

s 

0.0909 

0.0922 

0.0965 

0.0982 

0.0997 

0.104 

0.104 

0.106 

0.110 

0.108 . 

0.109 

0.113 

0.119 

0.119 

0.123 

0.117 

0.117 

0.117 

0.117 

0.117 

0.117 

0.132 

0.133 

0.136 

1 

r>< 

0.0905 

0.0908 

0.0919 

0.0980 

0.0983 

0.0994 

0.104 

0.104 

0.105 

0.107 

0.107 

0,108 

0.118 

0.118 

0.119 

0.117 

0.117 

0.117 

0.117 

0.117 

0.117 

0.131 

0.131 

0.132 

A-c 

Amp. per 
square inch 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

0 

600 

1200 

D-c Resistance, 

Ohms/Mile 

( 0.0903 

0.0979 

0.104 

0.107 

0.117 

0.117 

0.117 

0.131 

Cond. 

Diam., 

In. 

1 .246 

1.196 

1.162 

1.146 

1.093 

1.108 

1.140 

1.036 

Stranding, 

Al/Steel 

54/7 

54/7 

54/7 

54/7 

54/7 

26/7 

30/19 

54/7 

Circular 
Mils or 
A.W.G. 

1,033,500 

954.000 

900.000 

874.000 

795.000 

795.000 

795.000 

715,500 








































TABLE !V. {Continued) 
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30% Conductivity (Copperweld Cables) 
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Equivalent Geometric 
Mean Radius, Feet 

h 

- 

0.00286 

0.00255 

0.00457 

0.00407 

0.00363 

0.00323 

0.00288 

0.00257 

i 

lO 

Q. 00214 

0.00191 

0.00327 

0.00291 

0.00259 

0.00231 

0.00206 

0.00183 

Internal Reactance 
Ohms /Mile 

1 

VO 

0.195 

0.195 

0.154 

A 

T 

0.154 

1 

lO 

0.163 

0.163 

0.129 

A 

T 

0.129 

1 

180 0 

T 

1800 

960 0 

960*0 

Effective Resistance 
Ohms per Conductor per Mile 
(Conductor Temp. 25°C) 

i 

NO 

2.11 

2.20 

2.30 

2.66 

2.77 

2.86 

1.938 

1.969 

2.01 

2.44 

2.48 

2.52 

3.07 

3.13 

3.16 

3.87 
3.94 

3.97 

4.88 
4.92 

4.98 

6.15 

6.20 

6.25 

1 

«o 

2.11 

2.19 
2.27 

2.66 

2.76 

2.83 

1.936 

1.962 

1.996 

2.44 

2.47 

2.51 

3.07 

3.11 

3.14 

3.87 
3.92 
^.95 

4.88 
4.91 
4.96 

6.15 

6.19 
6.23 

1 

tTi 

Cl 

2.10 

2.14 
2.18 

2.65 

2.70 

2.74 

1.931 

1.944 

1.961 

2.44 

2.46 

2.47 

3.07 

3.09 

3.11 

3.87 

3.90 

3.91 

4.88 
4.90 

4.92 

6.15 
6.17 
6.19 

* 

^ m 

G 

iEaS 
“ 1 

OOO 00>0 OOV) OOO OOlO OOO OOV) ooo 

OO OCI OO Ot- 0*0 lOCI »oo 

vH PSI Cl d VM SM vH 

<u 

1 -1 

2.09 

2.64 

1.926 

2.43 

3.06 

3.86 

4.87 

6.14 

Outside 

Diameter, 

Inch 

0.343 

0.306 

0.392 

0.349 

0.311 

0.277 

0.247 

0.220 

a; 

< 

o o 

On*-<»O'OC-00O^*h 

s*»***«**»S.**ia»«5Ss**. 

Nominal 

Desig- 

nation 

lO f*i 


* The currents tabulated cover a range from zero to the approximate current carrying capacity of the conductor based on a 1 00**C temperature rise. 
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itM tabulated cover a range from zero to the approximate current carrying capacity of the conductor baaed on a 100”C temperature rise. 

















TABLE V. (Continued) 

40% Conductivity (Copperweld Cables) 
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♦ The currmu tabulated cover a range from zero to the approximate current carrying capacity of the conductor based on a 100®C temperature rise. 



TABLE V. (Continued) — Copperweld-Copper Cables 
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* Tl>« camnu cover a range from aero to the approximate current carrying capacity of the conductor baaed on a 50*C temperature riae. 








TABLE V. {Continued) — Copperweld-Copper Cables 
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* The currents tabulated cover a range from zero to the approximate current carrying capacity of the conductor based on a 50*C temperature rise. 






































{Continued) — Copperweld-Copper Cables 



lU tabulated cover a iange from *ero to the approxi maU current carrsdng capacity of the conductor baaed on a 50*C temperature rise. 
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Characteristics of Steel and Iron Wires 

Steel wires are used extensively as ground wires to protect over- 
head transmission circuits {gainst lightning. Steel and ir<m wires 
have long had a place as power conductors in branch circuits where 
the current to be transmitted is small, and copper conductors of the 
required conductivity would not have the necessary medianical 
strength. Improved types of steel conductors which combine more 
efficient a-c characteristics and high tensile strength have been de- 
veloped in recent years. Their distinctive electrical propertiw, as 
compared with older types of iron and steel wires, are relatively low 
magnetic permeability, low 60-cycle resistance, and low internal in- 
ductance over a wide range of current. The importance of these 
wires as power conductors is increased during copper and aluminum 
shortages. 

Because of their higher permeability, iron and steel wires have 
higher internal inductances than non-magnetic conductors. Also, the 
ratios of their effective a-c to d-c resistances are higher than those of 
non-magnetic conductors of the same diameter because of hysteresis 
losses and higher sldn effect ratios. The a-c resistance and internal 
inductance vary with current and frequency. For a given conductor, 
operated at constant ambient temperature and frequency, a-c retist- 
ance and internal reactance increase as the current is increased from 
zero. If the permeability is high, each of these increases reaiffies a 
maximum at a relatively small current, beyond which the resistance 
and reactance decrease. When the permeability is low, however, the 
rates of increase a're less, and maximum a-c resistance and reactance 
may not occur until the current is above the current rating of the 
conductor. Maximum resistance and maximum reactance occur at 
approximately the same value of current — that corresponding to 
the maximum_pfirmeability of the conductor. 

Iron wires are designated by the letters B.B. (Best Best) and E.B.B. 
(Extra Best Best). Steel wires have many designations and fall in 
two general classes: (1) for mechanical use or (2) as power con- 
ductors. Steel wires for mechanical use are described as Common, 
Siemens-Martin, H^h Strength, and Extra High Strength. The 
characteristics of steel conductors of the same out»de diameter but 
of different types of steel vary widely, as pointed out in the following 
papers: 

1. “ Use of Steel Wire for Overhead Line Extensions,” by S. O. 

Miller, Edison Electric Institute Bulletin, May, 1942,^ 

Vd. 10, p^;e 197. 
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2. “ Galvanized Steel as a Power Conductor,” by Frederick M. 

Crapo, Electrical World, September 19, 1942, page 50. 

Table VI-A gives approximate characteristics of the older types 
of iron and steel wires read from curves prepared by Professor H. B. 
Dwight, based on test data available in 1919. Table VI-A is given 
here to indicate the order of magnitude of the a-c resistance and in- 
ternal reactance of conductors long in service. It is not representa- 
tive of the steel conductors manufactured at present for power trans- 
mission. 

Characteristics of new types of steel conductor, manufactured for 
electrical purposes, are given in Table VI-B. This table, furnished 
by the Indiana Steel and Wire Company from their 1943 manual, 
“ Crapo Steel Conductors . . . Manual of Engineering Data and Con- 
struction Practices,” gives a-c resistances and internal reactances at 
60 cycles for Crapo HTC-130 and HTC-80 Steel Conductors at 
various current loadings. 

It is pointed out in Chapter XI that the effect of steel ground wires 
on the zero-sequence impedance of overhead transmission circuits is 
slight. Approximate values of a-c resistance and internal reactance of 
ground wires are, in general, adequate. But, with steel or iron wires 
as power conductors, a higher degree of precision in these constants 
is required for correct determination of voltage drop and power 
loss under specified (derating conditions. Where possible, these 
characteristics should be obtained directly from the manufacturer. 

The geometric mean radius of any conductor in Table VI-A or 
VI-B may be calculated by substituting the internal reactance and 
conductor radius in [B-2]. 
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TABLE VI-A. Approximate Characteristics of Iron and Steel Wires 

(From Curves in “ Resistance and Reactance of Commercial Steel Conductors," 
Elec, Jour,, page 25, January, 1919, by H. B. Dwight.) 


^.S'c 

a 

r"’ — 

B 

< 


Ohms /Mile | 


mBm 

mB3K3m 



O 

CQ 


O 


4> Tx-s. 

Ou.S e 


Ohms /Mile. 


ra 


60 ^--/ 25 ^ 


60'-' 


25^ 


Solid Conductors 



Ordinary 

1 

26 

25.5 


2.0 


Ordinary 

1 

11.5 

11.5 

2.5 

1.2 

10 

Steel 

12 

36 

31 

13.5 

7.0 

6 

Steel 

13 

21 

16 

10.0 

4.5 


(0.134) 

20 

33 

29 

11.5 

5.8 



20 

23 

17 

9.5 

4.5 


B.B. 

Iron 

1 

24 

22.5 

5 

2.5 


B.B. 

Iron 

1 

10.5 

m 

3.2 

1.5 

10 

8 

38 


14.5 

7.5 

6 

12 

24 

17 

11 

5.0 


20 

31 

26.5 

12 

6 


20 

22.5 

16 

10 

4.8 

10 

E.B.B. 

Iron 

1 

7 

22 

39.5 


6 

19 

3 

9 

6 

E.B.B. 

Iron 

1 

8 

11 

26 

9.6 

17 

4.5 

13 

2 

6 


20 

28 

24 

14 

7 


20 


14.2 

10.5 

5 


Ordinary 

1 

17 

17 

3.2 

1.5 


Ordinary 

1 

8.5 

8.5 

2.0 

0.9 

8 

Steel 

13 

27.5 

22 

12.0 

6 

4 

Steel 

13 

16.5 

12 

8.0 

3.9 


(0.165) 

20 

26.5 

21.8 

10.5 

5.3 


(0.238) 

20 

20 

14 

8.5 

4.0 


B.B. 

Iron 

1 

16 

15 

4 

2.0 


B.B. 

1 

7.5 

7 

2.8 

1.0 

8 


31 

23 

12.7 

6.2 

4 

Iron 

15 

21 

14 

9.0 

4.5 



25.5 

20 

11 

5.2 



20.5 

13.5 

9.0 

4.0 

8 

E.B.B. 

Iron 

1 

7 

15 

32.5 

14 

22.5 

5 

15.5 

2.5 

8 

4 

E.B.B. 

Iron 

1 

10 

8 

22 

7 

14.2 

3.5 

11 

1.5 

5.3 


20 

23 

18 

12 

• 6 


20 

18 

12.5 

9.5 

4 


7-Strand Conductors 


* 

i in. 

Siemens- 

Martin 

(0.249) 


12.5 

12.8' 

13.2 


0.6 

1.4 

2.2 


♦ 

1 in. 

B.B. 

Iron 

1 

40 

60 

3.9 

7.3 

6.2 

3.9 

5.7 

5.2 

0.5 

2.3 

2.0 

0.3 

'1.2 

1.0 

i in. 

Ordinary 

Steel 

1 

40 

60 

9.5 

11.7 

11.3 

i 

0.8 

3.4 

3,0 

0.6 

1.8 

1.6 

fin. 

E.B.B. 

Iron 

1 

30 

60 

3.4 

7.8 

6.0 

3.4 

5.3 

4.8 

0.7 

2.8 

2.3 

0.3 

1.4 

1.0 

J in. 

B.B. 

Iron 

I 

~8.2 

12 

10.3 

8.2 

10 

9.2 

1.0 

4.0 

3.0 

0.7 

2.0 

1.7 

J in. 

Siemens- 

Martin 

(0.495) 

1 

15 

30 

3.3 

3.6 

4.2 


0.3 

0.5 

0.7 


i in. 

E.B.B. 

Iron 

1 

30 

60 

7.2 

12.7 

10.7 

7.2 

9.8 

9 

1.5 
4.7 

3.5 

0.8 

2.5 

1.7 

i in. 

Ordinary 

Steel 

1 

40 

60 

2.5 

4.9 

5.0 

2.3 

3.8 

3.8 

0.3 

1.2 

1.0 

0.2 

0.6 

0.6 

i in. 

Siemens- 

Martin 

(0.360) 

1 

15 

30 

6.0 

6.3 

6.7 


0.4 

0.7 

1.0 


i in. 

B.B. 

Iron 

1 

40 

60 

. 

2.1 

5.3 

5.0 

2.1 

3.8 

3.6 

0.3 

1.5 

1.5 

Or.2 

0.8 

0.8 

1 in. 


1 

40 

60 

4.5 

7.0 

6.7 

4.5 

5.8 

5.8 

0.5 

2.0 

1.5 

I 

1 

J in. 

E.B.B. 

Iron 

t ' 
40 
60 

2.0 

5.8 

4.7 

1.9 

4.0 

3.5 

0.4 

2.0 

1.8 

0.2 

0.8 

0.8 


* Nominal diameter. 






































TABLE VI-B. 60-CycLE Resistance and Internal Reactance of Crapo HTC-130 and HTC-^0 Steel Conductors 

Ambient Temperature 20® C 
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1943, by Indiana Steel and Wire Company. 
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R6sistanc6| Internal Raactanc6| and Ecjuivalent Diameter of Rails 

In Chapter XI, rails which parallel transmission lines are treated 
as ground wires of zero height above ground in determining zero- 
sequence impedances of overhead transmission lines. The informa- 
tion required concerning rails is therefore equivalent diameter, a-c 
resistance, and internal reactance at operating frequency. 

Table VII and Figs. 1 and 2 were supplied by Mr. D. R. MacLeod. 

Table VII gives d-c resistance at 20®C and average equivalent radius, 
where 

_ perimeter 

Radius *= 

2ir 

Rails of a given weight per yard do not necessarily have the same 
perimeter. 

TABLE VII 


D-C Resistance and Average Equivalent Radius of Rails 
OF Specified Weight 


Weight, 

Pounds/Yard 

D-c Resistance, 
Ohms/Mile at 20®C 

Equivalent Radius, 
Inches 

60 

0.0877 

2.94 

85 

0.0615 

3.55 

90 

0.0584 

3.40 

100 

0.0526 

3.92 

130 

0.0420 

4.10 


Positive-Sequence Reactances of Overhead Transmission Lines 

Solid Conductors. Figure 3 gives the positive-sequence reactance 
to neutral at 25, 50, and 60 cycles of a three-phase, single-phase, or 
two-phase circuit of solid non-magnetic conductors. Calculated from 
[7] or [4] of Chapter XL The internal reactance included in Fig. 3 is 

/ 

Xi = — (0.03034) ohms per mile 

By subtracting the internal reactance from the total reactance, the 
reactance external to the conductors is obtained. 

Hollow Conductors. Figure 4 gives the internal reactances at 
60 cydes of hcdlow ncm-m^^etic ccmductors calculated from [le] of 
Chapter XI. By adding internal i^ictance to external reactance, 
obtained from Fig. 3 as e:q>lained above, total reactance to peutml is 
obtained. 









524 


APPENDIX B 


circuits, calculated from [451 of Chapter XII. At any other frequency 
/, values read from Fig. 7 are multiplied by f/60. 

Corona Starting Voltage 

Figure 8 gives approximate voltages at which corona starts in fair 
weather on symmetrical three-phase circuits of copper or A.C.S.R. 
conductors, calculated from Dielectric Phenomena in High Voltage 



inside to outside diameter 
Fio. 4. 

Engineering, by F. W. Peek, McGraw-Hill Book Company, 3rd Edi- 
tion, 1929. With horizontal or vertical arrangement of conductors, 
corona starting voltage read from Fig. 8 corresponding to the equiva- 
lent A spacing between conductors should be raised 6% for the two 
outside conductors and lowered 4% for the inside conductor. Corona 
starting volta^ varies with type and condition of conductors. With 
mutilated conductors, corona starting voltages may be as low as 80% 
of the values given in Fig. 8. 

The corona power loss P per mile of a balanced three-phase circuit in 
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fair weather, operated with corona^ is approximately 



s'/d"> Ratio of Geometric Mean Spacing Between 
Conductors in Feet to Diameter of Conductor in Inches. 


Fig. 7. 


[B-3] 


where 

e = kilovolt line-to-neutral operating voltage 

Co = -7= (chart line-to-line kilovolts) 

V3 

For storm loss, use O.Sso in [B-3]. 


Temperature-Rise Carves 

Figures 9 and 10 give temperature rise in d^ees centigrade above 
ambient temperature for bare copper and A.C.S.R. conductors. These 
figures were taken from " Capacitors for Higher Line Thermal Load- 
ing,” by J. W. Butler, JS/erfrfcoi World, February 7, 1942, pa^ 76. 
Wire manufacturers and engineers generally feel that neitho* hard^ 
drawn copper nor A.C.S.R. conductors should be operated continu- 
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Fig. 8. Corona starting voltage as aflFected by conductor diameter and spacing. 







SOOOOOOcm 

ISOOOOOcm 

lOOOOOOem o 
T^OOOem | 

SOOOOOem 2 

360000cm 

250000cm 


DEGREES RISE C ABOVE 40* 


Fig. 9, Outdoor current ratings of bare copper conductors at 60 cycles with cross 
wind of 2 feet per second. (Plotted from data supplied by the Anaconda Wire 

and Cable Company.) 


500000cm 

397500cm 


DEGREES RISE C ABOVE 29* 


IG. 10. Temperatttre*riBe curves for A.C.S.R. conductors at 60 cycles in still air. 
(Plotted from data supfdied by the Aluminum Company Of America. ) 
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ously above lOO^C. At temperatures slightly above approximately 
100®C, both copper and aluminum tend to anneal in time, if operated 
other than for very short emergency periods. As a conductor carrying 
no current may reach a temperature of approximately 40®C in strong 
sunlight, Figs. 9 and 10 give current ratings only up to 60®C rise. The 
allowable temperature rise in conductors should not exceed the allow- 
able temperature rise in connected equipment. As resistance increases 
with temperature, it may be found uneconomical to operate conduc- 
tors continuously at temperatures as high as 100®C, except in special 
cases. 

In Fig. 9, temperature rise is given for 4/0 and smaller solid conduc- 
tors; for stranded conductors, the current rating is between 1% and 
5% higher for the same temperature rise. In Fig. 10, the A.C.S.R. 
conductor sizes in cir mils or A.W.G. correspond to those listed in 
Table IV. The curves of Fig. 10 are based on degrees rise above still 
air at 2S®C, but they may be used to determine approximate tempera- 
ture rise above 40®C, in view of the fact that Aere is always some 
motion, even if but slight, in out-of-doors air. 



INDEX 


a, the operator, 9 
functions of, 9, 10 

A-c Network Analyzer, 1, 2, 3, 47, 121, 
128, 211, 244, 337, 341 
A-c power system, conventions for, 16 
Admittances, capacitive of transmission 
lines, 163, 436, 443, 453 
driving point and transfer, 28 
sequence, of symmetrical circuits, 276, 

306 

sequence seif- and mutual, of unsym- 
metricai single-phase or two- 
phase circuits, in terms of se- 
quence admittances of the 
phases, 227, 305 

in terms of sequence self- and mutual 
impedances, 306 

sequence seif- and mutual, of unsym- 
metrical three-phase circuits, 
in terms of sequence admit- 
tances of the phases, 227, 277 
in terms of sequence self- and mutual 
impedances, 274 

versus impedances in calculations, 168, 
189, 455 

a/30 components of three-phase systems, 
308-362 

advantages of, 361 

defined, in terms oTphase quantities, 

308 

of symmetrical components, 315 
history of, 310 

interchange of a and in passing from 
line into A, or vice versa, 331 
in passing through A-Y transformer 
bank, 328 

tabulated relations between compo- 
nents at fault, 333, 338 
a/30 currents in balanced systems, 312 
in A-connected circuits, 328 
afiO networks, 313 

equivalent circuits in, for symmetrical 
circuit (Zi » Z 2 ), 324 

531 


a/30 networks, equivalent circuits in, 
for symmetrical circuit (Zi ps Z 2 ), 
324 

for unsymmetrical static circuits, 
327 

interconnection of, to represent open 
conductors, 339, 340 
short circuits, 334, 336, 346, 350 
simultaneous dissymmetries, 334, 
341, 343, 349 

a/30 seif- and mutual impedances, 315 
in A-connected circuits, 331 
in terms of loop impedances, 323 
in terms of phase impedances, 319 
in terms of sequence impedances, 317 
a/30 voltages, generated, 312 
line-to-line, 310, 329, 330 
loop, 323 
reference for, 312 

Aluminum cables, steel reinforced 
(ACSR), 496, 502-508, 523, 526 
Angle, hyperbolic, of line, 169 
Angular velocity, 12, 55, 281 
Attenuation constant, normal, 169 
Autotransformer, Scott-connected, 356 
Axes of coordinates, 4 

Balanced currents and voltages, 13 
Balanced system, 14 
Base quantities in per cent and per unit 
systems, 19 

arbitrary choice of, 25, 51 
change in, 22 

/3 components (see o/SO components) 
base quantities for, 314 
0 network, modified, 325 
Bibliography, 3, 13, 52, 54, 70, 152, 171, 
195, 224, 362, 433, 489, 491, 
496, 617, 518, 524, 527 
Bilateral element, 28 

Pables, 168, 430 
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Capacitance, calculations involving, 173 
defined, 435 

relative importance of, 162, 434 
to ground of single conductor, 436 
Capacitances of transmission lines, 43, 
163, 165, 173, 434-489 
assumptions in determining, 434 
between two wires alone in space (prox- 
imity included), 444 
direct between conductors, 438, 439 
direct between conductors and ground, 
438, 441 

equivalent circuits in terms of Max- 
well's coefficients, 436, 438, 441, 
448, 449, 452 

relation between test and calculated 
values of, 435 

sequence components of, 437 
derived from Maxwell's coefficients, 
438, 443, 450, 485 
derived from potential coefficients, 
438, 453, 456, 485 

single-phase, two- wire circuits, 442, 485 
one conductor grounded, 442 
one ground wire, 448, 486 
parallel circuits, 487 
zero-sequence capacitive imped- 
ance equivalent circuit, 488 
three-phase circuits, 450, 455 
approximate values of sequence self- 
capacitances, 459 
effect of ground wires, 464 
effect of grounded neutral conductor, 
474 

parallel circuits, 476 
with ground wires, 480 
zero-sequence capacitive admit- 
tance and capacitive impedance 
equivalent circuits, 477, 484 
three-wire single-phase or two-phase 
circuits, with grounded neutral 
conductor, 449, 486 
parallel circuits, 488 
total, between two conductors, 441, 
444 

total to ground, all other conductors 
grounded, 439 

no conductors grounded, 441 
Capacitive admittance, 436, 443, 453, 
477,484 


Capacitive impedances, 453 
versus admittances, 168, 188, 455 
zero-sequence equivalent circuits, par- 
allel lines, single-phase or two- 
phase, 488 

three-phase, 477, 484 
Capacitive reactance, 453 
chart, zero-sequence mutual, between 
parallel lines, 480 

charts, zero-sequence ground-wire cor- 
rection, 472, 473 

Capacitive susceptance, 436, 453, 461 
chart, zero-sequence, 462 
charts, positive-sequence, 462, 527 
Carson's equations, 372 
Cartesian coordinates, 4 
Charge, 435 

Circuit, symmetrical, 13, 72 
unsymmetrical, 225, 311 
Circuit constants of transmission line, 
170 

Coefficients, constant, 26, 55 
of self- and mutual induction of electro- 
static charge, 439 
Complex quantities, 3, 5 
calculations involving, 6 
Component networks of single-phase 
systems, 288 

interconnected to represent phase-to- 
ground fault, 288, 292 
Component networks of three-phase sys- 
tems, a/30, 311, 315 
modified /3, 325 

modified 0 (or zero-sequeiice), 155, 
160, 311, 318 

positive-, negative-, and zero-sequence, 
97, 114, 116, 117 

positive-plus-negative, positive-minus- 
negative, and zero-sequence, 152 
Components, 25, 29 
systems of, a/30, 308 
positive- and negative-sequence 
right-angle, 296 

positiye-plus-negative, positive- 
minus-negative, and zero-se- 
quence, 152 

symmetrical components, 3, 54, 281 
validity of use of, 26 
Conductors, characterirtks of, aluminum 
(ACSR), 496, 502-50^ 523, 526 



INDEX 


Conductors, characteristics of, copper, 
hoUow, 501, 521, 523, 524 
solid, 495, 498, 521, 523 
stranded, 496, 499, 500, 523, 525 
copperweid, 30% conductivity, 496, 
509, 510 

40% conductivity, 496, 511, 512 
copperweld-copper, 496, 513-516 
iron, 517, 519, 523 
steel, 517, 519, 520, 523 
current rating of, 517, 527, 529 
geometric mean radius (gmr) of, 390, 
495 

internal self-reactance of, 365, 366, 
390, 495 

self- and mutual impedances of, 364 
skin effect, spiraling, stranding of, 496 
temperature coefficients of, 495, 496 
temperature-rise curves, 527, 529 
variation of resistance with tempera- 
ture, 495 

Conventions for a-c systems, 16 
for d-c systems, 15 

Coordinates, 4 

Copperweid and copperweld-copper 
cables, 496, 50^516 

Corona, 164, 177, 184, 192, 524, 528 

Correcting factors, hyperbolic functions, 
' 164 

charts of, 165-166 

Counterpoises, treated as ground wires, 
398 

Crest (maximum) value, 11 

Current rating of conductors, 192, 517, 
527, 529 

Currents, balanced and unbalanced, 14 
base values in aiftpenss, 19 
effective (rms), 13 
exciting, of transformer, 39, 40, 434 
ground, 74 

instantaneous, 11, 12, 64 
negative-sequence, in rotating ma- 
chines, 257 
neutral, 74 

positive direction of, 15, 19, 74 
rriations between components of line 
and 329 

shoft-circidt, odc^tion of, 44, 71, 
113, 135^ 173, £96, 264, 288, 
333,358 


5 ^ 

Currents, short-circuit, d-c compos^ts 
of, 29, 44 

initial symmetrical rms values of, 
29, 46, 147 
tabulated, 140 

transient or sustained, 30, 42, 119, 
142, 148 

zero-sequence, in ungrounded loop, 41 1 

Cycle, 11 

D-c calculating table, 2, 3, 46, 127, 130, 
214 

D-c components of fault current, 29, 44 

D-c power systems, conventions for, 15 

A-connected circuit, a/30 components in, 
328, 331 

base quantities for, 21 
.replaced by equivalent self-imped- 
ance Y, 33, 243 

symmetrical components in, 90, 92, 95, 
238, 243 

Determinants, 55, 59, 309, 491 

Differential Analyzer, 2, 3 

Direction, of current flow, 15 
of rotation, 12 

Driving-point admittance, 28 

Driving-point impedance, 27, 46 

Earth, effect of, when sum of currents is 
zero, 367 

Earth-return circuits, Carson’s equations 
for, 372 

chart of 60-cycle corrections to self- 
and mutual reactances to in- 
clude height of conductors, 379 
charts of self-reactance external to 
conductor, and mutual re- 
actance between two conduc- 
tors, 378-383 

charts of self- and mutual earth re- 
sistances of, 378, 3^, 382 
impedance of return path (identity 
retained), 428, 430 
Rtidenbei^'s equations for, 428, 429 
self- and mutual unpedahccs of, 371, 
429 

Electrostatic char^, 434, 449 
coefEcisats of, 439 

Eqimtkms, solved by determinants^ 491 
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Equivalent circuits, defined, 30 
general, four-terminal, 36 
three-terminal, 33 
two-terminal, 31 
methods for deriving, 30 
to replace, short circuit and open con- 
ductor in a network, 324 
short circuit in positive sequence 
network, 121, 125, 126, 136, 
137, 138, 139 

synchronous machine, 43, 115, 324, 
326 

system viewed from fault, 118, 142 
system viewed from terminals of un- 
symmetrical circuit, 244, 249 
transformers, 38, 41, 100, 106, 267, 
270 

transmission lines, 43, 162, 185 
two simultaneous short circuits in 
positive-sequence network, 211, 
213, 214 

unsymmetrical circuit in a/SO net- 
works, 327 

in sequence networks, 261 
zero-sequence, identity of earth-return 
path retained, 431 
not retained, 385 

Equivalent internal (or generated) volt- 
age, 43, 73, 118, 142, 245, 249 

Equivalent T or n, 162, 164, 168 

Fault equations, relations between sym- 
metrical components at fault, 
140, 143, 146, 198 
tables of relations between a/SO com- 
ponents at fault, 333, 338 

Fault impedance (or resistance), 135, 
140, 182 

Faults, in single-phase system, 28, 288 
interconnection of sequence net - 
works to represent, 288, 292 
in symmetrical three-phase system, 
three-phase, 44, 78, 136 
analysis of, by afiO components, 333, 
338 

by positive-plus-negative, posi- 
tive-minus-negative, and zero- 
sequence components, 152 
by symmetrical components, 77, 
113,135 


Faults, interconnection of component 
networks to represent, double 
line-to-ground, 127, 133, 137, 
160, 335, 336, 337 

line-to-ground, 125, 129, 137, 155, 
174, 334, 336 

line-to-line, 121, 124, 137, 157, 335, 
337 

one open conductor, 144, 339, 340 

open conductor and line-to-ground 
fault, 223, 344 

simultaneous faults, 208, 211, 341, 
343 

two open conductors, 144, 339, 340 

two openings and line-to-ground 
fault on same phase, 345 
In unsymmetrical three-phase system, 
264, 334, 341, 349 

simultaneous, in grounded systems, 
196, 341 

A-Y transformer bank between 
faults, 215, 349 

in ungrounded systems, 219, 346 
through impedance (or resistance), 
135, 140, 182 

voltages before, 45,47, 118, 140, 142,203 
Five-phase systems, symmetrical com- 
ponents of, 283 

Four-phase systems, symmetrical com- 
ponents of, 285 
Frequency, 11 
fundamental, 14, 29, 45 
harmonic, natural, subharmonic, 29 

Generator {see Synchronous machine) 
Geometric mean radius (gmr), 390, 495 
Ground current, 74 
Ground-fault neutralizer, 176 
Ground wires, 391, 417, 470, 481, 486 
effect of, upon capacitances, positive- 
or negative-sequences, 448, 464, 
486 

zero-sequences, 464, 480 
60-cycle zero-sequence correction 
charts, 472, 473 

upon impedances, positive- or nega- 
tive-sequence, 417 
zero-sequence, 391, 401 
60-cycle zero-sequence correction 
chart, 400 
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Hyperbolic angle of transmission line, 
169 

Hyperbolic functions, 164 
calculated from series, 164 
from tables, 171 
charts of, 165 

Hysteresis, and eddy currents losses in 
transformers, representation of, 
40 

Images, 374, 434, 437 

Impedances, 5 
base in ohms, 19 
fault, 135, 140, 182 

in networks, driving point and trans- 
fer, 27, 31, 34, 45 

self- and mutual, of circuit elements 
or circuits, 26, 271, 392 
of linear conductors, 364 
of the phases, 294, 320 
neutral grounding, 75 
of single-phase load in three-phase 
systems, 255 

of single-phase system with fault, re- 
ferred to three-phase system, 
292 

of synchronous machines, 30, 43, 73, 
119, 142, 211 

of three-phase system, referred to 
single-phase system, 290 
of transformers, 40 
of transmission lines, 363-433 
mutual between parallel circuits, 
185, 401, 419, 421 

single-phase circuit, three-wire, neu- 
tral conductor grounded, 427 
neutral conductor ungrounded, 
368 

single-phase, two-wire, with ground 
wires, 427 

without ground wires, 367, 427 
single-phase ungrounded loop, 368 
three-phase, with ground wires, 391- 
401 

with grounded neutral conductor, 
421 

with rails or counterpoises, 398, 
399 

with ungrounded neutral con- 
ductor, 370, 421 


Impedances, of transmission lines, three- 
phase, without ground wires, 
368, 387, 414 

two-phase, four-wire, 303, 368 
two-phase, three-wire, neutral con- 
ductor grounded, 428 
neutral conductor ungrounded, 
368, 428 

versus admittance in calculations, 168, 
189, 455 

Inductance, 163, 165, 365 
Initial symmetrical rms fault compo- 
nents, 29, 46, 147, 175 
tabulated values of, 140 
Instantaneous currents and voltages, 11, 
13, 14, 64 

Instantaneous power, 64 
Iron conductors, 517, 519, 523 

j, the operator, 8 

Kirchhoff's law, 18 

Leakage impedance, of transformers, 40 
Leakage of transmission lines, 163, 164, 
434 

Maxwell’s coefficients, 439, 452 
evaluated for two conductors, 440 
for three conductors, 446 
Mutual impedances between component 
networks because of unsym- 
metrical circuit, 229, 301, 315, 
328, 361 

Mutual impedances between parallel cir- 
cuits in the sequence networks, 
185, 401, 419, 421 

Negative-sequence components of cur- 
rent and voltage, defined, 57 
produced by single-phase load, 257, 
259 

by unbalanced three-phase load, 425 
by unsymmetrical series circuit, 417 
Negative-sequence network of synoimet- 
rical three-phase system, 97, 
116 

replaced by equivalent Y, 202 
Network, equations for, in terms of 
driving point and transit im- 
pedances, 28 
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Network^ equations for, in terms of self- 
and mutual impedances of cir- 
cuits or circuit elements, 27 
Neutral, shift of, 85, 88 
voltage of, 73 
Neutral grounding, 74 
Nominal T or U, 162, 164, 168 
Non-linear relations, 2 
Non-reciprocal mutual impedances, 231, 
244, 304, 325, 328, 361 
n-phase system, 281 

Ohm’s law, 15, 18 

One-line diagram of balanced system, 
polyphase, 14 
single-phase, 28 
three-phase, 29 

{see also Component networks) 

Open conductors, one, 143, 254 
two, 146, 255 
Operators, 3, 8, 282 
characteristic of symmetrical compo- 
nent s 3 rstems, 283-287 

Per cent and per unit quantities, 3, 19 
advantages of, 23 
change in base quantities of, 22 
Period, 11 
Petersen coil, 176 
Phase, reference, 58, 151, 197, 227 
shift in, with A-Y transformer bank, 101 
Phase angle, 11, 12 

Phase displacement, relative, 12, 55, 281 
Phase impedance of two-phase systems, 
four wire, 303, 368 
three wire, 294, 428 
Phase order, 13 

of symmetrical components, 57, 281 
Polar coordinates, 4 
Polyphase systems, 13, 21, 281 
balanced, 14 
base quantities in, 21 
unbalanced, 14, 281 

Positive-sequence components of current 
and vc^ge, defined, 57 
Positive-sequence m^work of symmet- 
rical three-phase system, 97, 
114 

replaced by equivs^t Y , 262 
Positive-sequence phase order, 13 


Potential coefficient method, 453 
Potential coefficients, 437, 438 
sequence components of, 453 
with ground wires, 464, 487, 488 
Potential of conductor, due to own 
charge, 435 

due to neighboring charge, 436 
Power, average, 14, 19, 66, 160, 360 
conventions for, 16, 19 
instantaneous, 64 

Prefault voltages, 45, 47, 128, 140, 203 

Rails, characteristics of, 521 
treated as ground wires, 399 
Reactances, internal, of conductors, 365, 
390, 495 

of earth-return circuits, 384 
Reference, for components of voltages, 
312 

positive- and negative-sequence, 74 
zero-sequence (or 0), 74, 98, 384, 431 
Reference circuit, for chosen base voltage, 
25 

with A-Y transformer bank between 
faults, 215, 349 
Reference phase, 58, 151, 227 
Reference vector, 12, 55, 281 
Resistance of conductors, tabulated, 
498-520 

variation with temperature, 495 
Root mean square (rms), 12 
RUdenberg’s equations, 429 

Saturation, 2, 26, 184, 315 
Scott-connected autotransformers, 356 
Scott-connected transformers, 304, 353, 
356 

Sequence admittances of the phases, 227, 
276, 305 

Sequence admittances of symmetrical 
circuits, 71, 276, 363 
Sequence impedances of the [biases, 71, 
226,234, 236,300 

Sequence impedances of symmetrical cir- 
cuits, 71, 237, 288, 363 
Sequence networks, 97, 115 
Sequence self- and mutual admktimoss 
of unsymmhtrical drcuits, in 
terms of secpumce admktaimes 
ofthe|*«(^ 277 ,^ 
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Sequence self- and mutual admittances 
of unsymmetrical circuits, in 
terms of sequence self- and 
mutual impedances, 274, 306 
Sequence self- and mutual impedances 
of unsymmetrical circuits, 229, 
233, 236, 293 

Short circuits, in single-phase systems, 
28, 291 

in symmetrical three-phase systems, 
71, 113, 140, 152 

double line-to-ground, 86, 158, 254 
line-to-ground^ 83, 153, 253 
line-to-line, 80, 156, 235 
simultaneous, 196 
three-phase, 44, 78 
treated as unbalanced loads, 253 
in two-phase systems, 301, 358 
in unsymmetrical three-phase systems, 
264, 333, 341, 361 

Short circuits through impedance, 135, 
137, 140 

Simultaneous dissymmetries, 196, 333, 
341, 349 

Single-phase switching, 148 
Single-phase system, base quantities in, 
20 

one-line diagram of balanced, 28, 426 
supplied from three-phase system, 288 
symmetrical components of, 287 
Sinusoidal quantities, 11, 55, 281, 449 
vector representation of, 12 
Six-phase system, 286 
Stability, 2, 43, 148, 192 
Steel conductors, 517, 519, 520, 523 
Subharmonics, 29 

Superposition, 3, 26^45^72, 128, 228, 240, 
437 

applied to three-phase faults, 45, 47 
applied to unsymmetrical faults, 128 
Surge admittance, 170 
Surge impedance, 169 
Sustained currents and voltages, 29, 46, 
119, 142, 148 

S 3 nnmetrical components, 2, 3, 54, 281 
equations in terms of j^ase quantities, 
for five-phase systems, 283 
fotur-phase systems, 285 
if-phase sy^ems, 54, 281 
s^l^phaae systenui, 287 


Symmetrical components, equatbns in 
terms of phase quantities, for 
six-phase systems, 286 
three-phase systems, 56, 282 
two-phase systems, 297 
history of, 54 

in terms of ojSO components, 315 
Symmetrical components of current in 
terms of components of voltage 
and sequence admittances, 274, 
305 

Symmetrical components of voltage in 
terms of components of cur- 
rents and sequence imped- 
ances, 75, 229, 231, 293 
Symmetrical system of vectors, 56, 281 
Symmetrical three-phase circuit, 71, 
237 

Synchronous machine, three-phase, A- 
connected, 89, 95, 107, 242 
equivalent circuits for, in ct0O net- 
works, 324, 326 
in sequence networks, 43, 115 
generated (internal) voltages of, 43, 
73, 114 

impedances of, 30, 43, 73, 119, 142, 
211 

negative-sequence currents in, with 
single-phase load, 257 
replacing system viewed from fault, 
118, 142 

from terminals of unsymmetrical 
circuit, 244, 249 
Y-connected, symmetrical, 73 
unsymmetrical, 231 

Synchronous machine, two-phase, gen- 
erated voltage of, 299 
impedances of, 301 

Temperature-rise charts, 527, 529 
Time, 11 

Time phase displacement, 13 
Transfcmiers, base ventages in, 28, 42, 
101, 354 

equivalent circuits for symmetrical 
three-phase banimr 
exciting cuimits of, 40, 42, 101 
exciting impedihiees <^, 40 
leakage hnpec&uices ^ 40, ^ - 
ratings 24, 2^ 



538 


INDEX 


Transformers, shift, in a and compo- 
nents, in passing through A-Y 
bank, 328 

in phase, of positive- and negative- 
sequence components, 101 
single-phase units, two-winding, 38 
base voltages of, 23 
connected in open-A, 265, 332 
midpoint of secondary grounded, 288 
Scott-connected, 295, 304, 353 
unsymmetrical three-phase bank, 270 
Transient Analyzer, 2, 3 
Transient currents and voltages, 29, 46, 
119, 142, 148 

Transmission lines, conductor charac- 
teristics, 364, 495-530 
corona, 164, 177, 184, 524, 528 
earth-return circuits, self- and mutual 
impedances of, 371, 429 
charts of self- and mutual earth 
resistance, mutual reactance, 
and self-reactance external to 
conductor, 378-383 
equations for symmetrical lines, uni- 
formly distributed constants, 
169, 170 

equivalent circuits, one symmetrical 
line, capacitance included, 162, 
174 

capacitance neglected, 43 
nominal versusequivalentT orU, 168 
equivalent circuits, two or. more paral- 
lel circuits, assumed symmetri- 
cal, positive- or negative-se- 
quence, 185 

nominal zero-sequence, capacitance 
included, 188, 191, 192, 193, 401 
capacitance neglected, 185,- 186, 
187, 401 

transformer included, 187, 405 
faults on parallel lines, 192, 405 
leakance, 163, 164, 434 
mutual coupling between parallel cir- 
cuits, in positive- or negative- 
sequence networks, 185, 419, 478 
in zero-sequence network, 185, 188 
mutual coupling between sequence 
networks because of dissym- 
metry, relative importance of, 
363, 371, 416, 459, 476, 479 


Transmission lines, normal operation of 
three-phase circuit, 192 
parallel circuits operated at different 
voltages, 407, 485 

parallel three-phase circuits on same 
towers, arrangement for mini- 
mum positive-sequence self- 
impedance of, 421 

positive- (or negative-) sequence capac- 
itive susceptance chart, 527 
positive- (or negative-) sequence in- 
ductive reactance charts, 523, 
525, 526 

single-phase circuits, capacitances of, 
442, 448, 449, 485 
impedances of, 367, 368, 427 
three-pha^ circuits, capacitances of, 
449, 454, 459, 464, 474, 476 
impedance of, 368, 370, 387, 391, 421 
transposed circuits, 363, 371, 419, 
463 

zero-sequence capacitive suscept- 
ance chart, 462 

60-cycle ground wire correction 
charts, 472, 473 

zero-sequence current in ungrounded 
loop, 411 

zero-sequence inductive reactance 
charts, 390-391 

60-cycle ground wire correction 
chart, 400-401 

two-phase circuits, capacitances of, 
449, 485 

impedances of, 303, 368, 428 
zero-sequence equivalent circuits, im- 
pedance in earth-return path, 
431 

no impedance in earth-return path, 
385 

zero-sequence voltage, references for, 
384, 432 

Two component networks for three- 
phase systems, 151 
Two-phase systems, 295 
analyzed by means of phase quantities, 
297 

by positive- and negative-^uence 
right-angle components, 296 
by positive- and zero-sequence sym- 
metrical components, 297 
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Two-phase systems, choice of compo- 
nents or phase quantities, 303 
faults on, 358, 359 
four-wire circuits, 303, 358, 368 
generated voltages in, 299 
interconnected with three-phase sys- 
tem, 295, 304, 353, 356 
relations between components and 
phase quantities, 298, 300 
three- wire circuits, 302, 359, 368, 428, 
449, 486 

Unilateral element, 28 

Unsymmetrical circuits in three-phase 
systems, analyzed by a/30 com- 
ponents, 315 

0/30 equivalent circuits for, 327 
a/30 self- and mutual impedances of, 
in terms of loop impedances, 
323 

of phase impedances, 319 
of sequence self- and mutual im- 
pedances, 317 

a/30 voltage-drop equations for, 316 
analyzed by symmetrical components, 
225-280 

equations for components of cur- 
rents, 274 

equations for components of vol- 
tage drop, 229 
equivalent circuits,, 261 
sequence self- and mutual admittances 
of, in terms of sequence admit- 
tances of the phases, 277 
of sequence self- and mutual im- 
pedances, 274 

sequence self- ainMnutual impedances 
of, in terms, of o/SO self- and 
mutual impedances, 317 
of sequence impedances of the 
phases, 229 

solution of general unsymmetrical cir- 
cuits by means of equations, 
244, 249 

Unsymmetrical systems, with faults, 264, 
333,341 

Vector diagrams, 12, 281 

Vectmr, i^erence, 12, 25, 281 


Vector representation of sinusoidal quan- 
tities, 3, 12, 55, 281 
Vectors, 3, 4, 55 
calculations involving, 6 
coordinates of, 4 

resolution of, into components, 58, 
281 

83m[imetrical system of, 56 
Velocity of propagation, apparent, 170 
Voltages, balanced and unbalanced, 14 
base values in volts or kv, 19, 23 
conventions for, 15, 18 
during faults, 142, 177 
charts of, with line-to-ground fault, 
178-181 

initial symmetrical rms values of, 
29, 46, 147, 175 
tabulated, 140 

transient or sustained, 29, 46, 119, 
142, 148 

equivalent generated or internal, 43, 
73, 118, 142, 245, 249 
instantaneous, 11, 12, 64 
line-to-line, in terms of line-to-neutral 
components, 76, 310 
of line-to-line components, 91, 329 
of neutral, 73 

parallel circuits operated at different, 
407, 485 

prefault, 45, 47, 128, 140, 203 
reference for, 16, 29, 74, 98, 312, 384, 
431 

relations between components of line- 
to-line and line-to-neutral, 95, 
329 

Wave length, 170 

z, y, z components, 311, 319 

Y-connected static circuit, replaced by 
equivalent A, 33 
unsymmetrical, 237, 249 
Y-connected synchronous machine, sym- 
metrical, 73 

replacing symmetric^ A-connected 
machine, 89 
unsymmetrical, 231 

0 components, 308 
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0 network, modified, 318 
mutually coupled with a and (or) 0 
networks in unsymmetrical cir- 
cuits, 327, 334 

Zero-potential ground plane, 434 
Zero-sequence capacitive susceptance 
chart, 462 

ground wire correction chart, 472, 473 
Zero-sequence equivalent circuits, of one 
symmetrical transmission line, 
167 

two or more in parallel, 185 
of transformer banks, 101 
Zero-sequence inductive reactance charts 
of three-phase transmission 
lines, 390-391 

ground wire correction chart, 400-401 


Zero-sequence network, 98, 117, 288 
modified, 155, 160 
replaced by equivalent Y, 200 

Zero-sequence self- and mutual imped- 
ance of unsymmetrical circuits, 
229, 293 

Zero-sequence system of vectors, 57, 283, 
284, 287 

Zero-sequence voltages, distant from 
fault, 176, 177 
reference for, 98, 384, 432 
resulting from positive- and nega- 
tive-sequence currents in un- 
symmetrical circuits, 230, 248, 
251 






